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A NOTE ON USING SEQUENCES TO CONSTRUCT
ORTHOGONAL DESIGNS

P.J. ROBINSON — JENNIFER SEBERRY WALLIS

Several constructions are given which show how to construct orthogo-
nal designs from sequences of commuting variables with zero non-periodic
auto-correlation function.

§1. GOLAY SEQUENCES AND OTHER SEQUENCES WITH
ZERO AUTO-CORRELATION FUNCTION

. Let X={a11,...,aln,au,.'..,azn,...,aml,...,amn} be m
sequences of commuting variables of length n.

The non-periodic auto-correlation function of the family of sequences
X (denoted NX) is a function defined by
n—j
Ny = ,-=Zlv (@ 1@ 147 8210 1p T oot Gy B i)
The periodic auto-correlation function of the family of sequences X
(denoted Py) is defined by
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n
Py = ig @,101,505 % 02,192,045 - QB i )

where we assume the second subscript is actually chosen from the complete
set of residues mod n.

We can interpret the function Py in the following way: Form the m
circulant matrices which have first rows respectively, la),815...a,,],
2y;a55...a5,),...,1a,,4,,,--.4,,], then P, () is the sum of the
inner products of rows 1 and j+ 1 of these matrices.

Clearly if X is a family of sequences as above, then
Px(j)=NX(j)+Nx(n_j)’ ]'=1,...,n—1,
and
Ny()=0 Vj=P (H=0 Vj.

Note. P,(j) may equal O forall j=1,...,n—1 eventhough the
NX(j) are not.

We say the weight of X is the number of non-zero entries in X.

Let X be as above with N, ()=0, j=1,2,...,n—1 then we
will call X m-complementary sequences of length n.

If X=1{4,,4,,..., A4, } are m-complementary sequences of length

n and weight 2k such that Y={(4, +4,)/2, A4, —4,)/2,...
Ay +A45)/2, (Ay;_y —A,)/2,...} are also m-complementary
sequences (of weight k) then X will be said to be m-complementary
disjointable sequences of length n. Y will be said to be m-complementary -

disjoint sequences of length n if all (;n)

Le. A, *A]. =0 Vi,j where » isthe Hadamard product.

pairs of sequences are disjoint

Weuse — for —1 and x for — x.

One more piece of notation is in order. If 8, denotes a sequence of
integers of length r then by xg, we mean the sequence of integers of
length r obtained from g, by multiplying each member of g by x.
Zeros are added, if necessary, to make sequences of the same length.

- 912 -



If X={{a,...,a,},{by,...,b,}} are two sequences where
a;, b]. €{l,—1} and Ny,(j)=0 for j=1,...,n—1 thenthe sequences
in X are called Golay complementary sequences of length n. E.g.

n=2 11 and 1 -

n=10 1——1—-1—-——1and | —————— 11—
n=26 111——111~-1————— 111 —-1————
el lm——1=-11-1-1-11—-o—-1—0o———

Summary 1. It can be shown that Golay complementary sequences
{x;,...,x,} and {y,,...,y,} of length n, have the following prop-
erties:

n
1. i=ZI’ (xl.xi+]. + yl.yH_].) =0
forevery j# 0, j=1,...,n— 1 (where the subscripts are reduced mod-
ulo n). ie. Py =0.
2. n is even and the sum of two squares.
3. x

= R = - = +
n-i+1 = €% T Va1 e;y; where e, =+ 1.

4 [ 2 xRe2* )2+ 2 x, Im@H*H]2 +
ies ! i€ep !

+ [IEZS' y,‘ Im (§2i+l)]2 + [le% J’,- Re (§2i+1)]2 —

n

| —

where S={i: 0<i<n, ¢ = 1}, D={i: 0<i<n, ei=—l} and ¢ is
a 2n-th root of unity.

5. exist for orders 2%910%26°, a,b,c non-negative integers.

6. do not exist for orders 2.9¢, ¢ a positive integer.

7. are 2-complementary disjointable sequences.

We will use the notation A* to mean the order of the entries in the

sequence A are reversed.
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Then a few simple observations are in order and for convenience we
put them together as a lemma.

