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We give three new constructions for orthogonal designs

using amicable orthogonal designs.

These are then used to show (i) all possible n-tuples,
n <5 , are the types of orthogonal designs in order 16 and (ii) all
possible n-~tuples, n = 3 are the types of orthogonal designs in
order 32 , (iii) all 4~tuples, (e, f, g, 32-e-f-g) ,

O0<e+ f+ g =32 are the types of orthogonal designs in order 32 .

These results are used in a paper by Peter J. Robinson,
"Orthogonal designs of order sixteen", in this same volume, to fully

update the status of the existence of orthogonal designs in order 16



§7. Introduction

An orthogonal design of order n and type
(ul, Ups =ees us) (ui > 0) on the commuting variables
X, X cees X is an n xn matrix A with entries from
12 72 > 7s

{0, #x ces txs} such that
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Alternatively, the rows of A are formally orthogonal and each

row has precisely us entries of the type txi .

In [1], where this was first defined and many examples

and properties of such designs were investigated, we mentioned that

and so our alternative description of A applies equally well to the
columns of A . We also showed in [1] that s = p{(n) , where p(n)

(Radon's function) is defined by

o(n) = 8c + 29

when

n=2%b, bodd, a=Ulc+d, O0<d<l.

Two orthogonal designs, A and B , of order n and

types (al, a - as) and (b.,, b ..., b ) in the variables

2° 1> 722 t

Xy5 +e., X and Yo +ees Yy will be called amicable

if



ABT = BAT

In this generality, amicable orthogonal designs were first
systematically studied by Wolfe in [10]. In that paper infinite
families of amicable orthogonal designs are constructed and exact
bounds (similar to Radon's function) are given for the number of
variables that may appear in each orthogonal design of an amicable

pair of orthogonal designi;//If, in addition a, = 1,

\3\ N
s t
Z a, = Z:b. = n , we can use monomial matrices P and Q +to ensure
i=1 *  §=1 7
PAQ = x. I + x.S S T -S and PBQ = B B T. B If we
1 i%i 2 i i Y955 07y j

now set all the variables X and yj equal to 1 , we have two
(1, -1) orthogonal matrices, M= I + W and N , of order n

satisfying

MNT = NMT s NT =N, WT = -W.

M and N are amicable Hadamard matrices and in this specific case

amicable orthogonal designs are well known and have been studied [6].

In our earlier work we studied existence and non-existence
results for orthogonal designs. Many of our results have been
superceded by the beautiful results of W. Wolfe [9] and D. Shapiro [5].
Wolfe's results, in particular, have pointed out the existence of two
separate and independently interesting aspects of the question of
existence for orthogonal designs. It is easy to see that an orthogonal

design of order n and type (al, e an) exists in order n iff

there are k {0, 1, -1} matrices Al’ cees An , of order n such that
. T
(1) A.A. = a.rl
N im?
(ii) A.A.' + AA =0,
1] 131

(iii) Ai % Aj =0 (Hadamard product).



A rational family of order n and type [al, vees an]
12 e Rk

is a collection of k rational matrices of order n, R

such that

(i) R.R.T =a.I ,
17 jn

(ii) R.R,] + R.R,| =0 .
i il
Clearly, any theorem which precludes the existence of

a rational family precludes the existence of an orthogonal design

of the same order and type.

We refer to the questions concerning existence of rational
families as "algebraic" and those that refer to the guestion of

existence of orthogonal designs as '"combinatorial'.

Shapiro has made significant inrocads into the algebraic

problem. He has shown that a rational family of type [al, cens an]

exists in order 2%n (n odd) iff a family of the same type exists

in order 2° . Thus, for the algebraic problem, all results rest on

getting information in powers of two. We shall use the following

result of Shapiro.

THEOREM (D. Shapiro). If n = 16 (mod 32) , then there exists an

orthogonal design of type (a a,) only if the Hasse

12 8gs +ees g

invariant sp(a a,) =1 at every prime p .

12 v 8y

We note that

s (a

5@ . at) = I (a., a.)

lsi<ist *+ JP

where (ai, aj)p is the Hilbert norm residue symbol (see [3]).



