ORTHOGONAL DESIGNS IN POWERS OF TWO

Peter J. Roblnson and Jennifer Seberry

ABSTRACT. Repeat deslgns are introduced and it
is shown how they may be used to glve very
powerful constructions for orthogonal designs

in powers of two.

These results are used to show all full
four warlable and all three variable designs
exist in 2t, t = 9. We believe these construct-
ions demonstrate the existence of all possible
four varlable designs with no zeros 1in every

power of two but we have not been able to prove

this.
1. Introduction.

An orthogonal design of order n and type
{u,, Ugs oy us](ul > 0) on the commuting variables
Xqs Xps eonn X Is an n xn matrix A with entrieg from
{O, T Xyy eee, E xs} such that

anl = E (u,x,%)I .

ARS COMBINATORIA, Vel. 4 (1977), pp. 43-57.



In [1], where this was first defined and many examples
and propertles of such designs were investlgated, 1t was shown
that the numbers of variables, s, satisfies s = p{(n), where

pin} (Radon's functlon) 1s defined as follows:

ifr n=2€.lb, where b 1z odd and, a=4c+d, where 0<d<dl, then

p(n}) = Bc + 24,

A powerful construction for Hadsmard matrices in [9] showed
that the existence of orthogonal designs in powers of two was of

great Iimport. W. Wolfe and D. Shapliro showed that the cases of
the problem in powers of two are cruclal to the understanding of

the algebraic structure involved.

All possible designs exist in order 2, 4 and 8. The
exlstence problem for order 16 was solved in [5] and, in [4]
many designs were constructed for order 32. A useful tool,
product designe, were lntroduced and studied for this purpose
in [4] and [7]. Yet some crthogonal designs, for example
(1, 3, 1, 3, 1, 1, 3, 3) and (1, 1, 1,1, 2, 2, 3, 3} in
order 16 could not be produced by the known results. This paper
analyses and generallzes the ideas used earlier in order to

construct these designs, and introduces repeat designs.

2, Bagetie Construetions.

The motivation for the constructions of thils paper is the
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followlng observations:

CONSTRUCTION 1. Suppose (Ml; MQ; N] are product designs of
type (U, Uys wovi Vs Vou el w) and order n. Then,

with X% X commuting variables,

1 72

M. + x_N M. + x.N

i& an orthogonal design of order 2n and type

(w, w, Ups Uga evey Vps Voo ).
Also a construection of Geramita and Wallis [3] that

CONSTRUCTION 2. (Geramita and Walllis [3].) Let Pl’ P2, P3

be skew-symmetric orthogonal designs of types [pil’ Pyos ..J

1 =1, 2, 3 inorder n agnd H a symmetric orthogonal design
of type [hl, h2, ...) in order n. Further suppose
T _ T T T

PiPJ = PjPi and PkH = HPk . Then

xlIn + Pl X3In + P2 X5In + P3 H
—_ + - - -

XBIH P2 XlIn Pl H 151 P3
- - - +

XSIn + P3 H xlIn Pl x3In P2
! - H x5In - P3 - x3In + P2 xlIn + PL
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i8 an orthogonal design of order UYn and type

[l: pll, p123 LI ] ls p21) p223 L | 1: p313 p323 s hl, h23""]'

To generalize this deslgn we introduce the following

definition.

DEFINITION 3. Let R, P P ...+, B be orthogenal designs of

1 2*
order n and types [rl, r, eerls [pil’ Pyps S TN
1=1, 2, v.us (hl, h,, ...] vrespectively. Then
(R; [Pl; Py ...}; H) are repeat designs of order n and types

(Pls P2, e (pll, p125 R p2l, p22: sy "']5 hl’ hzs -")
if

(1) R*Pi =0, 1=1, 2, ...,
{11} R + Pi’ i=1, 2, ... are orthogonal designs,
(iii) R + P, and H, 1 =1, 2, ... are amicable orthogonal
designs,
(iv) Pp,P.® =p.p,%, 1 = j.

