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Derivation of Likelihood Equation

First we express the mean of Y = (Y12, Y13, . . . , Yn−1,n)′ as

π = EY =
∑
y∈S

y exp (Ψ′y + η(θ)′Z(y)− κ {η(θ,Ψ)}) = ∂κ/∂Ψ

and that of Z by

EZ(Y) =
∑
y∈S

Z(y) exp (Ψ′y + η(θ)′Z(y)− κ {η(θ,Ψ)}) = ∂κ/∂η.

Now we obtain

∂π/∂Ψ =

[∑
y∈S

yy′ exp (Ψ′y + η(θ)′Z(y)− κ {η(θ,Ψ)})

]
− ππ′ = CY,

∂π/∂η =

[∑
y∈Y

yZ(y)′ exp (Ψ′y + η(θ)′Z(y)− κ {η(θ,Ψ)})

]
− πEZ(y)′ = CY,Z

and

∂EZ/∂η =

[∑
y∈S

Z(y)Z(y)′ exp (Ψ′y + η(θ)′Z(y)− κ {η(θ,Ψ)})

]
− EZ(y)EZ(y)′ = CZ.

We have(
∂l/∂Ψ
∂l/∂η

)
=

(
yobs − EY
zobs − EZ

)
=

(
∂π/∂Ψ ∂η/∂Ψ
∂π/∂η ∂η/∂η

)(
∂l/∂π
∂l/∂η

)
=

(
CY 0

CZ,Y I

)(
∂l/∂π
∂l/∂η

)
.

Therefore(
∂l/∂π
∂l/∂η

)
=

(
CY 0

CZ,Y I

)−1(
yobs − EY
zobs − EZ

)
=

(
C−1

Y 0
−CZ,YC−1

Y I

)(
yobs − EY
zobs − EZ

)
.
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Finally we derive(
∂l/∂β
∂l/∂θ

)
=

(
∂π/∂β ∂η/∂β
∂π/∂θ ∂η/∂θ

)(
∂l/∂π
∂l/∂η

)
=

(
X′f (∂π/∂ν) 0

0 5η(θ)′

)(
C−1

Y 0
−CZ,YC−1

Y I

)(
yobs − EY
zobs − EZ

)
,

where ∂π/∂ν := D yielding(
∂l/∂β
∂l/∂θ

)
=

(
X′fDC−1

Y (yobs − π)
5η(θ)′

{
−CZ,YC−1

Y (yobs − π) + zobs − EZ
}) .
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