The following results of Geramita and Verner [2] and

P. Robinson show that algebraic existence is noﬂ'enough to imply
combinatorial existence. The question of combinatorial non-

existence is still uncharted territory.
THEOREM (Geramita and Verner). If there exists an orthogonal

design of type (u cees us) in order n = 0 (mod 4) and

l’ u25
s

Y u, =n -1 then there exists an orthogonal design of type
i=1

(1, Uy, u ceey uS) in order n ,

29
THEOREM (Peter J. Robinson). The orthogonal design (1, 1, 1, n-i)
only exists in order n for n = Y4, 8, 16 .

It has been shown [7] that

THEOREM (Jennifer Wallis). ALl orthogonal designs of types
(a, b, n-a-b) and (a, b) , 0<a+b=n, exist in orders n

which are a power of 2 .

These results will be combined with those of this paper

to discuss the existence of #&rthogonal designs in-order 16 and 32 .



§2. Some useful matrices.

We note
A= 1% Xy Xy Xy B= vy ¥, Y3 Y3
B S T B Yo V1 Y3 Y3
(1) "Xy "Xy X Xy Y3 Y3 Vo V)
TF3 F3 X2 H Y3 Y3 V1 Vo]
= xlAl+ x2A2 + x3A3 = lel + y2B2 + y3B3

are amicable orthogonal designs of types (1, 1, 2) and (1, 1, 2)

in order 4 .

Three matrices Cl’ C2, C3 of order n will be called

an amicable triple if each Cso i=1, 2, 3 is an orthogonal design

and CiCjT = CjCiT, i #3 . These matrices were first studied by Wolfe [11].

Let

W=lx vy v v, T,= o+ 0 of ,» 71, = 0 0 + +] , Ty = [0-+ + +

y =X -y ¥V -000 00 -+ -0+ -

(2) Yy -y ¥ -X 000 - -+ 00 - -0+
Y ¥ X -Y] 0 0+ 0] - - 09 =t - 0]

then {TO, T TS} is an amicable triple of types (1, 3) , (1) ,

l’
(3) and order 4 , and {TO, Tos T3} is an amicable triple of types

(1, 3) , (2) , (8) and order U4 .

b



§3. Three Constructions for Orthogonal Designs

t S
THEOREM 1.  Suppose A = ) a,A, and B = ) b.B, are amicable
RALLELZ) LU 4= * 1 5=1 3]

v ut) and (vl, Vs aees V_)

orthogonal designs of types (ul, u, > 5o s
in order n . Then
t S
_ = Y B, x b.N
C = A x (a I+a M) + iZ:QAi x a,N and D 23 5

are amicable orthogonal designs of types (ul, WUy, MUy, oees mut)

and (mv,, mv,, ..., mv_) in order pn where T + M and N are
1 s

23

amicable orthogonal designs of types (1, w) and (m) <in order p .

Proof. Clearly Ml o= -M, N = N, MN| = NMT, AiAiT = w1,
B.B.'= v.I, A.A.' + A.A.' =0, B.B. 4 B.B. =0, i#]
379 iy i i3 i
AB,' =B.A,, 1<i<t, 1<5<s
i’ i

Now it may be easily verified that C and D are amicable

orthogonal designs.

COROLLARY 2.  Suppose there exist amicable orthogonal designs of

types (ul, Uys vees ut) and (vl, Vs e VS) in order n .

Further suppose there exist amicable Hadamard matrices of order m .

Then there exist amicable orthogonal designs of types

(u (m—l)ul, mu . mut) and (mvl, mv - mvs) in order mn .

1 22 22

Now we see from [6] there exist amicable Hadamard

matrices of order



I 2 3
r r .
II p o+ 1 p (prime power) = 3(mod 4) ;
III 2(qs+l) qs(prime power) = 1(mod 4) and 2q + 1 a prime power;
v 2(qs+l) qs(prime power) = p2 + 4 = 5(mod 8) ;
\% 4(q8+l) qS(prime power) = p2 + 36 = 5(mod 8) 3
VI d where d is the product of any of the above orders.