13 3712

Then we have

CONSTRUCTION 4. izet (L; M, + M, + ... £+ M N} be a product

designs of order .1 and types [al, ey ap; bll’ s

blql’ bygs +ves b2q2, cres Bogy s bsqs; s vons ct] where
Mi 18 of type [bil’ ey biqi). Further let

[R; [Pl; P2; s} Pu]; H] be repeat dezsigns of order m and
types  (ry, «ooh Ty (Pygs ooes Pry s Pars oos Payyd oo

Pyrs woos Puy )i Bys oo By). Then
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L x R + Ml X le + ...+ Mk X ij + N =« H

18 an orthogonal design of order mn and type one of

(1) [alr, ses AT, DiPqs +oes blplvl’ ey BPogs vees
bspsqs’ ehy, e, chx},

(11} (alr, cees BT DiPygs vees blplvl’ cevs BDogs vees
bspsqs, eqhy aay cth),

(111) [arl, cevs @, DD g, -ees blplvl’ cees BBogs waey
bspsqs, ehys ey chx],

(1v) [arl, cevs AP, DIDIgs vees blplvl’ I N

bspsqs’ erhy ..., Cth)’
where a, ¢, ', h are the sum of some or all of the ai, Ci’
ry s hi respectively and bi = bil o, T biqi.

This conatruction 1s at first sight gqulte formidable but,

as we shall see, it does in fact lead to new orthegonal designs.

We have previously mentloned product designs so we need
to find some repeat deslgns to see if any new orthogonal designs

can be obtalned. First we see that they do lead to new designs:

EXAMPLE 5. There are repeat designs of order 4 and types

(1; €15 3)5 1, 3), (13 (25 3)5 1, 3, (1; (1; 2);5 1, 1, 2)
and (1; (2; 1, 2); 1, 2). They are (I; (rl; Ty) s TO],

(1 [T3; Ty)s TO), (1; [Tl’ TBJ; TB) and (I; (T3 TS]; T?]

where
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Ty = [x v v ¥, T, = 0 + o 0],

y -x -y ¥ - 0 0 0

¥ =¥ ¥y -X c 0 o -

y v -x - 0 0o + o
'I'2=_00++_, T3='EJO++‘,

0 0 + - 0 0 - +

- - 0 ¢© - 4+ 0 0

- + 0 Q] - - 00
T, = 0 + + FF, T5 = [ v w wl,

- 0 + - v -u -w W

- - 0 + W -W v -u

-+ -~ 0] v W -u -V
T, = [0 a b b|, T7='hwa.

-a g -b b 0 =u =w W

-b b 0 -a W -W 0 -u

|-b =-b a O w W -u Q]

Repeat designs in order # and types (1; (1, 1; 1, 1); 1},
(1; (1, 1; 1, 2); 23, (1; (1, 1; 2); 1, 2), (1; (1; 1, 2);
2, 2) and (1; {2, 23 1, 2); 4) can be constructed using

Lemma 12.
EXAMPLE 6. There are product designs of types

(ls 1, 2, 3; 1, 3, 3; 13, (2, 2; 1, 1, 1, 1; 4) and
{1, 1, 1; 1, 1, 1; 5) 1in order 8. Then using the repeat design
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of types (1; (2; 3) 1, 3) 1in order 4 with the matrix of weight
2 used once only we have orthogonal designs of types

(1, 1, 2, 3, 2, 9, 9, 1, 3), (2, 2, 2, 3, 3, 3, 4, 12) and

(L, 1, 1, 2, 3, 3, 5, 15) 1in order 32. B8ince all of these

have welght 31, we use the Geramlta-Verner theorem to obtain
the following orthogonal desgigns in order 32:

(1, 1,1, 1, 2, 2, 3, 3, 9, 9), (1, 2, 2, 2, 3, 3, 3, 4, 12)
and {1, 1, 1, 1, 2, 3, 3, 5, 15). These last two deslgns are

rew.