Lemma 1. Let X=1{A4,,4,,... 4,1 be m-complementary se-
quences of length n. Then

() Y={A4},4;,...,4],4
sequences of length n;

i+10- -4, are m-complementary

(i) W={4,,4,,..., 4,4

; it12---»— A, } are m-complemen-

tary sequences of length n;
(lll) Z={{A1,A2}’{A19_A2}" .
s {dgim s Agh My — Ayl )

are m- (or m+ 1 if m was odd when we let A, ., be n zeros)

+1
complementary sequences of length 2n;

(iv) U= {{Al/Az}a{Al /—A2},. ..
v ’{A2i—l/A2i}’{A2i—1/A2i}’ colh

where AJ./Ak means a4, a;14;,a;,...4,.4, , are m- for m+1 if m
was odd when we let A be n zeros) complementary sequences of
length 2n.

m+1

By a lengthy but straightforward calculation it can be shown that

Theorem 1. Suppose X={A,,...,4A, } are 2m-complementary
1 2,

sequences of length n and weight | and Y= {B ,B,} are 2-comple-
mentary disjointable sequences of length t and weight 2k. Then there
are 2m-complementary sequences of length nt and weight ki

The same result is true if X are 2m-complementary disjointable se-
quences of length n and weight 21 and Y are 2-complementary se-
quences of weight k.

Proof. Using an idea of R.J. Turyn we consider

Ay, X (B + By)/2+ A3, X (B, ~ B,)/2

2i
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and
Azl._1 X (B1 —Bz)/2 —A;ix (B1 + B2)/2

for i=1,...,m, which are the required sequences in the first case, and

(Ay; | +Ay)/2X By +(Ay; | —A,)/2X B}
and
(A2i—1 + A2i)/2 X Bz - (A2i-—l “Azi)/2 X Bf
for i=1,...,m, which are the required sequences for the second case.

X denotes the Kronecker product so if A={a,...,e¢,} and B=
={by,...,b,}

AX B= {alB,azB,,,,,anB}=

={a;b,,a,b,,...,a;b c.,a.bi,a,by, ... ,a,b )

27 m>*

Corollary 1. There are 2-complementary sequences of lengths
296210°14926° of weights 2°5910°13926°2 where a,b,c,d,e are
non-negative integers.

Proof. Use the sequences of Tables 1 and 2.
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[ S1qeL
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2-complementary disjointable sequences

Length Type of orthogonal design

1 (L,n a,b

2 2,2) ab , ab

4 (44  aabb, aabb

6 (2,%) abaaOa, abaala

8 (88 aaaabbbb, aaaabbbb

10 (4,16) abaaaaaaba, abaaaaaaba

10  (10,10) aaaababbbb, aaaababbbb

14 (26) aaaaaaaaaaaala, aaaaaaaaaaaala

Table 2

§2. ORTHOGONAL DESIGNS

An orthogonal design of order n and type (uy,uy,...,u) (u;>0)
on the commuting variables x,,x,,..., x, isan nX n matrix A4 with
entries from {0,*x,,..., % x.} such that

S
AAT = 2 (u.xDI .
i=1 1§ n
Alternatively, the rows of A are formally orthogonal and each row has
precisely u; entries of the type * x,.

In [1], where this was first defined and many examples and properties
of such designs were investigated, it was mentioned that

S 2
ATA= 2 ux; M
i=1

and so the alternative description of A applies equally well to the columns
of A. It wasalso shownin[1] that s< p(n), where p(n) (Radon’s func-
tion) is defined by

p(n)= 8¢+ 24
when

n=29-b, b odd, a=4c+d, 0<d<4
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A weighing matrix of weight k and order n, is a square {0,1,— 1}
matrix, W = W(n, k), of order n satisfying

T _
WwT = kI .

Let R be the back diagonal matrix. Then an orthogonal design or
weighing matrix is said to be constructed from two circulant matrices A
and B if it is of the form

A BR

BR -4

and to be of Goethals — Seidel type if it is of the form

[ 4 BR CR DR |

- BR A -DTR CTR
GS=

- CR DTR A -BTR

|-DR  -Cc"R  B'R A

where A, B, C,D are circulant matrices.

A most important type of orthogonal design is the Baumert — Hall
array. First pointed out in 1965, it became clear that the solution to the
existence problem for Hadamard matrices could be realized through such
arrays. A Baumert — Hall array of order ¢ isan orthogonal design of type
(t,t,t,t) in order 4t.

