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In this note we use the theory of cyclotomy to help us construct initial blccks
from which we can develop balanced and partially balanced incomplete block designs. Our
main construction method, using unions of cyclotomic classes, gives us upper bounds on
m, the number of associate classes of the design, but not exact values for m; we dis-
cuss the possible values of m and the circumstances under which m=1, so that the design

is in fact balanced.

1. INTRODUCTION

In this note we use the theory of cyclotomy to help us construct initial blocks
from which we can develop balanced and partially balanced incomplete block designs (BIBD
and PBIBD respectively). These initial blocks are usually either difference sets or

supplementary difference sets (sds) in the additive group of a finite field.

The theory of cyclotomy has been much used in the construction of difference
sets and block designs. Consider the field GF[p"], where p is prime and n is a positive

integer, such that

pn=ef+l, ex2, f

N\
N

Let C0 denote the set of eth power residues, so that

C, = x*®*1a=0,1,..., -1}

where x is a primitive root of the field. The original results of Lehmer [4] showed
that if Cj or Cj u {0} were a difference set in GF[p"], then e must be even and f odd.
This result has motivated a great deal of work in the evaluation of cyclotomic numbers
for e even; relatively little has been done for e odd. However some recent construc-

tions ([10], [11, Lemmas 10 - 15]) have led us to an interest in this case also.

As far as possible, we follows the terminology and notation of Raghavarao [6]
with respect to designs, of Storer [9] with respect to cyclotomy and difference sets
and of J.S. Wallis [13, part 47 with respect to supplementary difference sets. However
in Section 2 some specialised notation is defined and a few computational results are

given.

In Section 3, using two somewhat different methods, we construct several series

of PBIBDs, by taking unions of cyclotomic classes as initial blocks. These construc-



tion methods give us upper bounds on m, the number of associate classes of the design,
but not exact values for m, In Section 4, we discuss these values of m and in par-
ticular we consider under what circumstances m=1, so that the design is in fact a
BIBD. Finally in Section 5, we construct a series of Latin Square PBIBD(2)s, starting

from one cyclotomic class in GF[p?].

2. NOTATION AND BASIC COMPUTATIONAL RESULTS

Let pn==asy+l, where p is an odd prime and n, a, B, Y are positive integers
with a,8,y>2. Let ej=af, f1=v, ep =a, f3 =By. Let x be a primitive root of the
field GF[p"] and let C;, D; denote the ith cyclotomic class of the field relative to

e,, e; vrespectively, so that

c; = {anH-i |a=0,1,...,8y-1}, i=0,1,i0.,0-1
and
D, = 3B 20,1,y - 10, 120,1,...,08-1.
Note that
g-1
C. = for each 1i.

u D, ..
1 j:O ]0L+1

Sel—l,

0 h

for h=0,1,...,0~1. Define

Let i =O’i1”"’iu-l be a complete set of residues modulo o, where 0 <1

o-1 . .
Bj = hgo Dih-+ja, 7=0,1,...,B8-1
and
Aj = {o}qu, §=0,1,...,B8-1.
Next we choose some integer t such that 0<t <aB, and t distinct integers
@)58y9000 581 such that 0ga; <a,<... <at5a8—l. Define
- -t .
Ei = hgl Dah+i’ 1=0,1,0..,0BR-1
and
Fi = {O}UEi’ i:O,l,...,aB_l-

In addition, we use the following notation as in [6]:

A & B denotes the collection of all the elements of the sets A and B with multiplic-

ities preserved;

A + B denotes the collection of non-zero sums a+b, with a€ A, be B, again with multi-



plicities preserved, and similarly A - B denotes the collection of non-zero differences;

nA  denotes the collection of n copies of A, so that
nA = (n-1)A & A,

n x A denotes the set {nalaceAl.

We let the cyclotomic number (h,k) denote the number of ordered pairs s, t such

that

es+h et+k
X + X

1 =

>

where 0<s, t<f-1, and x is a primitive root of GF[pn], with pn = ef+l as usual [9].
If there is any doubt as to which factorisation of pP-1 we are using, we specify it

by writing (h,k)e.

