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Abstract

In this paper we give a general theorem which can be used to mul-
tiply the length of amicable sequences keeping the amicability prop-
erty and the type of the sequences. As a consequence we have that
if there exist two, four or eight amicable sequences of length m and
type (ai,a2), (a1,a2,as,as) or (ai,as,...,as) then there exist ami-
cable sequences of length £ = 0 (mod m) and of the same type. We
also present a theorem that produces a set of 2v amicable sequences
from a set of v (not necessary amicable) sequences and a construc-
tion method for amicable sequences of type (a1,a1,a2,as2,...,ay,ay)
from v pairs of disjoint (0,+1) amicable sequences.

Using these results we can obtain many infinite classes of Khara-
ghani type orthogonal designs. Actually, if there exists an Kharaghani
type orthogonal design of order n and of type (a1, a2,...,ay), which
is constructed from sequences, then there exists an infinite family of
Kharaghani type orthogonal designs of the same type which is con-
structed from appropriate sequences.
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1 Introduction

An orthogonal design of order n and type (s, s2, .. ., Su) denoted OD(n; s1,
S2,...,8,) in the variables xi,xo,..., T, is a matrix A of order n with

) )

entries in the set {0, £z, txs,..., tx,} satisfying

u

AAT = Z(six?)ln,

i=1

where I, is the identity matrix of order n. Let A1, As be circulant matrices
of order n with entries in {0, +x1, 25} satisfying A; AT + A, AT = (5122 +
s223)I,,. Then

B A Ay _ Ay AR
D_<—A2T Arir) or D_<—A2R A, ) (1)
is an OD(2n; 51, s2).

Let B;, i = 1,2,3,4 be circulant matrices of order n with entries in
{0, £x1, £xa, ..., +x,} satisfying

u

4
> BB = (siz})I,.
i=1

i=1
Then the Goethals-Seidel array

B, BsR B3R B4R
-BsR B BI'rR -BTR

G=1 _Br -BTR B BIR 2)
-B,R BYfR -BIR B,
where R is the back-diagonal identity matrix, is an OD(4n;s1, sa, .. ., Sy)-

See page 107 of [1] for details.

A pair of matrices A, B is said to be amicable (anti-amicable) if ABT —
BAT = 0 (ABT + BAT = 0). Following [4] a set {A;, As,..., As,} of
square real matrices is said to be amicable if

n

>~ (A0 AT ~ Aoten Afiai 1)) =0 3)
i=1
for some permutation o of the set {1,2,...,2n}. For simplicity, we will

always take o (i) = 4 unless otherwise specified. So

n

Z (A2i—1Ag; - AQz'Ag;,l) =0. (4)

i=1



Clearly a set of mutually amicable matrices is amicable, but the converse
is not true in general. Throughout the paper R denotes the back diagonal
identity matrix of order k.

A set of matrices {Bj1, Ba, ..., By} of order m with entries in {0, £z,
+a,...,tx,} is said to satisfy an additive property of type (s1,sa,...,84)
if

u

ZB,»BZ’ = (si2})Im. (5)

i=1

Let {4;}3_, be an amicable set of circulant matrices (or type 1) of type

(s1,82,...,8y) of order t. Then the Kharaghani array from [4]
Ay Ag A4Rp A3Rp AgRn A5Rn AgRn A7 Rp
—Aq A7 A3Rp —A4Rn A5 Rn —AgRn A7 Rp —AgRn
—A4Rn  —AgRn Aq Ao —Angn AiRn Al Ry _AiR"
_ | ~43Ra A4Rp —Ay Aq A¥r, Afry —A%R" —AlR,
H=|_A¢ry, -As5R, AfR, -alR, A Ay ~AlRn  ATRn (6)

—A5Rn  AgRn -AYR, -—afRm, — A, Aq aTRr, AT Ry

—AgRp, —A7Rp 71415 Rn A%R" AT Ry AT R, Aq Ao

—A7Rp AgRp Al ry Al rn -a¥fr, -alRn —Ag Aq

is a Kharaghani type orthogonal design OD(8m; s1, 82, ..., Su).
The Kharaghani array has been used in a number of papers [2, 3, 4, 5, 6]
to obtain infinitely many families of Kharaghani type orthogonal designs.
A set {A4;}]_, is said to be a short amicable set of length m and type
(u1,u2,us,ug) if (4) and (5) are satisfied for n = 4 and v < 4. Short
amicable sets can be used in either the Goethals-Seidel array or the short
Kharaghani array

A B CR DR

—-B A DR -CR 7
-CR —-DR A B (7)
-DR CR —-B A

to form an Goethal-Seidel type orthogonal design OD(4m;uq,us,us, ts)-

A set of sequences Ay = {ak,0,ar1,---,0km-1}, k=1,2,...,2v where
a,j € {0, £z1, £29,...,22p}, 7 =0,1,...om —1and k = 1,2,...,2v is
said to be a set of 2v amicable sequences of length m and type (u1,us,...,
uyp) if the corresponding circulant matrices which are constructed from these
sequences satisfy the equations (4) and (5). On the other hand, it is clear
that, if we have a set of circulant amicable matrices then their first rows
can be considered as a set of amicable sequences. Therefore, throughout
this paper we use either circulant amicable matrices or amicable sequences.