In particular, therefore, we have

COROLLARY 3.  Suppose there exist amicable orthogonal designs of
types (ul, Ups enes ut) and (vl, Vo e vS) in order n .
Then there exist amicable orthogonal designs of types

(ul, u; s 2u 2u,) and (2vl, 2v

gs wees 2Ug - QVS) in order 2n .

2)
COROLLARY 4. There exist amicable orthogonal designs of types

(1, 1, 2, 4) and (2, 2, 4) in order 8 .

COROLLARY 5. There exist amicable orthogonal designs of types

t- - - - .
(1, 1, 2, 4, cv., 2 l) and (2t 2, ot 2, ot l) in order 2° .

THEOREM 6.  Suppose there exist three matrices R, P, S of order n

which give amicable orthogonal designs

S, x2R + XSP

of types (sl, Sps wees St) and (ul, u2) respectively. Then



-—Y1R+Y2P YRty P S y6R+y7§-
YRty P Y1 R-y,P YRy, P S

-3 Y6R‘Y7P le+y2P —y3R+yuP
:YGR+Y7P -S Ry, P le—y?E

is an orthogonal design of order un and type
(sl, Sps wres Sy Ups Up, Ups Uy Uy, u2) .
T

Proof. By direct verification after noting RP| + PR = 0,

SRT = RST and SPT = PST .

COROLLARY 7. There exist orthogonal designs of types

(1) (,1,2,1,3,1,3,1,3), (ii) (1,1,2,1, 2,1, 2,1, 2)
(iii1) (1, 1,2, 2,2, 2,2, 2, 2) and
(iv) (1,1,2,1,1, 1,1, 1, 1)

in order 16. -

Proof. Use S = XA+ x A+ x AL and (i) R =3B P=3B_+B,,

(ii1) R B, P=B,, (iii) R=3B, + B P=2B8B,,

1 22 3

(iv) R

Bl’ P = B2 , respectively

in the theorem, where the A, and B, are defined in (1) of §2.

COROLLARY 8.  There exist orthogonal designs of types
(i) (2, 2, 4, 3, 5,3, 5, 3,5), (ii) (2, 2, 4, 1, a, 1, a, 1, a),
a=1, 2, 3, 4, 5,6 or 7, (iii) (1, 1, 2, 4, 2, a, 2, a, 2, a),

a=2,4 or 6, (iv) (1, 7,1, 7, 1, 7, 1, 7) in order 32.



10.

Proof. For (i), (ii) and (iii) we use the existence of amicable
orthogonal designs of types (1, 1, 2, 4) and (2, 2, 4) in
order 8 . For (iv) we let S and x2R + x3P be the amicable
orthogonal designs of types (1, 7) and (1, 7) in order 8 .

THEOREM 9.  Suppose there exist matrices S, R, P of order n

which give amicable orthogonal designs

S and xR+ P

1
of types (sl, Sps wees St) and (ul’ Ups +ves ur) respectively.
Then
'_le+P y 4R+P S y6R+1§1
—y3R+P le-P —y6R~P S
=S yGR—P le+P —y3R+P
-V gRAP -5 ¥ gRHP y1R-F

is an orthogonal design of order u4n and type

(sl, Sps waes Sps Ups Uy Ups 3u2, 3u3, ceens 3ur) .

Proof. By direct verification.

COROLLARY 10.  There exists an orthogonal design of type

(2, 2, 4, 1, 1, 1, 3, 6, 12)

in order 32 .

Proof. ©Let S be the (2, 2, 4) and XlR + P the (1, 1, 2, 4)

design in order 8 .



11,

COROLLARY 11, There exist orthogonal designs of types

(i) a,1,2,1,1,1,3,6), (ii) (1,1, 2,2, 2, 2, 3, 3),

in order 16 .