Remark. In the preceding example we have concentrated on
constructing orthogonal designs with no zero. There 1s consider-
able scope to explolt these constructions to lock for other

orthogonal designs In order 32 and higher powers of 2,

We can collect the results from Example 5 1n the following

statement

STATEMENT 7. In corder 4 there emist repeat designs of types

{1; {r; s}; h) for 0 <r, s5 =3, 0 <h sl

Notlng that the repeat designs (R; (P}; H} are Jjust

amicable orthogonal deslgns R + P and H we see that

COROLLARY 8. There exiet amicable orthogonal designs of types
((3, r); (h)) in order 4 for 0 s r < 3, 0 <h < 4,

Remgrk, The non-existence of amicable orthogonal designs of
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types ((1, 7); (5)) in order 8, and ((1, 15); (1)) in order
16 means theré are no repeat designs of types (I; (r; 7); %)

in order 8 and (1; {r; 15); 1) iIn order 16 (see Robinson [4]).

The constructioh and replication lemmas glven later allow

us to say

COMMENT 9, In order 8 there, in fact, exist repeat designs
(1; (r); h) for all 0 <r =7 and 0 = h < 8 ezeept r =17,

h = 5 (which cannot exist).

In order 16 there exist repeat designs (1; (r); h) for
all r=1, 2, 3, ..., 15, h=1, 2, ..., 16 except possibly
the following pairs (r, h): {13, 1), ({13, 5), (13, 93,

(15, 7), (15, 9), (15, 15) which are undecided and (15, 1)

which does not exlst.
3. Construction and Replication of Repeat Designs.

We now show that many repeat deslgns can be constructed,

LEMMA 10. Swuppose ({a}; (b, ®,)) and ((e); (ag, d,)) are

the types of amieable orthogonal designs in orders ny and

n Then there is a repeat design in order nqn, of type

5t

(bidys {ad,, byd s bye, bldE]; ac).

Proof. Let A4, XlBl + x2B2 and ¢, lel + y2D2 be the amicable

orthogonal designs. Then



(leol; {x& x D, + yB x Dy; uB, x € + wB xDz];AxC]

2 2 2 1

are the regulred repeat deslgns.

P = =1 0
EXAMPLE 11. Let A—C-[l _], B, =Dy E)lj’and

B, = D, = [E g]. Then the repeat design in order 4 and type

(1; (1, 25 1, 2); 4) 1is

Before we proceed to our uses of repeat designs we first

note some replication results.

LEMMA 12, Suppcae there are repeat designe of type

(r; [pl, o3 Bys dys vens qJ]; hl, cees hk) in order n where
hl + h2 + ... + hk =h and Py + ...+ p; < P Fyrther suppoee
8+ B and C + D are amicable orthogonal designe of types

{({a, b); (¢, A)) and order m. Then there are repeat designe of

erder mn and types

(<) [ar; [cpl, Dy +ees DTG Adps By s bh); ch),
(£i)  [ar; (apl, 8Py, +--3 €dys Chy, el ah;, ah,, ...,
ehy . N

(iii) [ar; (apl, ap,, --.» bhyj €y, €4y, cee)s ch,, ahy,
ahg, IR
tiv) [ar; [bhl, bh,, ...5 T + pd, cqy, cd,, .va); rd + bp),

where d = b,
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Proof.
(1)
(11)
(111)
(iv)

(v)
(vi)
(vii)
{viii)
(1x)
(x)
{(x1)

COROLLARY 13.

(1; (1, 2, ..., 2

Proof.

designs of type

(ar; [cql, s ---3 ep); ahy, ahys +.-s bp),

{ar; (br, dpys dPys «vei @Gg, A5, «ues ph}; dh),
{ar; {cpl, ev3 €Qq, - c¢hy, ¢hy, ..., ar),
(ar;.(cpl, covs dag, cen ) ah), ah,, ..., bpy» D s
R

{ar; [apl, eisoagys ...}; ch, dn),

(er; {er; bh

l’

bh,, ...); ar),

{(er; {br, bh); ar, abrh).