Given the sequence A = {aj,as,...,a,} of length n the non-periodic
autocorrelation function (NPAF) N4 (s) is defined as

n—s
NA(S)ZZaiGi+s, s=0,1,...,n—1, (8)
i=1



Given A as above of length n the periodic autocorrelation function (PAF)
Py(s) is defined, reducing i + s modulo n, as

n
:Zaiaﬂ_s, s=0,1,...,n—1. 9)

We define the NPAF (PAF) of a set of sequences the sum of the corre-
sponding NPAF (PAF) of the individual sequences.

Suppose C = cire(co, €1, ..., Cn—1) is a circulant matrix of order n.
Let
01 00 0
0010 0
To=| : :
0 00 0 ... 1
1 00 0 ... 0

of order n, be the shift matrix. Then we can write C = col + ¢1T), +
.+ cp1 TPt Note that TP = T the identity matrix of order n. We
say the Hall polynomial of C is >.7 _0 ¢;z'. The Hall polynomial of C7T is

n—1 n—i
Zi:o G .

2 Multiplication of the length of amicable sets
of sequences

Theorem 1 Let Ay = {ar0,ar1,---,ax,m-1}, k=1,2,...,2v whereay ; €
{0, £z1,x20,..., 22p}, j =0,1,....om —1 and k = 1,2,...,2v be a set
of 2v amicable sequences of length m and type (uy,us,...,u,). Then there

exist a set of 2v amicable sequences of length £ = 0 ( mod m) = mi for all
i=1,2,... and type (u1,us,...,up).

Proof. Let i be a constant integer. We use the map T to define sequences

Ay, and the map S} = T} to define sequences By,

m—1

B =Y ;S k=1,2,...,2v
j=0

Now
m—1m—1 2v
Saif = 5 53 o) = (S )
j=0 z=0 k=1

Thus we have that



(i) If misodd then the coefficients of T, 0 = —(m—1),...,—1,1,.

c,m=
P
1 is zero, and the coefficient of T, is Zukx%.That means
k=1
m—1 2v p
Z],a: =0j—x= UZakjakx =0 and Z Za,” Zukaz%
j=0 k=1 k=1
(10)
(ii) If m is even, m = 2n then we have that 7" = T." and so the coeffi-
cientsof 77,0 = —(2n—-1),...,—(n+1),—(n—1),...,-1,1,...,n—
1,n+1,...,2n — 1 are zero, the coefficient of T} plus the coefficient
P
of T, is zero and the coefficient of T, is Zukw%.That means
k=1
m—1 m—1 m—1 2v P
Z],x-ﬂ]—m-aa;ﬁﬂ:nZak]akz—O Z],m—ﬂj—m—ﬂ:nZahakz—OandZ aijz [
k=1 =0 k=1 k=1
(11)
Now

2v m—1m—1 2v
S BBl =Y Z > (amak 2 ’”)
k=1

j=0 x=0 k=1

We have that the coefficients of S7 are equal to the coefficients of T}7, for
allo = —(m—1),...,m— 1, and so using equations (10) or (11) we obtain

2v p P
ZB]CB{ = (ZU/&?%) I2mi = (Zuw:%) Ig (12)
k=1 k=1 k=1

Moreover

,_.

v m—1m—1 v

T T j—x
(Azk—1A3, — AspAgy_y) E ((azk—1,5a2k,2 — a2k jazk—1,2)T5 ")
k=1 =0 k=1

j=
0

and from these we have that
(i) if m odd, then the coefficients of TS, 0 = —(m — 1),...,m — 1 are
zero.That means

m—1

Zjaﬂf—oj—ﬂf—ffz (a2k—1,j02k,2 — Q2p,ja2k-1,0) =0 (13)
k=1



(ii) if m is even, m = 2n then the coefficients of .7, 0 = —(2n —
1),...,—(n+1),-(n—1),...,n—1,n+1,...,2n—1 are zero and the
coefficient of 7. plus the the coefficient of 7)™ is zero. That means

m—1
Z j; =0 2 m—1 v

E (@2k—1,jQ2k,2— A2k, jA2%—1,,) = Oand E Jx=0j—x==n E (@2k—1,jQ2k 2 —Q2k, jQ

Jj-—x=o0 =1 k=1
o # +n
(14)
Now
v m—1m—-1 v )
Z (Bak—1BQTk - BQkBQTk—l) = Z ((a%—l,g‘a%,z - an,ja%—m)Sfm)
k=1 =0 =0 k=1