Lemma 1. (Z) If By is even, then c,=-C, (or, to be consistent,CiA=(—l)xci),
8o that

. a-1
Ci'ci = ci+ci = jfo (o ,j—l)acj,
and
a—l 3 . 3
C;-Cy = Cy+Cy = kfo (3-1,k-1) ¢y
where
0gi, j, ksgo¢-1.
(i7) If By is odd, then o =_ci+(a/2)’ gso that
€1 7% 7 Cas2y+i " Clarayei = Clazoy+i tCs
and
a-1
c;=C, = kfo (-i+(a/2),k) Cyo s
whereas
Cj'_ci - kfo (j—l+(a/2)’k)aci+k+(a/2)’

0gi, j, k<a-1.

(ii1) If v is even, then D, =-D., 80 that

aB~1

i 7i i i :
]

. (o, ]—i)aBDj

[w)
i
[w)
1
&)
+
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and

where

so that

and

whereas

Lemma 2.

'and

where

and

(iv) If B is

(i) If vy is

(17) If v is

0g<i, j, kgaB-1.

even, y odd, then

Dy % Dis(ass2)

Deap/2)ei ~Plap/2)+i

& (3-i+(aBp/2),k)

& (§5-i+(aB/2),k)

0<i, §, k<ap-1.

even, then

B. = -B
J ]
af-1
; = & i"i+ja’
] i:O j
i) _+2 z (i
h'aB " hen<icarl

even, then

= Diag/2y+i T 05

aBDk+i’

D

uBDk+i+(aB/2)’



where

and

where

where

and

where

where

Qi = ki’ i# Tgadyeecesiy s
P, =k 42, i=d, m=0,1,u0.,0-1,
(i11) If B is even, vy odd, then
afB-1
By=Bo = & KD, F20,1,...,8-1,
i=0
a-1 Z
: (i-i ,0) _+ ) (i-i_,i -1 ) _+ (i-i,,i, -1
1050 0 R TR g g @ YR 0B i feqor DR D
(iv) If B is even, vy odd, then
. af-1
A.-A. = B. &B. B.-B.) = L.D, .
3785 = By EBiap/2) & (By7By) ifo iitja’
3 20,1,e..,8-1,
Li=Ki, l#ih’ i#ih+(on8/2), h=0,1,...,0-1,
Iﬁ_zKi+l’ J_=ih, :i=ih+(a8/2), h=0,1,...,0-1,
Lemma 3. Let By be even. Then
. af-1
(7) E.-E. = & DL,
1 1 =0 J Jt+1
aBf-1
) od. o= tlty-1).
j=0
of-1
(i7) F,-F, = & 8.0, .,
520 33
of-1
t(ty+1).

)

ap’



We omit the proof of these Lemmas: Lemma 1 follows immediately from the
definitions and basic properties of cyclotomic numbers as given in [9, pp.24-26];
Lemma 2(i) is proved in [10, §3(iv)] and is typical of the tedious but straight-
forward arithmetic required for the remaining proofs.

i

3. CONSTRUCTION OF SOME PBIBDs

We now use our sets Aj’ Bj’ Ej’ Fj to construct PBIBDs in the following ways,

based on Sprott's generalisation [8] of a theorem of Bose and Nair [11].

Theorem 1. The B sets Aj’ j=0,1,...,8-1, or the B sets Bj’ J=0,1,s00e4B-1,
may be used as the initial blocks of a PBIBD(m), where v=p", b=8ph, mga, and each
associate class consists of a cyclotomic class C; or a union of such classes. The

parameters of the design are given in the following table, which includes n;, A; and
k

Pij when m=o so that each cyclotomic class is an assoctiate class.
Initial Parity Parameters when m=ao
k T
‘blocks conditions n. A, p%.
i i 1]
B-1
(1) Bj ay aBy Yy even By jzo kja+i (]_l’k_l)a
B-1
(i1) A | ay+l | (ay+1)B | v even BY jzo sept | Giax-1),
R-1
(iii) Bj oy aBy 8 even, y odd | By jZo Kja+i (k—j,l—j)uil(k—l,]-l)a
o B-1
(iv) Aj ay+l (ay+1l)B | B even, vy odd | By jZO Lja+i (k-],l-j)a:=(k—1,j—1)a

Proof. The first series, with initial blocks Bj and y even, is that construc-
ted in [10]; +the proofs for the other three series of designs are exactly similar,
except for the verification that when 8 is even and y odd, we have the equality listed
in the last column of the table. Using again the information given in [9, pp.24-261],

we have

(k-3,i-3), = (-(3-%),(i-k)-(3-K))
(j—k,i—k)a = (i—k,j—k)a since By is even
(- (-1, (G-K)-(i-10)

(k_isj_i)u 1)

so that p?i =p?i and we indeed have a design.