Use the following constructlions:

{A x R; (C
(A x BR; (A
(A x R; (A
(A x R; (B
+ B x P),
(A x R; (C
(A x R; (B
(& x R; (C
(a4 x Ry (C
(A x R; (A
(C x R; (B

o

=

x

X

Use Lemma on

There
t-1,

P+ xB x R; yA x Q + zB x H); C x H),
P; C x@); XA x V+ C x W),
P+ xBxV; CxQ); CxV+yA=>W),

H; xB x R+ yC x Q - xD %x P); D xR

Q; C x P); xA x H+ yB x P),

R+ wD x P; xA x Q + yB x H); D x H},
P; ¢ x@Q); C xH+ yD x R),

P+ xDxQ); AxH+ yB=x P},

P; A xQ); CxH+yDxH);

R; B x H); A x R);

the result (x).

are repeat designs of type

31y 2, ey Et-l); 2t) "in order 2°

Use part (1) of the lemma repeatedly wlth repeat

{1; (1, 2; 1, 2); 4) in order 4 and the
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amicable orthogonal designs of type ((1, 1); (2)) in order 2.
4, Construetion of Orthogonal Designs.

The use of repeat designs with product designs is so
powerful a source of orthogonal designs that it.is gulte
impossalble to indlcate all the designs constructed. Hence we
glve only those that were used to give the final result of this
paper. We use Robinson's Ph.D. thesis [4] as a source for

product designs.

COROLLARY 14, 7The following types of orthogonal designs exist

in order 22

(1) (1, 1, 1, - L

3 ‘-I, 8, sy 2t_3s 3: 63 12: e 3-2t_3);

t-3 2t—3 2t—2

1, 2
(14) (1, 1, 2, 1, 2
(2141) (1, 1, 2, 4, 8, ..., 2772, s , 3, 3,6, ..., 3.2
4, 8
Y

¥

t-4)

vy (1, 1, 2, e 29733, 6, 9, 18, ..., 9.2%73, 3.0%7H);
(v) (1, 2, 3, 2874, 3284, 3073, 3, 3,6, 6, 12, 22, ...,
3.2t_5, 3.2t_5];
(vi) (2, 1, 2, «.., 257570, (2%7573 L 1) (bin 281 - 1),
2t-s_2[bin(25+l - 1)), 23+1, 2t—2, ot-8-3 _ 1, ot=s-3 _ 1);
where X bin(Ey - l] meansg X times the binary expansion of
2¥-1

2y _ 1, i.e., x, %, 2%, 4x, ..., X,

Proof, (1) Proved by Robinson [{7]. (41) Use the product design
(1, 1, 2, 3, 6, 12, ..., 3.2%7%; 1, 3.2%3; 1, 2, ..., 2% witn
the amicable orthogonal designs of types ({1, 1}; (1, 1}). For

the remainder we use product desligns with repeat designs as
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Proof. Call the product designs (1, bin x, 24 . X, EJ, .

k-2, k-1, k-2

;y 1, 2 s Ly 2, vee, 2 the product designs A. We now

use product designs with repeat designs asg indicated: (1) use
pt-1. ot _ 1) 2t); (i1) use A with
t £
12 - 2% - 1) 2y
(iv) and (v) use A with (Qt - a; ({pin a); 2a); 2t] to get
2k--l

A with (1; {1, 2, ...,

s+1

s a=1 £
3 [1: 2: LR | 2 3 2 3 vrva 2

(1, 2

the orthogonal design (a, a, a bin| - b - 1), b(bin a),

ot k—l[Et t t+1 t+k—2]‘

- a, 2 —a), 27, 2777, ..., 2 For (1ii) we use

the amicable orthogonal designs of type {(a, pttk-2 _ a);
[2t+k]) in order 2" witn product designs (1, 1, 1; 1, 1, 1; 1)

in order 4,
S0 we have

COROLLARY 16, A1l orthogonal designs of type
(a, v, ¢, 2% 4o - ¢} and of type f(a, b, c),

0 <a+b+c < 2t exist for t =2, 3, 4, 5, 6, 7, 8, 9.

Remark. We belleve the results of this paper do, in faet, allow
the construction of all full orthogonal designs (that is with no

zerc) with 4 variables In every power of 2 but we have not

been able to prove this result.
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