Example 1. An example for the Baumert — Hall array of order 3 is
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C| B-C D|{ C D-A| D A-B

-C D B D-4 C| A-B D

D B-C{-A4 C D{-B D A
-B C-D}| A B C|-D B-A4 Cc-4
C-D-B C A By B-A-D |-
-D-B C| B C A|-A-D B C -
-C-D A -B A A B C|-B-D C
-D A-C |-B A ¢C A B|-D C-B
A-C-D -B B C A C-B-D
-D-A4 B|-C A-D| B D-C B
-A B-D| A-D-C| D-C B C
B-D-A|-D-C A|-C B D

1 00 01 0 00 1
={o 1 of, x,=l0 0 1}, X,=|1 0 O}, X,=0).
0 0 1 1 00 01 0

This is an example of the following theorem which may be proved straight-
forwardly (in the example

Theorem 2 (Cooper and Wallis). Suppose there exist four cir-
culant (0,1, — 1) matrices X,, i=1,2,3,4 which are non-zero for

4
each of the n® entries for only one i and which satisfy 21 X,.le = nl.
=

Then there is a Baumert - Hall array of order n.
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It is conjectured that

Conjecture 1. There exists a Baumert — Hall array of order n for
every natural number » OR EQUIVALENTLY there exists an orthogonal
design of type (n,n,n,n) inevery order 4n where n is a natural num-
ber.

We now propose to use R.J. Turyn’s idea of using m-complementary
sequences to construct orthogonal designs.

§3. CONSTRUCTIONS USING COMPLEMENTARY SEQUENCES
TO FORM BAUMERT — HALL ARRAYS

Lemma 2. Consider four (1,—1) sequences A={X,Y,Z W}
where

X={x = l,x2,x3,...,xm,hmxm,.

ceshyxg hyxy by x = — 1}
U={u1 = l,uz,u3,...,um,fmum,...

-5 f3ug, oy, fiuy = 13
Y= 0P s V19V 81Vt - -

- 283Y3,8,V5,81 Y}
V={v;,vy,..., Vor 13V € 1V — 19+ - -

s €3V, €50,V b

Then N, = 0 implies that h,=f

» 122, and g =e;. Also

7

[i; (x; + hixi)]2 + [,;; (u; + fiui)]2 +

m-—1 m-—1
+ [1=Z11 ;gD + v, + [ 2 0+ep)+ v’ =

= 8m — 2.
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Proof. We note since all variablesare * 1, a+ b=ab + 1 (mod 4)
0o x+xyz=y+z (mod4). Clearly N,(2m—-1)= 0 gives —h; =
=fy=1, and

N,(2m —2)=x;x,h, + x,hyx, + fLu u, +
+u,fiu, + gly% + elv% =
=h, +th,+f +f,+g +e (modd)=
=hyf, + 8¢+ 2((mod 4) = 0 (mod 4).

This gives h,f, = g, el; We proceed by induction to show that hf, =
=g, 1€_, forall ism.

Assume h,f,=g, ,e;_; ie h+f+tg ,te ;= 0 (mod 4),
for all i< k< m. Now consider

NA(2m—k)=(x1xkhk+x2xk_1hk_1+_
...+xk_1x2h2+xkx1h1)+
+(ulukfk+14214k_1fk_1 + ...
coetu qufy tuu fi)
et Y 2Ya8 T Y1 Y18)
ML TR LN R C 1/ L TR
...+vk_2v2e2+vk_1v1el)’=‘
=h +...+h +fi+. .t tg t...
g _te to e (mod 4) =
=hf, +8 _,1¢_,+2 (mod 4)= 0 (mod 4).
This gives the result for all i< m.

Suppose k=m+j<2m. Then
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NA(2m~k)=(x1xm_].+1 + ...+x].xm)+

+(x].+1hmxm +...+x h.+1x].+1)+

mj
+ (hmxmh].x].+ ...+hm_].+1xm_].+1hlx1)+
+ (ulum_].+1 + ...+ u].um)+

+(u].+1fmum + ...+umf].+1u].+1)+

+ (fmumf].u].+...+fm_].+1um_j+1f1u1)+
+(y1ym_].+1 + ...+y].ym)+

R T A R ST SRS SO R,
ML PR TR TS ST S50
+("1”m—j+1 + ...+v].m].)+
+(v].+1em_1vm_1 + ...+ym_lej+1vj+1)+
+ (vme].v].+ ...+em_].+1e1v1)5

=(hy +...+h_+h +oth )+

m-—j+1
L A A A
+(g1+...+gm_1+gm_].+1+...+gm_l+1)+

+(e1+...+e + e + ...+

m-1 m-j+1

+em_1 + 1) (mod 4) =
Eh1f1+hm_j+1fm_]+1 (m0d4)5
Ehm—j+1fm_]'+1_1 (mod 4).