We now generalize Theorem 1,



Theorem 2. Let By be even. Then the B sets Eja: j=0,1,40..,B8-1, Or the B
sets Fja: j=0,1,...,B-1, may be used as the initial blocks of PBIBD(m) where v =ph,
b =8pR, m<a, and each associate class consists of a cyclotomic class C; or a union
of such classes. The parameters of the design are given im the following table, which

includes n;, A; and p?j when m=a so that each cyclotomic class is an associate class.

Initial Parameters when m=a
k r k
blocks n. A D..
i i i9
B-1
(1) g, ty tBy BY jzo S+l (k-3,i-9)
R-1
(ll) Fja tY+l (tY+l)B BY j_o j0L+i (k_] 51—] )a

Proof. From Lemma 3(i), we have

where

Hence

20
~
jas]
Q

|
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o-1 (B-1

E T g

k=0 ‘i K

Hence the properties of the first series follows from [8, Theorem 2.17.

The proof for (ii) is analogous.

Now we note that, as in similar work of Sprott [8] and J.S. Wallis [12], fur-
ther results can be obtained using the fact that 2 | (pP-1), and again when 4 | (p"-1).

Theorem 3. Let By be even and let p" = 2a8y+1 be a prime power. Then the 8
sets Eja’ j=0,1,...,B8-1, or the B sets Fs5 3=0,1,...,8-1, may be used as the initial
blocks of a PBIBD(m), where v=p", b=8p", msa, and each associate class consists of

a cyclotomic class



a=0,1,...,2Ry~1}, i=0,1,00.,0-1

or a union of such classes. The parameters of the design are given in the following
table, which includes n;, Ai and p?j when m=a so that each cyelotomic class is an

assoctate class.

Initial Parameters when m=aqa
k r k
blocks n. AL D,
i 3 17
B-1
(i) Eja ty tBy 28y Loy (k—j,l—])a
1=0
g-1
(ii) Fja ty+l B(ty+1) 28y .ZO S+ (k—j,l—])a
m-1 m-1
Note: in (i), ] A, = t(ty-1)/2; in (ii), ] A, = t(ty+1)/2.
j:o ] ‘ j__.o j

Proof, This is similar to that of Theorem 2.

Next we note that for e=2=a, f=28y, the cyclotomic array becomes

By-1 By (p"-5)/u (p"-1)/u

Ry BY (p"-1)/u (p"-1)/4

giving the following generalisation of [8, Theorem 3.1].

Corollary. If pn==48y+l==v is a prime power and t < 4By ie a positive integer,
then there exists a PBIBD(2) with parameters vzzpn, b =2tByv, v =2tByk, k=ty;

¥
n, =n, = 2By, Ay+d, = t(ty-1)/2 (with Aj = ) 4 , where d,, was previously defined)

- 2i+]
and
! (v-5)/u (v-1)/u ) (v-1)/4 (v-1)/u4
= s p =
(v-1)/u (v-1)/4 (v-1)/u (v-5)/u
y, NUMBERS OF ASSOCIATION CLASSES IN PBIRBRDs

We now consider more fully the PBIBDs constructed from the initial blocks Bj
in Theorem 1(i). So far, we know that each association class must be a union of com-
plete cyclotomic classes, Ci’ with respect to €, =0, and hence that m, the number of
association classes, cannot exceed a. We are particularly interested in the case m=1,

that is, in the conditions under which the design is balanced.



The precise value of m depends on the prime power pn, and on certain sums of
cyclotomic numbers for GF[pR] with respect to e, =aB. Since cyclotomic numbers are
known only for certain small orders e, a full treatment of possible values of m for

any prime power p" seems impossible at present.

For any given pn'=asy+l, the number of possible different sets of initial
blocks {Bj,B;,...,B,_;} must be 8-l from the conditions of the Theorem. However,
often these different choices give rise to isomorphic PBIBDs, as will become obvious

from our proofs.

Lemma 4. Let p" =aBy+l, where p and o are both odd primes. In the notation

of Theorem 1, 1f m=o0a-1, then we must have
(0,1)a = (o,z)a = ... = (O,oc-l)a.