We have that the coefficients of S7 are equal to the coefficients of T}, for

all o = —(m —1),...,m — 1 and so using equations (13) or equations (2)
we obtain )
> (Bak-1BJ, — BBy, 1) =0 (15)
k=1

Equations (12) and (15) show that {Bj}3", is an amicable set of ma-
trices (sequences) of length ¢ = 0(mod m), £ = mi, i = 1,2,... and type

Y

(ug,ua, ..., up). O

Corollary 1 Let Ay = {akro,ar1,---,0m-1}, k = 1,2 where aj; €
{0, £z, +20}, j = 0,1,...,m — 1 and k = 1,2 be a set of two amica-
ble sequences of length m and type (uy,us). Then there exist a set of two
amicable sequences of length £ = 0 ( mod m) = mi and type (uy,uz).

Proof. Use Theorem 1 with 2v =2 and p = 2.

Example 1 We have that 4; = OTf + aT41 + bT42 — aT43 and A, = OTf +
aT} + 0T} + aT} is a set of two amicable matrices (sequences) of length
m = 4 and type (1,4). Corollary 1 gives a set of two amicable sequences of
length m = 4i and type (1,4) for alli=1,2,... .

Corollary 2 Let Ay = {ak0,0k,1,...,k,m-1}, k = 1,2,3,4 where ar; €
{0,xzy, £2q, tx3, 24}, j = 0,1,....,m —1 and k = 1,2,3,4 be a set of
four amicable sequences of length m and type (u1,us,us,us). Then there
exist a set of four amicable sequences of length £ = 0 ( mod m) = mi and

type (u1:u27u37u4)'

Proof. Use Theorem 1 with 2v =4 and p = 4.



Example 2 We have that 4, = aT¥ — bT + aT$, Ay = bTY + aT3 + bT3
and Az = aT? + aTi —aT2, Ay = bTY + T3 + bT? is a set of four amicable
matrices (sequences) of length m = 3 and type (6,6). Corollary 2 gives
a set of four amicable sequences of length m = 3i and type (6,6) for all
i=1,2,....

Corollary 3 Let Ay = {ak0,a%1,---,0km-1}, k=1,2,...,8 whereay, ; €
{0, £z, £@0,..., a5}, 7 =0,1,...,m—1and k =1,2,...,8 be a set of
eight amicable sequences of length m and type (u1,us,...,us). Then there
exist a set of eight amicable sequences of length £ = 0 (mod m) = mi and

type (u1,uz, ..., us).
Proof. Use Theorem 1 with 2v =8 and p = 8.

Example 3 We have that Ay = —aT?+aT; +aT?+ ¢T3 +aT5 +eT? +cT?,
Ay = —fTP+ fT}H+ T2 = hT3 + fTF + TP —dTE, Ay = —gT? + 9T} +gT? —
aT? + gT} +cTP —eTf, Ay = —hT? + T} + hT? + fT3 + hT# + dT7 + bT¥,
As = —eTV +eT} +eT? — T3 +eTd —aT? +gT¢, Ag = —dT? +dT} +dT? —
VT3 +dTy — hT7 + fT¢, Ay = —bTY + bT} + bT7 + dT3 + T — fT7 — hTY
and Ag = —cT? + T} + cT? + €T3 + ¢T7 — gT? — aT? is a set of eight
amicable matrices (sequences) of length m = 7 and type (7,7,7,7,7,7,7,7).
Corollary 3 gives a set of eight amicable sequences of length m = 7i and
type (7,7,7,7,7,7,7,7) for all i = 1,2,... .

Remark 1 Using Corollaries 1, 2 and 3 as indicated by the examples and
using array (1), (2) or (7) and (6) respectively we obtain many infinite
classes of orthogonal designs.



3 Construction of amicable sets of sequences
from non amicable sets of sequences

Lemma 1 Let Ay = {ar0,ak,1,---,ak,m-1}, k=1,2,...,v1, where aj ; €
{0, £z1,x20,..., 225}, =0,1,....m—1 and k = 1,2,...,v1 be a set
of vi amicable sequences of length m and type (u1,us,...,up) and B, =
{bro,br1yeo oy brm_1}, T =1,2,... 09, where by s € {0, £y1, xyo,..., Ly, },
s=0,1,....m—1andr =1,2,...,v5 be a set of vo amicable sequences of

length m and type (t1,t2,...,t,).
Then there exist a set of v1 + va amicable sequences of length m and type
(w1, u2, ... Up, t1, ta, ..., tg).