Hence hm_l.“fm_j+1 = 1. Soingeneral A,f,=1 and e;8; = 1. Now
it X',Y',Z',W' are the circulant matrices of order 2m with first rows
X, Y,Z, W respectively then

XX'+Y'Y'+Z'Z"+ WW*= (8m - 2L

P9



Multiplying both sides of this equation by J, the matrix of all 1’s we have
the final result of the enunciation.

Corollary 2. Consider four (1,—1) sequences A={X,U,Y,W}
where

X={x;=1,x),%q,...,%,,—%X_,...
ceym Xy, — Xy, — Xy T 1}
U={u, = l,u2,u3,...,um,fmum,...,f3u3,f2u2,f1u1 =1}

Y={y]_ay2)""ym_13ym;ym_1""7y39y2’y1}

e 14

V={v1,v2,...,v m-1>Vm—1s"

m-1>Vm>
cees€3V3, eV, eV 1.
Then N, =0 implies that all ¢, are +1 andall f, are — 1, i>2,
fi=1. Here 8m — 6 is the sum of two squares.
Similarly we can prove
Corollary 3. Four (1,—1) sequences A= (X,U,Y,W) where

X={x = 1,x2,x3,...,xm,xm+1,xm,...,x3,x2,x1 =1}

u

m? m+1’fmum”"

U={u, =1u,,u;,...,u
...,f3x3,f2x2,—1}
Y=0Y0 e esVps=Vpse-+s—=Vy,— ¥}
V={v1,v2,...,vm,emvm,...,ezvz,elvl}
which have N, =0. Have e,=—1 forall -i and f,=+1 forall i
Here 8m + 2 is the sum of two squares.

Definition. Sequences such as those described in the last lemma will
be called Turyn sequences of length [ (the four sequences are of weights
LI,1—1 and I—-1). I=2m inCorollary 2 and ! = 2m + 1 in Corollary. 3.

Lemma 3. There exist Turyn sequences of lengths 2,4,6,8,3,5,7,
13 and 15.
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Proof. Consider

I=2: X={{1-L{1 1L {1},{1}}

I=4 : X={{11--}{11-1}{111}L{1-1}}

I=6 : X={{111--=-}{11-1-1}{11-11},{11-11}}

I=8 : X={{11-1-1--}{1111---1},{111-111},
{1--1--1}

I=3 : X={{111}4L{11-}{1-}L{1~}}

I=5 :X={{11-113,{1111-},{11~--},{1-1-}}

I=7 : X={{111-111},{11---1-},{11-1--},
{1t-1--}}

I=13: X={{1111-1-1-1111}3,{111--1-1--11-},
(ri-11--1---3{111--1-11---}3

or
X={{tt11-11-11-111}3,{111--1-1--11-},

d1---1-111--}3{1111-1-1----}}

I= 15 X={{11-111-1-111-11},

{111-11---11-11-},
atr1r--1-11----3,
{1----1-1-1111-}}

Remark. These sequences were constructed using the Research School
of Plysical Sciences DEC-10 System.

A complete computer search in the case of /= 9,10,14 and 16 gave
no solution for any decomposition into squares. In fact we found
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) 4] — 6 = X2+ y2 result
6 18 =32 + 32 yes
8 26=12+52 yes
10 34 =32+ 52 none found
12 42+ x2 +y? no
14 50=12+ 72 none found
=52 +52 none found
16 58 = 3% + 72 none found
18 66+ x2 + y? no

20 74 =52 + 72 ran out of time

In order to satisfy the conditions of Theorem 2 we are led to study
sequences of a more restricted type.

Definition. Four complementary disjoint {0, 1, — 1) sequences of
length ¢ and total weight ¢ will be called T7-sequences.

Example. Consider
T={{10000},{01100},{0001-}3,{00000}}.

The sequences are disjoint as the i-th entry is non-zero in one and only
one of the four sequences. The total weight is 5 and N, = 0.

Another example is obtained by using the Golay sequences
X=1--1-1---1 and Y=1-----—~ 11~
Let O be the vector of 10 zeros then

7={{1,0},{0,5 x+ n}.{0.2 x - n}.{0, 0}

are T sequences of length 11.
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Theorem 3 (Turyn). Suppose A={X,U,Y,V} are Turyn se-
quences of length 1 where X is skew and Y is symmetric for 1 even
and X is symmetric and Y is skew for | odd. Then there are T-se-
quences of length 21 — 1 and 4 — 1.