Proof, Since m=a-1, the association classes must consist of one cyclotomic
class each, except for one which consists of CS UCt for some s, t such that O<s<tga-1.
By Lemma 1(i), since By is even, we know that

a-1
C.-C. = & (0,5-1) C.,

i 320 a j

and hence by [8, Theorem 2.1] we must have (O,t—i)a =(O,s-i)a for every i, 1=0,1,...,0-1,
i#s,t. Since a is prime, this implies the Lemma. (Note that a similar argument will

work for other values of a, provided that s-t is coprime to a.)

Corollary. If a=3 and m=2, then p=2(mod 3) and n 28 even. If a=5 and

m = Y4, then p=zU(mod 5) and n is even.

Proof. TFor e, =a =3, the cyclotomic numbers are given by Storer [9, Array 3

and Lemma 7]. Here, (i,j)3 occurs in position (i+l,j+1) of the array

o
-

for 1,7=0,1,2, and A, B, C, D are defined by

9A = p'-8+c,
18B = 2pR -4 - ¢ -9d,
18C = 2p -4 -c+9d,
9D = pl+l+c,

where Hpn==02+27d2, ¢ 21(mod 3), is the proper representation of upn. By the Lemma .



if m=2, then B=C, which means that 4 =0 and upn = ¢, Hence n is even and p = 2(mod 3).

Similarly, if a =5, the cyclotomic numbers are given by Whiteman [14, p.101]
and the condition for m=4 follows from his results.
Lemma 5. In GF[an], with e, = aB =p+l, =y =p"-1, designs arising from

Theorem 1(i) are BIBDs (that is, m=1) with parameters

2n

2 2
(", Bp ", PN -1, ay, ay-1).

Proof. (i) Since

Dy = GF[p 1\ {0},

we have
Dy+1 = {{o}up }\ {1},
so that
(0,0)e, = v-1
and

(O,l)el =0 for 1#£0,

(ii) For i #0, D; is the set of non-zero elements of an additive group

-(but not a subfield) and 1 £D;. Hence if geD;, we know that g+l ¢DO uD;, so that
(i,O)el = (i,i)el =0, for 1#0.

(iii) Suppose that g, he (D;+1)nD Then

jo
g—he{DinDj} u {0},
but since Dy nDj =@, we must have g-h=0 or g=h. Hence

(1,j)e1 < 1.
e1-1
But ) (i,j)el = vy [9, Lemma 3(d)], and since (i,O)e = (i,i)e = 0, we must have
s - 1 1
j=0

(i,,j)e =1 for 1#4j, 1i#0.
1



(iv) Now By =D, UDi1 Usas UDia—l’ where

}

{10 = 0,1 500esi g

is a complete set of residues modulo a, chosen from {0,1,...,aB-1}. Now
o-1

B.-B, = & (Di —Di)&Q & (Di —Di ).
0 0 4o 'h th Ogh<fga-1 h 72

From the first collection of terms in this expansion, we get (y-1) copies of Dih for

h=0,1,...,0-1. The second collection of terms consists of a(a-1)/2 collections of
differences; Dih—Dchonsists of one copy ea?h o§ D; for each i#iy or ig (by (ii)

and (iii) above). Hence D; occurs (Y—l)+2{g—%§l;-—(a—l)} times if i =1y, or a(a-1)
times if 1 #1iy. Since Bj = xJ x By, and since the set {i0= Oail""aih} forms a com-

plete set of residues modulo o, we find that each D; occurs altogether (\(—-l)+2{g-£9‘-2—_--];l
- (a-1) +£§:&2%£2:£l& times, which reduces to A =ay-1, since oB =vy+2. This completes

the proof.

Example 1. In GF[112] with a =3, B=4, y =10, so that e, =11+1, f1==ll-l,
choose a =1(mod 3), b=2(mod 3), where O<a, bg1ll, and consider the set of initial
blocks {Bj, j=0,1,2,3} where B0==D0LJDaLJDb, in the notation of Theorem 1(i). Then
these blocks generate a BIBD with parameters (121,484,120,30,29). Note that the par-
ticular choice a=U4, b=8 gives a design constructed by Sprott [7, Series AJ] but that

there are altogether 43-1 =16 different choices which will give equivalent designs.

