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ABSTRACT. 5Some ressits are obtalpned on the permanent of eyelic (0,1)
matrices which suppsrt the conjecture that for such matrices of prime
prder p the numbes of distinct wvalues the permanent attains 1s of
order p.

Writing e(z} for the number of distinct values the permanent

of eyclic (0,1) wmazrices of order n ean attailn we found

ef5) = A, e(b) =12, () =9,
e(B}y = 11, e(9) = 21, e(i0) = 44,
&z ef{1l) = 20 .

It i5 easy to show s{p} % —l;;(ZP-Z)+2. p prime, but these answers are
considerably smaller. We obtain formulae for the permanent of cyclic

(0,1} matrices in several cases.

1. Introduction.

We consider ecyclic (0,1} matrices of order n with k entries
1 in each row and column., Such matrices are of considerable interest
in finite combiratorial theory. We are particularly interested in the
permanent of such matrices, Clearly the permanent of a matrix is
invariant under permutation of rows and columns. We use PE to denote
the permanents of those cyclic (0,1) matrices in which the first k
entries of the first rew are 1, These have been studied in detall by

N. Metropolis, M. L. Stein, and P. R. Stein [2].

While talking with D. H. Lehmer azbout the distribution of the
permanent of (0,1) wmatrices we came to believe that the permanent
of the 27 cyclic {0,1) matrices of order n actually assumed about
0{n} distinct valyes and in particular, for p prime, coly about

order p distinct values.
A.Schrijver (4. has given a short proof of Minc's conjecture:

If & isa (0,1) moirix of order n with row swms FyaTgsnnes® then
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n 1/x
per {A) £ 1 (rj! 3,
j=1
In particular for =T, == =k,
per (&) s (k) .

In odd orders we found that for cyelic (0,1} matrices \A:, where n
is the order and k the number of non-~zerc elements, wnax (per Aﬁ} was
conslderably smaller than (k!)nzk_ though this became a better bound

as k -+ n,

To find the number p(n,k) of inequivalent first rows under
cyclic shifts (since these clearly have the same permanent) we use the
formula of Razen, Seberry, and Wehrhahn [3]

- d
(1) b0 = 2 3 s MY,
n k/d
dlk
which simplifies to
l(n) when gcd (n,k) = 1
_ n k g » L]
p{n,k) =
1y, g-1n/q -
ln(k) = (k/q) when ged (n,k} = a prime q.
Notation. We use per (124) to mean the permanent of the cyelie

(0,1 matrix with first row (11010...0). We use per :vclic
(11010...0) for exactly the same thing.

Metropolis, Stein, and Stein [2] note the followizg formulae

{from their own work and Riordan's book}:

Pg+2 = Pg+l + Pi -2, n23;

P2+3 N P:+2 * P2+1 * Pﬁ -4, v 4

Pfﬂ_m = 2Pn+g+2Pi+8 - 2PZ+6 - 8P2+5 - 6Pi_4
-2pi+3+2piﬂ+pi+2a, nzi o
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- 16P g T 12P g  10P e AP s T AP
6 6 6 6
+ W+ 280+ 2P+ PO+ 96, 026

and give an algorithm to find recurrence relations for PE in other cases.
In Eades, Praeger, and Seberry [11], qul {the derangement numbers)
-3 B

and PE {the mépnage numbers) are given. It is also observed that

~defining Cﬂ to be the permanent of the matrix of order mn with zero

diagonal, m zeros in the above diagonal pesitions shown and all other

elements 1, that is

Q
0
.ol
o o
Cn = per 00 s
00
. m
3 .
00
0
gives, with Cg = P:_ and using the recurrence for derangement nuvmbers,
1 0 o n-1 n-2 n-3
¢ G Cn--l - Cn-2 Pn - Pn—l Pn—2
n-2 .n-1
" Pn '
mn m-1 m-1 m-2 m-2
Cn Cn - cn-l - Cn—-l . Cn—2 *
and so
00
00 1
- .. _ o=l n-2
P = per . = Cn Cn—l .
00
o 0
Also
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- . n-2
These matrices may be used to show per (23...x-1,xtl,.,..n) = Pn +2

when gcd (x-1,n) = 2. All these results are used in the numerical
results in the Appendix.
In this paper we show
d(x-1,n
(a) per (Lx) = 28°¢0x1.m)
(b} per (124)

, n being the order of the matrix, and

R » Wwhere

k k K
R = ) + 2 ( y+ 2 ( ) + Yy + 2.
n E% _;: E% j= U 3
2k=n+3-j 2k=n-j k=n~2j-1 k=n=2j-4

2. Permanent of Cyclic (0,1) Matriz with Two Ones in Each Row.

LEMMA 1, Let A be a ecyclic (0,1) matrix of order p, with 1 in
positions 1 and x of the first row, then

per A = Zk, where k = ged(x-1,p) .