Proof. We use the notation A/B as before to denote the interleaving

of two sequences A={a1,...,am} and B=1{b,...,b, _ 1}
A/B={a1,b1>,a2,b2,...,bm_l,am}.

Let 0, be a sequence of zeros of length . Then
T, ={{3&+1.0_}.{2x-n.0_,},
{0,,% (Y + V)},{O,%(Y_ "}
and

T2 ={{1, 041_2},{0,X/Y, 021_1},
{0’ 02[— 1° U/O]._ 1 }’ {03 021_ 1 Ol/ V}}

are the T-sequences of lengths 2/ — 1 and 4/ — 1 respectively.

Corollary 4. There are T-sequences constructed from Turyn se-
quences of lengths 3,5,7,9,11,13,15,19,23,25,27,29, 31,51, 59.

Theorem 4. If X and Y are Golay sequences of length r then
writing 0, for the vector of r zeros T= {{1, Or},{O,% X+ Y)},

{O,% X - Y)}, {Or+1} are T-sequences of length r+ 1.

Corollary 5§ (Turyn). There exist T-sequences of lengths
1+ 2910%26° where a,b,c are non-negative integers.

Corollary 6. There exist T-sequences of lengths 3,5,7,..., 33,41,
51,53,59, 65, 81, 101.

A desire to fill the gaps in the list in Corollary 6 leads to the follow-
ing idea.
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Lemma 4. Suppose X={A,B,C,D} are 4-complementary se-
quences of length 1,1,1— 1,1— 1 respectively and weight k. Then

Y= {{A, C}’{A’_ C},{B’ D},{B’— D}}

are 4-complementary sequences of length 21 — 1 and weight 2k. Further
if % (4 +B) and % (C+ D) arealso (0,1,— 1) sequences then, with

0, the sequence of t zeros,
z={{34+B),0,_,}.{za-5,0_,},

{0,5 c+D}.{0,3 (- D))

are 4complementary sequences of length 21 — 1 and weight k. If A,B,
C,D were (1,— 1) sequences then Z consists of T-sequences of length
21— 1.

In fact Turyn has found sequences satisfying these conditions.

Corollary 7. The following four (1,— 1) sequences are of lengths
24, 24,23,23 '

t-1-1-tr1-1t1-1-1-1-1 1t 1111 1-1-11-1-1-11
{i-1-1 1-t-11-1 171 1-1-1-1-1-1 1-1-1-1 1-1-1-1
i1 1-1-t-111-1-11-1-1-1-1 1~-1-1-1-1 1-11
1 t-1-11-111-11-1111-11-1-11-1-1-11
Hence there are T-sequences of length 47.

We may summarize these results in one theorem.

Theorem 5. If there exist T-sequences of length t then

(i) there exists a Baumert — Hall array of order t,

(ii) there exists an orthogonal design of type (t,t,t,t) in order 4t.

Proof. The T-sequences are used as first rows of circulant matrices.

The rest follows from Theorem 6.
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§4. CONSTRUCTIONS USING COMPLEMENTARY SEQUENCES

We now give some results which are useful in constructing new se-
quences from old. In particular we want to use complementary sequences
to construct orthogonal designs.

Remark. Since our interest is in orthogonal designs we shall not be
restricted to sequences with entries only * 1, but shall allow 0’s and vari-
ables too. One very simple remark is in order. If we have a collection
of sequences, X, (each having length n) such that N,PD=0, j=
=1,...,n—1, then we may augment each sequence at the beginning
with &k zeros and at the end with [ zeros so that the resulting collec-
tion, (say X), of sequences having length & + n+ ! still has Nz() = 0,
=1, ..., k+n+1—-1.

Lemma 5. Suppose there exist 2-complementary sequences X,,Y,
of length n, which give an orthogonal design of type (uy;,u,;) con-
structed from two circulants, i= 1, 2.

Then there exist 4complementary sequences of length n which can
be used in the Goethals — Seidel array to give orthogonal designs of type
(W5 uy,, Upys u22) in order 4n where n > max (n1 , n2).

If in addition X,,Y, are disjointable then there exists an orthog-
onal design of type [ull, uZI,% Uy % u22) in order 4n where n>

> max (n;, n,).
Proof. Very straightforward.