If the cyclotomic numbers of order e; =aBf are known, then conditions on
,pn:=asy+l and on the initial blocks {Bj} can be found, in order that m=1. It will
be convenient to make the following definition. Let

B-1

Magh(a,k) = jZO (a,ja+k),

where k=0,1,...,0-1, and the cyclotomic numbers are with respect to e, = ofB.
Consider the case o =2; one initial block will be B0 =D0 u D5 where a==i1
=z | (mod 2). Since y is even, D; = -D;, so that we may consider sums of classes. Now

By~ B

a
(DO+D0)&>< X(D0+D0)&2(DO+Da)

el—l
& {(0,i)+(0,1i-a) +2(a,1)}D,,
i=0

so that altogether
B-1 g-1 -1
& (B,-B,) = {y-1+2 ) (a,2i)}c, & {y-1+2 } (a,2i+l)}c,.
s 33 .2 0 b 1
=0 1=0 1=0



To ensure that m=1, we need these two coefficients to be equal, so we must

have
-1 B-1
) (a,21)g = ) (a,2i+1),
i=0 i=0
or
MQ,B(a’O) = MQ,B(a’l)'

For the cases a=2, 8=3,5,7 (e; =6,10,14), this condition can be worked out more
explicitly using the results of Dickson [2], Whiteman [14] and Muskat [5] respectively.
We let BB(i,j) denote the Dickson-Hurwitz sums [14, p.97] for e =8, Also a denotes an
odd integer, so that DOtJDa is one of the possible initial blocks. For R odd, DOLJDB
will always generate a BIBD, since it is simply the B-residues of the field [7]. Note
that we need not consider D, uDy and Dy UDel_a separately, because (i,7)=(e-i,j-1) and

this, together with the fact that a is odd, implies that

MQ’B(a,O) M, B(28—a,l)

>

and

MQ’B(a,l) M2,8(28—a,0).

So for B odd we need only deal with a=1,3,...,8-2, and for B even, with a=1,3,...,8-1.

Throughout this section, M is defined by xM = 2(mod p); M is taken modulo B.
By direct computation using the results of [2], [5] and [14], we find that for M
=p(mod B), m=1 if and only if

Bg(B-a-2K,1) = B (B+a-2k,1) (1)

for B=3,5,7. We have been unable to discover whether such an equation holds for

larger values of B.

To indicate the way in which we proved (1), consider the case a=2,8=5,e, =10,

a=1, Mz1l(med 5). In order to have -nlv or ~elote elnea, we need

My 5 (50) = M, (4))

ZLT (qilé)lo 25/( a, zd+l)/0 _

t= =0



Since a =1, this becomes

(1,0) +(1,2) + (L,4) +(1,6) +(1,8) = (1,1)+(1,3)+ (1,5)+(1,7)+(1,9).

‘>

(2)

The values of the cyclotomic numbers in [14] are expressed in terms of p, x, u, v, w,

where

16p" = %2 +50u2 + 50v2 + 125w2,
XW = v2-uuv-u2,
x 2 1 (mod 5).

For instance, when M =1(mod 5) we have
200(1,6) = 2p" +2 +x - 25u - 25v.
Substituting these values in (2) reduces it to
10p™ - 10 + 75u + 25v - 125w = 10p" - 10 = 75u - 25v + 125w
or
Jutv = 5w,
Equivalently using equations (4;7) and the results of §6 of [14], we find that

B5(2,1) = Bg(4,1),

(3)

which is one particular case of (1). Considering each case in turn, we derive (1).

Using equations (3), we may state the conditions equivalent to (1) for a =2,

=5 in terms of p, X, u, v, w. These are contained in Table 1.

Table 1.

a=2, B=5, e1=10.
mod 5 a=1 a=3
M =0 u+2v = 0 2u = v
M=1 5w = 3u+v X = 2u+ U4v + 5w
M=z=z2 Ju = x+2v+ 5w 3v = u+b5w
M=z3 2v = x + 4u + 5w u = 3v+5w
M=y 3u+v+bow =0 5w = x+ 2u+bv,




Similarly for a=2, =3, e, =6, pn=A2+3B2, we find that for Mz 0, 1 or
7 (mod 3), if m=1, then

p = A2, B = 0.

Example 2. Let p=u421. By [3], we find that M= 1(mod 5). Also (x,u,v,w) =
= (-19,8,1,5) and 3utv=5w. So CyuC; will be one of the initial blocks for a BIBD
with parameters (421, 2105, 420, 84, 83).

If a =3, one initial block will be D, uD, UDy where a = 1(mod 3), b =2(mod 3).

A similar argument shows that, for m=1, we must have

Ms’B(a,O)+M3’B(b,O)+M3 g(b-a,2) = My (a,1) + M, g (021D +My (b-a,0)

b > b b

= Uy (a,2) + M, o (Ds2) + My o (b-a,1).