Proof. The permanent P§ of the cyclie matrix, CP, of order p,
with first row (110...0} is 2.

If x-1 # 1, we rearrange the columns and rows of the matrix

by first choosing the firsc, (x—l)St, 2(:;—1}St

k > 1, the second, xth, 2(x—l)+15t, 3(x-l)+1St

... columns; then, if

s-eay Cthird,
x+lS . -(x—l)+2nd, oo until all the.columns have been chosen., We now
choose the first, (x-l)St,..., second, xth, 2(x~1)+15t,...,third,
xt177,... rows until all the rows have been chosen,

Now if k = 1 the matrix we have is C and if k > 1 we have

& Cpfk (the direct sum of k copies of
k

as required,

k
Cpfk) which has permanent 2

. Mwrber of Permanents of Cyelie (06,1) matrices with Row Sum 3,

The numerical data we have given in the rables of the Appendix

shows that cyclic (0,1) matrices with row sum 3 have for:
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order 5 all permanents equal to per (123);

order 6 all permanents equal to per (123) or per (124) or per {135);

order

5
6
order 7 all permanents equal to per (123) or per (124);
8 all permanents equal te per (123) or per (124) or per {135};
9

order 9 all permanents equal te per (123) or per {124) or per {147).

Using a mapping of the set {dl’dz’d3} to {61.32,63}
defined by

e, = dix + y {mod n), x,y integers modulo n ,

we see every 3-typle in order

maps te {123},

maps to {123} or {124} or (135},

maps to {123} or {124}, '
maps to {123} or {124} or {135},

maps te {123} or {124} or {147}.

WwWomm o~ v

In apother paper P, Eades, C. E. Praeger, and J. Seberry, show that these
results are examples of a more general results. Hence, using (1), we have

that the number of distinct values of the perwanents is bounded by

o~ = 1 & n/d
k);b pln,k) = Hk);b 2 9@ P

d|k
or, for p prime, by

P
.2_.._'_'_2.4.
B

2,
4.  Permanent of the Matriz with first row (11010...0).

Define En and Fn to be the permanents of following (0,1)

matrices:
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b

1101 0 101
1101 ' 101 o
' " 1101
En = per . . Fn = per ] »

. 1101 *
o 110 o 1101
11 11

with E =E, = I, Ey =~ 2, E,=E _;*+E 5.

Fl = Fz =1, F3 = 2, Fn = Fn_2 + Fn—3 .

Then expanding the permanent Rn = per ¢yelie (11010...0) we have
Rn = En + 231‘1-3 + 2Fn-2 + Fn-S + 2

which can be used with the above relatjons te obtain

R = per cyclic (11010.,.0},

n
Bot3 " Bz TRy "Ry PR PR PR 3D
R, = 13, R, = 17, R, = 24, R8 = 33, Ry = 45,
Rig = 65, Rll =91, Rlz = 129, Riq = 185.
Sclving the recurrence relacions
B "By *E 4 E =E =1, Ey=2,
and
= + = = =
Fo=F _,*F 4 F =F, =1, Fo=2,
we find they have penerating functiens
2, 2 3.-1 Lk #2k-3
E(x) = (Lhebx )} (1-x"-x") " =1+ 2 (D=
k=0 3=
and
2 3,-1 1, & <k, k2
F(x) = (L) (Imx-x) 5 = x 04 3 PO
k=0 j=0 *

respectively. 5o we have
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Ko, Koo

E = F o= )
. j% () and F, . j;:) »
2k=r+3-1 k=r-2§+1

Using this in the recurrence relation for Rn we have

k . i . k . ko oy
R = % (j) + 2};) (j) + 2 ; (j) + }; (j) + 2.
i= ] j=0 §=0
2k=r+3-j 2x=1-} k=r-23-1 k=r-2j-4

5.  Permanent of the Cyclie Matrix with Two Zercs in Each Fow.

It is shown in Eades, Fraeger, and Seberry that

LEMMA 2. Let A be a eyelic (0,1} matrir of order p with 0 in
positions 1 and x of the “irst row. Then with k = ged {(p,x-1) = 1,2

we find the permanent is pg_‘, pE_z + 2, respectively.

Example.  per (12345678) = per (12345679) + 2

in erder 10.