Corollary 8. Let r be any number of the form 2°10°26°5913¢ '
and let n be any integer at least 2°10°26°6914¢, a,b,c,d,e non-
negative integers. Then there exist orthogonal designs of order 4n and
types

i (,1,r,r) and
i) (1,4,r,n).

Proof. Sequences of the weights r are by Corollary 1 disjointable
and the (1,4) sequences are {aba,a Oa}.
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Corollary 9. There exist orthogonal designs of type
@ {1,1,5,9 in order 4m, m > 6;

(i) (1,1, 13,13) in order 4m, m > 14,

(i) (1,1, 10, 10) in order 4m, m= 10;

Gv) (1,1,20,20) in order 4m, m = 20.

Another construction based on the existence of 2-complementary se-
quences which is extremely useful is

Lemma 6. Let X ={U, V} be 2-complementary sequences of length
n giving a design constructed of two circulants of type (a,b) such that
NX(j) = 0. Then, with U* and V* their reverse sequences and w,x,y,z
variables

() Y={x,y,2U,zV},
(ll) Y={yx—y,y0y,ZU,Z-V},

(iii) Y ={{zU, 0, zU*},{zU, x, — zU*},{zV, 0, zV*},{zV, y; — zV*}}
have N, ()= 0. Furthermore they may be used in the Goethals — Seidel
array to give orthogonal designs of type (&) (1,1,a,b),(1,4,a,b) in
every order 4m, m=n, and (8) (1,1, da, 4b) in every order 4m, m>
> 2n+ 1.

We see that in some cases this lemma is a considerable improvement
on the previous lemma. For example

Corollary 10. There exist orthogonal designs of types
i (1,1,20) in every order 4m, m= 1,

(i) (1,1, 40) in every order 4m, m = 13;

(iii) (1,1, 16, 16) in every order 4m, m= 9;

(iv) (1, 1,8, 8) in every order 4m, m=5;

v) (1,1,52,52) in every order 4m, m= 29.
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Proof. Use
{101,11-}, {10111-,101--1},
{aabb,aabb}, {ab,ab},
{e¢aabaaabaaab0bbbbabbbabbbala}.

We give one other method for constructing orthogonal designs using
complementary sequences.

Lemma 7. Let X={A,B,Z,Z} be 4complementary sequences of
length n and weight k. Then writing Z* for the reverse of Z and with
Xx,y,z variables

Y= {{yA,O,J’B},{yA,O, _yB}’{yZ’ O,yZ*}y{yZ’xy _yZ*}}

are 4-complementary sequences of length 2n + 1 which may be used to
give an orthogonal design of type (1, 2k) in every order 4m, m > 2n + 1.

Proof. Use the four sequences of Y to generate matrices which can
be used in the Goethals — Seidel array.

Corollary 11. There exist orthogonal designs of types: -
() (1,20) in order 4m, m>17;

(i) (1,24) inorder 4m, m= 17,

(iii) (1, 32) in order 4m, m=> 13;

(iv) (1,44) in order 4m, m=> 13;

W) (1,52) inorder 4m, m=> 15;

(vi) (1,36) in order 4m, m=> 11;

(vii) (1, 2, 66) in order 4m, m=> 19.

Proof. From Table 2 there exist 4-complementary sequences {4, B,
Z,Z} for lengths and weights: 3 and 10; 3 and 12; 5 and 18; 5 and 20;
6 and 16; 6 and 22; 7 and 26; length 9 and type (1, 33).
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CONCLUSION

We have shown how to use some types of complementary sequences
to construct orthogonal designs. The computer results quoted show that the
small amount of theory known for these sequences comes nowhere near
resolving their existence. We summarize some of the results of this note:

Summary 2. There exist orthogonal designs of type (1,k) for the
quoted k in every order 4m, m>n where n is indicated below:

@) for k€{l,2,3,4,5}, n=2;
(i) for ke (6,8}, n=3;

(iii) for k€{9,12}, n= 4

(iv) for k€{16,17}, n=75;

(iv) for k€{10,11,14}, n=6;
(v) for k€{20,21,24}, n=17,
(vii) for k€{32,33}, n=29,
(vii) for k€{21,24}, n=10;
(viii) for k€ {36}, n=11;

(viii) for k€{40,41, 44}, n=13;
(ix) for k€{13,17,26,27,30}, n= 14,

(x) for ke {52}, n=15.
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