3 b >

Again we need not consider all possible values of a and b. To see this, we

need the following result.

Lemma 6. (i) If 8 is even, then

3 : 3 :
MS,B(—2—8—+ (3kt1),i) = Ma’g(—;—- (3k+1),i+2),
M3’B(3TB+(3k+2)’i) = M3,B(§§B‘-(3k+2),i+l),

where k =O,l,...,8-l, and i, i+l, i+2 are taken modulo 3.

7

(i2) If B is odd, then

3R+ (3k+2) . _ 38-(3k+2) .
My o (T 1) = My [ 142),
where k=1,3,...,8-4,8-2, and
3R+(3k+1) . 38-(3k+1l) .
o oG, ) < v, (D, 1),

where X =0,2,...,8-3,8-1. In both cases i, i+l, i+2 are taken modulo 3.

Proof. The result follows immediately from the fact that
(i,3) = (e-i,j-i).

Corollary. If By =Dy UDy U Dp, a=1l(mod 3), b=2(mod 3), as one initial block
yields m=1 in Theorem 1(1), then so do the initial blocks CoUCh_aUCag_g and

Co Y Cap-p Y C3p-(b-a):



N

Proof. The Corollary follows by considering the three expressions which are

equal if CquCyuCh yields m=1, and then applying the Lemma,

5. LATIN SQUARE DESIGNS FROM CYCLOTOMY

Throughout this Section, we let p be a prime and factor p+l =af, where a,B 2 2.
We consider the field GF[p?] and the cyclotomic numbers with respect to a and aB.
Obviously p? = aB(p-1)+1 = a¢+l, say, where ¢ = B(p-1). We let C, denote the oth power
residues of the field, C; the cyclotomic class xi><C0, Dy the aBth power residues and
D; the cyclotomic class x1 xDg, where x is a generator of the multiplicative group of

the field. Notice that

C; = ~Cpo Dy = ~Dis
B-1
C. = u D. .., (4)
1 Lo, Ja+i

Dy is the set of non-zero elements of the sub-field of order p and each Di consists of

the non-zero elements of an additive subgroup of the field.
We have the following result.

Theorem 4. The set Cy may be used as the initial block of an LB(p) PBIBD(2),
where b=p2, r=k=6¢, and (since we have a Latin Square design) the remaining para-
meters are v=b, ny =¢, n, = (a-1)¢, X, =82+(a—3)6—1.=(0,0)a, Ay =8(B-1) = (0,1) for
i#o0,

. pl = [%2+(a—3}8‘1 (a-1)8(B-1) ] and p? = [8(B-1) B{(a-1)8-1} ]*
L(a-1)8(8-1)  (1-a)B{(1-a)B+1} 8{(a-1)8-1}  (a-1)2p2+8(3-2a)-1

To prove the Theorem, we need one preliminary result,

Lemma 6. The cyclotomic numbers with respect to aB are as follows:

(O’O)OLB P_Q;
(M1%B=O, 1#0;

(ocs,O)OLB = (as,us)a = 0, s#0;

B

1, 1#0 or as.

(as,1)
o

8

Proof. (i) Dy=CGF[pl\ {0}, so Dy+1 =GF[pI\{1}. Hence (O,O)a81=p—2 and
(0,i) =0 for i#o.

(ii) Dus consists of the non-zero elements of an additive subgroup of

order p, and 1A¢Ihs since 1eDjy. Suppose that y’eDaS. Then y+1 £ Dy UDaS’ so that

(ocs,O)OLB = (ocs,ozs)OLB =0 for s#0.



(iii) Finally suppose that u,ve (Dcxs+l) nD.. Then u-ve {Dozs n Di}u{o},

which implies that u-v=0 and u=v. Hence (ocs,i)OL8 <1.
But by [9, Lemma 3(d)], we know that

af~1

.z (as’i)ds = p_l,
1=0

=0, we must have

and since (ocs,O)a = (ons,as)a

B B

(es,i) =1 for each i#0 or as.

Corollary. By the Lemma and (4) we have

(0,00 = p-2+(B-2)(B-1) = 82+ (a-3)B - 1,
and

(O,i)a = (i’O)a = B(B—l), i # 0.

Proof of the Theorem.