Permanent of cyelie (0l...1, 0l...1).
\F/

A strafghtforward expansion and substitution shows

LEMMA 3. If MZk ie the permanent of the matriz of order 2k of the

form (g, = T x ‘!2. then W, is given by

_ 2(k-1) 2
My = T2 [(2k~l) Moy + 2(2k=3)M,, ,-8(k-2) (2k-1)M,,
M, =0, M, = 4, M, = 80, Mg = 4752, My, = 440192

LEMMA 4. Let A be a eyelic (0,1) matrix of order 2k with 0
in positions 1 and k+1 of the first row. Then the permanent is

M where M. 18 given ix the previous lemma.

2k’ 2k

Proof. The mattix A can be put in the required form by suitable

rearrangement of rows and columns.
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6. Final Remarks._

The results quoted in this paper have been combined with a
computer search undertaken at the University of Manitoba to obtain data
on the distribution of the permanent for cycliie (0,1} matrices. The

results are given in the Appendix.

We wish to thank John Lewis for writing the programmes to search

for inequivalent partitions used in the Appendix.
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APPENDIX

Numerical Results

Permanent Number First Rows
Order 5: 1 5 i
(6 values) 2 10 12, 13
13 10 123, 124
44 5 ' 1234
120 1 12345
Order 6: 1 6 1
(12 values) 3 b 12
4 6 13
8 3 14
i7 12 124
20 6 123, 125
36 2 135
80 9 1234, 1245
82 6 1235
265 b 12345
720 1 123456
Order 7: 1 7 1
(9 values) 2 21 12, 13, 14
24 14 124, 126
3l 21 123, 125, 135
144 35 1234, 1235, 1236, 1245, 1246
379 21 12345, 12346, 12356
1854 7 123456
5040 1 1234567
Order 8:
{21 values) 1 8 1
2 16 8 12, 14
4 8 1(,) 13
16 4 15
33 32 8 124, 125, 126, 127
49 14 (3) 123, 136
81 8 135
258 32 1235, 1237, 1246, 1257
260 16 8 1236, 1245
264 16 (4) 1234, 1247
288 4 1256
576 ) 2 1357
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Order 8:
{21 values)
{cont'd)

Order 9:

Order 10:
{< 44 values)

Permanent Number
1249 16 3
1265 32‘(5)
1313 8
4738 16) g
4740 8 {{6)
4752 4
14833 8
B! 1
1 9
2 27

9
8 o b
45 54 o
78 27!(3)
216 3
448 81
460 18 (2)
484 27
2681 18
2693 54
9
(2
2702 27
2783 27
12006 54
12072 27 (g)
12096 3
43387 2?}(9)
43390 3 f'7
133496 9
¥ 1
1 10
2 20
4 20}(%0)
32 5
65 80
125 20 (ﬁo)
169 20
888 > 20
4160 > 20

at most 29 different values
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First Rows

12346, 12347

12345, 12356, 12367, 12457
12357

123456, 123467

123457

123567

1234567
12345678

1
12, 13, 15
14

124, 125, 127, 128, 136, 137
123, 126, 135
147

1235, 1236, 1237, 1238,
1245, 1246, 1248, 1257, 1268
1247, 1258

1234, 1256, 1357

12457, 12458
12346, 12348, 12356, 12357,
12368, 12378

12347, 12358, 12467
12345, 12367, 12468

123457, 123458, 123467,
123478, 123568, 123578
123456, 123468, 123567
124578

1234567, 1234568, 1234678
1234578

12345678
123456789

1

12, 14
13, 15
16

124, 125, 126, 127, 128, 129,
136, 128
123, 147
135, 137

1234, 1258
1267, 1368



Order 10:
(s 44 values)
{Cont'd)

Order 11:
(£ 30 values)

Permanent  Number
440192 5 10
439792 20 (8 )
439794 20
1334961 10
101! 1
1 11
2 35
91 110}(11)
201 55 3
1632 55
55
11
110 (& )
110

at wost 18 values

[N}

4890741

14684570
11

55

11

1
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First rows

12346789
12345678, 12345689
12345679, 12345789

123456789

123456789 10

1
12, 13, 14, 15, 16

124 and 9 equivalent
123 and 4 equivalent

1234,1259,1267,1357,
1369

1245,12410,1256, 1268,

1368 _
1235,1237,1238,12310,
1247,1258,1269,12710,
1358,1359

1236,1239,1246,1248,_
1249,1257,12510,12610

1279,12810

123456789 and &
equivalent

123456789 10
123456789 10 Il



11

[21

(3]

(41

(53
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