Proof. These are the sequences Ag, k = 1,2,...,v1 and By, k =

1,2,..., vy together. O
Corollary 4 Let Ay, = {aro0,ar1, .-, ak,mi—1}, k = 1,2,...,v1, where
a,; € {0,xx1, 220, ..., x2,}, j=0,1,....m1 —1land k=1,2,...,v1 be
a set of vy amicable sequences of length my and type (ui,us,...,u,) and
B, = {bro,br1,- s brms_1}, ™ = 1,2,...,02, where b, s € {0,%y;, £y,
coyEYet, s =0,1,...,my—1 and r = 1,2,...,v2 be a set of vy amicable

sequences of length mo and type (t1,t2,...,tq).

Then there exist a set of vi + vy amicable sequences of length € - i where
€ = [my,m2] is the least common multiple (I.c.m.) of my and mo and type
(Ul,UQ,.. .,Up,tl,tg,. .. ,tq).

Proof. Since £ is the least common multiple of m; and ms then £ = m; -
i1 = ma-iy. Using theorem 1 we can construct a set of v; amicable sequences

of length ¢ and type (ug,us,...,u,) and a set of vy amicable sequences of
length ¢ and type (t1,%2,...,t;). Now using Lemma 1 we obtain a set of
v1+v2 amicable sequences of length ¢ and type (u1, ua, ..., up, t1,t2,...,t,).

Using theorem 1 again in the derived sequences we have the result. O

Example 4 We have that 4; = {e, f}, Ay ={e,—f}, A3 ={e,0}, Ay =
{f,0} is a short amicable set of length 2 and type (3,3). We also have that
Ay ={a,a,b,-b}, Ay ={c,e,d,—d}, A3 ={d,d,—c,c}, Ay = {b,b,—a,a}
is a short amicable set of length 4 and type (4,4,4,4). Now £ = [4,2] = 4
and thus from corollary 4 we obtain eight amicable sequences of length £ -4
and type (3,3,4,4,4,4) for alli =1,2,... .

Theorem 2 (Doubling the number of sequences ) Let A, = {ak.o,
Ak, Qhm—1}, k= 1,2, ... v where ar; € {0, £x1,*20,...,£2,}, j =
0,1,...,m—1andk =1,2,...,v be v sequences with PAF=0 (or NPAF=0)
of length m and type (u1,us,...,up). Then there exist a set of 2v ami-
cable sequences of length m and type (2uy,2us,..., 2uy,) with PAF=0 (or

NPAF=0). o



Proof. Set Bsy_1 = Boy = circ(Ag), k=1,2,...,v. Then

2v v 14
k=1 k=1 i=1
and
Bog_1BJ, — BoyBY, | = ALA] — AR AT =0, k=1,2,... 0.
Thus {By,}32, is a set of 2v amicable matrices (sequences) of length m and
type (2u1,2usz, ..., 2up). O
4 More Constructions

Theorem 3 Let (X, Y:), k=1,2,...,v be v pairs of sequences of lengths
my with the properties

ZZE + wowl = prln, (16)
Zw I —w.zl =0 (17)

for all k = 1,2,... v, where Z = circ(Xy) and Wy = circ(Yy). Then
there exist a set of 2v amicable sequences of length £ = 0 mod [my,mo,
..., My], where [my,ma,...,my] is the least common multiple (l.c.m.) of

mi,ma,...,my and of type (p1,p1,P2,P2, - - -, Py, Py) on the set {a1,as,.. .,
asy} of commuting variables.

Proof. Set
By = as, Xy + asp 1Yy, and Cp = —aop 1 Xy + aopYy, k=1,2,...,v

Condition (18) gives that By, k= 1,2,...,v and Cy, k = 1,2,...,v are
sequences of lengths my, k =1,2,...,v and type (p1,D1,P2,02, -+, PvsDv)-

For any k and by simple calculations using conditions (16) and (17) we
have that

BBl + c.C¢f = (pra2, | + pra3) I, and BCY — CpBi =0

Now from theorem 1, there are sequences Dy and Ej of length £ = 0
mod [my,ma,...,m,], k = 1,2,...,v, with the desirable properties. By

lemma 1 we have the result. O



Example 5 Set Z; = {1}, Wy = {0}, Z» = {1,0}, W, = {0,1}, Z5 =
{1,1,1, -1}, W3 = {0,0,0,0}, Z, = {0,1,0,—1,0,1} and Wy = {0,0,1,0,
1,0}. These are four pair of sequences of lengths 1,2,4 and 6 satisfy-
ing conditions (16), (17) and (18) with p; = 1, p» = 2, p3 = 4 and
ps = 5. We have that [1,2,4,6] = 12 and from theorem 3 we obtain
eight sequences of length ¢ = 0 (mod 12) and of type (1,1,2,2,4,4,5,5)
on the set {aj,as,...,as} of commuting variables which can be used in

the Kharaghani array (6) to obtain an infinite class of Kharaghani type
orthogonal designs OD(8¢;1,1,2,2,4,4,5,5).
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