(i) We begin by using the main Theorem of [8] to check the parameters of the
design., Certainly if we let Cy =By, the initial block, then By-By = Cy-Cy and, since
C0 = -CO, we have

Bg-Bg = {B%+(a-3)B-1}C, & B(B-1){C,uc,u...uC ,}.

Now G-G =p2G, where G denotes GF[p2], and

G-Cy = B(p-1)G = B(ap-2)G

(Co=Cq) & (£C; U Cyuvvn v C 1 }-C ) & ({0}-C)

(8%+(a=3)8-1)Cy ¢ B(B-1){C; uCyu ... uC )
& ({CyuCyhu...uC _3-Colé&Cy.

Hence {C;uC,u...uC }-Cy = (a-1)B(B-1)Cy &BL(a-1)8-1]{C, UC, U ... v, 11

-1

} (a-1)R(aBR-2)G

Similarly G-{C; uC,U... U Cymy

(Co—{C1 uCyu... uCa_l})& ({Cyuc,u... UCO‘_l} -

-{CuCyu..uc o HEH0}-{CiuCyu..iuC ;1)

(a-1)8(8-1)C & [B{(a-1)8-1}+11{C; uCyu ... uC_ _;} &

({C;ucyu... uCO‘_l}-{C1 uCh U ... uCa_l}).



Hence {CjuCyu...uc,  }-{Cjuc,uiiiuc, o} = (1-a)B{(1-a)B+1}Cy & [(a-1)282+8(3-20)-1]

\{/gblthth... UCd_l}.

So the existence of the PBIBD(2) with the given parameters follows by [8].

(ii) To complete the proof, we have to show that in fact we have a Latin
square design. That the parameters are those of an LB(p) design follows from [6,
p.1297.

The first associates of [0,0] are the elements of Cps in general, the first
associates of [i,j] are the elements of Cy+[1,j], where the elements of GF[p2] are
denoted by [i,3], i,j=0,1,...,p-1. To show that we have a Latin square design, we

construct (B-2) mutually orthogonal Latin squares as follows.

We write the elements of GF[p2] in a p xp array, with [0,0] in the top left
torner, the elements to,11, [0,2], ..., [0,p-1] of D across the top row, the elements
[1,a], [2,2a], ..., [p-1,(p-1)a] of D, down the left-most column and the elements
[i,ialJ+[0,3] = [i,ia+j] in the i,j position. Now for each s=2,3,...,8-1, let LS be
the Latin square with a; in the i,j position if and only if an element of DsalJ{O}
occupies the i,j position of the array, and a, in the i,j position if and only if a;
occupies the i,j-k+1 position. For example, if p=7, and a =2, B =4, then our array
of elements of GF[72] is

00 01 02 03 ou 05 06
1y 15 16 10 1 @ 13
21 22 23 @ 25 26 20
35 Go 30 31 32 33 3u
) 43 Ly 45 be 40 @D
56 50 51 52 63 54 55

63 sl 66 60 61 62,

where the elements of Dy occupy the top row, those of D, the left column, those of D,

are underlined and those of Dg are circled. The corresponding Latin squares are then

—
a do as ay ag dg az
a2 a3 a,_+ aS a6 a7 al
dsg ay asg ag az ajy ds

Ly = ay as ag azy ay as as
as as az a az as ay
ag ay aj do as ay ag
az aj an as ay as ag

and



.51 as asjs ay asg ag a;
as ay asg ag ay ai as
dsg dg azy ail an as ay
Ly = ay ay as as ay as ag
ag as ay as ag az a
ay ag dg ag aj a9 as
=X a7 al ago as ay asg

To check that these squares are mutually orthogonal, suppose that a, occupies
the (i,j) and (k,%) positions of LS and that a, occupies the (i,j) and (k,2) positions
of Lt' Without loss of generality, we may assume that u=1, so that [i,ia+j] and
[k,ka+2] both belong to DaSlJ{O}. Similarly a; appears in the (i,j-t+1) and (k,f-t+l)
positions of L., so [i,ia+j-t+1] and [k,ka+2-t+1] both belong to DatlJ{O}. But since
Dale{O} and DattJ{O} are both subgroups, this means that

[i,ia+3]-[k,ka+2] = [i-k,(i-k)a+j-2]

[i,ia+7-t+1] - [k,ka+e~-t+1]

must belong to [Dastj{o}] n[DatLJ{O}] and hence must be zero. That is,
i-k = 0 and (i=k)a+j-% = 0,

so that i=k, j=2 and Ls’ Lt are mutually orthogonal.
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