Proof. We note there exist amicable orthogonal designs

XlAl + x2A2 + x3A3, ZlBl + 2232 + 23B3 of types (1, 1, 2) and

(1, 1, 2) in order 4 . We obtain the types of the enunciation

by choosing (i) S = x A + XQA

184 + X3A3, R=28B P=zB, +z,B, ,

2 12 272 373

R =238 P =2z.B, + z.B

(ii1) S =xA. + x,A, + x 3 131 5B,

11 22 373

We recall construction 19 of [1] which we generalize

slightly

THEOREM 12. Let P., P,, P_., H be orthogonal designs of order n

1> 722 ° 3
satisfying PiT = —Pi , i=1,2, 3, HT = H and MN' = NM|
for M, N € {Pl, P,y Pgs H} . Suppose P. is of type
(pil’ P oo ....) and H 1is of type (hl’ h,» .) then
—xlIn+Pl x,I +P, x I +P, H]
—xSIn+P2 xlIn—Pl -H XSIn+P3
-x I +P, " x, T -Py -x,I -P,
i -H —X51n+P3 X3In—P2 XlIn+P%_
18 an orthogonal design of order 4n and type
(1o Pyps Pros wovs Lo Pops Pogs wovs Lo Paps Pags «-vs By By,

COROLLARY 13. There exist orthogonal designs of type

(1 1 1, pyys 1o 3) where P;p € {1, 38} or

2 Plla 2 lea
P;y €12, 8} for i=1,2,3,%norder 16 . That is there exist



12.

orthogonal designs (1, 1, 1, 1, 3, j, 3, 3), 7 € {1, 2, 3},
(x,1,1,1,38,3,3,3), je€l1,2},and (Q,1,1,1,3,3,3,7),

5 € {1, 2} in order 16 .

Proof. We let H=T defined in (2) of §2. Then since there are

0
amicable triples (1, 3), (j), (3) , where j =1, 2 , given in
(2) of §2 we have orthogonal designs of the types given in the

enunciation.

§4. Applications.

LEMMA 14. ALl e-tuples of the form
(a, b, ¢, d, e, 1l6-a-b-c-d-e), 0 =a +b +c +d +e 2/

are the types of orthogonal designs in order 16 .

Proof. All these designs may be constructed using the
(1, 1, 2, 2, 2, 2, 2, 2, 2) design found in [1], the
(1, 1,1, 1,1, 2, 3, 3, 3) design found in Corollary 7 and the

(1, 1, 2, 2, 2, 2, 3, 3) design found in Corollary 11.

COROLLARY 15. A1l n-tuples, n =1, 2, 3, 4, 5 are the types of

orthogonal designs in order 16 .

LEMMA 16. All 5-tuples, (a, b, ¢, d, 32-a-b-c-d),
0<a+b+c+d=32, are the types of orthogonal designs in

order 32 except possibly those listed here which are unresolved

(3, 9, 9, 9, 2) (1, 3, 11, 11, 6) (1, 3, 9, 9, 10)
(1, 5, 5, 17, 4) (1, 5, 9, 11, 6) (1, 5, 5, 11, 10)
(1, 5, 11, 11, u) (3, 3, 9, 11, 6) (1, 5, 5, 5, 16)

(3, 3, 11, 11, 4) (3, 3, 3, 3, 20) .



13.

Proof. Since all five variable designs exist in order 16 every
design in order 32 of the form (2x, 2y, 2z, 2u, 2v) or

(x, 2y+tx, 27, 2u, 2w) exists.

So we only have to check the existence of designs
(2%x+1, 2y+1l, 2z+1, 2u+l, 28-2x-2y-2z-2w) and all these, except those
listed above,may be found from the (1, 1, 1, 2, 2, 3, 4, 6, 12)
design constructed in Corollary 10 and the (1, 1, 1, 2, 2, 4, 7, 7, 7),
(,1,1,1, 7,7, 7, 7) and (2, 2, 3, 3, 3, 4, 5, 5, 5) designs

constructed in Corollary 8.

LEMMA 17. All u-tuples (a, b, c, 32-a-b-c), 0 <a +b +c =32,

are the types of orthogonal designs im order 32 .

Proof. All designs of these types may be constructed using the

designs quoted in the proof of the previous lemma.

COROLLARY 18. Al n-tuples, n =1, 2, 3 , are the types of

orthogonal designs in order 32 .
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