ORTHOGONAL DESIGNS V: ORDERS DIVISIBLE BY EIGHT
Jennifer Seberry Wallis

ABSTRACT. Constructions are given for orthogonal designs in orders
divisible by eight. These are then used to show all two variable
orthogonal designs exist in orders 24, 32 and 48. The existence of
two variable designs in order 40 and three variable designs in

order 24 is discussed.

The conjectures on the existence of all orthogonal designs
(1, k) and skew-symmetric weighing matrices for weights
k=1, 2, ..., 2?9—1 are resolved in the affirmative for orders

t P .
2.9, t 2 3 a positive integer.

1. Introduction.

An orthogonal design of order n and type (ul, Uys == us)
(ui > 0) on the commuting variables Xys Kyy eees Ko is an n X n

matrix A with entries from {0, Ky e ixs} such that

s
t 2
AAT = 1z=:1 (uixi)In .

Alternatively, the rows of A are formally orthogonal and each row has

precisely u, entries of the type txi.

In [2], where this was first defined and many examples and
properties of such designs were investigated, we mentioned that
s
t

2
A"A = Z (u;xI_ s
i=1

and so our alternative description of A applies equally well to the
columns of A. We also showed in [2] that s < p(n) (Radon's function)
is defined by

p(n) = 8c + 24
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when
n=2"b, bodd, a=ébc+d, 0<d<4b,

In [2] we also showed that if there is an orthogonal design of

order n = 2 (mod 4) and type (a,b) then % is a rational square.

While in [5] it was shown that if n = 4 (mod 8) and if X

is an orthogonal design of order n and type

. b .
(1) (a, a, a, b),then 7 isa rational square;
L. b . .
(ii) (a, a, b), then — is the sum of at most two rational squares;
o b . .
(ididi) (a, b), then S is the sum of at most three rational squares.

It has been established in [2] that conditions (i), (ii) and
(iii) were necessary and sufficient for n = 12 but Geramita and

Verner [9] proved

THEOREM (Geramita-Verner). If there exists an orthogonal design of

s
type (u;, U, ..., u) inorder n =0 (mod 4) and iz=:1ui =n-1

then there exists an orthogonal design of type (1, Ups Uys ooy us)

in order n.

This meant the conditions (i), (ii), (iii) were not sufficient for

n = 20.
D. Shapiro [6] has shown that if n = 8 (mod 16) and if X is
an orthogonal design of order n and type
b . .
(i) (a, a, a, a, a, a, a, b), then S isa rational square;

(ii) (a, a, a, a, a, a, b), then % is the sum of at most two

rational squares;
. b
(iii) (a, a, a, a, a, b), then 5 1is the sum of at most three
rational squares.
We conjecture that:

A necessary and sufficient condition for the existence of an orthogonal
design of the type (a, b) and of order n = 0 (mod 8) g that a + b < n.
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Definition.
A weighing matrix of weight k and order =n, is a square
{0, 1, -1} matrix , A, of order n satisfving

JYCIEES
n

In [2] we showed that the existence of an orthogonal design
of order n and type (ul, ceey us) is equivalent to the existence
of weighing matrices Al’ ey As’ of order =n, where Ai has
] . . ;
weight uy and the matrices, {Ai}i =1, satisfy the matrix equations

XXt + YXt =0 and X *Y =0 (*the Hadamard product)

in pairs. In particular, the existence of an orthogonal design of
order n and type (1, k) 1is equivalent to the existence of a

skew-symmetric weighing matrix of weight k and order n.
It is conjectured that:

(I) for n = 0 (mod 4) there is a weighing matrix of

weight k and order n for every k < n ;

(II) for n = 0 (mod 8) there is a skew-symmetric weighing
matrix of order n for every k < n (equivalently there is an

orthogonal design of type (1, k) in order n for every k < n);

(I1I1) for =n = 4 (mod 8) there is a skew-symmetric weighing
matrix of order n for every k < n, where k 1is the sum of <
three squares of integers (equivalently, there is an orthogonal design
of type (1, k) in order n for every k < n which is the sum of
< three squares of integers. In other words, the necessary
condition for the existence of an orthogonal design of type (1, k)

in order n, n = 4 (mod 8), is also sufficient);

(IV) for n = 2 (mod 4) there is a skew-symmetric weighing
matrix for every weight k <n - 1 when k 1is a square (equivalently,
the necessary condition for the existence of an orthogonal design of

type (1, k) in order n 1is also sufficient).

Conjecture (I) is an extension of the Hadamard conjecture

(i.e. for every n = 0 (mod 4) there is a {1, -1} matrix, H, of order
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n satisfying mHt = nIn), while (II) and (III) generalize the
conjecture that for every n = 0 (mod 4) there is a Hadamard matrix, H,

of order n with the property that H = In + S where S = —St.

Conjecture (I) was established in [7] for
ne {4, 8, 12, ..., 32, 40} and in [1] for n = 2° (t = 3), while
conjecture IIT was established in [2] for n = 4, 12 and in [3] for
n = 20 and 28. Conjecture (II) (and as a consequence (I)) was
established in [3] for n = 2t+}3, n = 2t+%5, t > 2 a positive integer.
Conjecture IV was established in [2] for n = 6, 10, 14.

In this paper we establish conjecture (II) (and as a comse-

quence (I)) for n = 2t+}9, t 2 2 a positive integer.

Let R be the back diagonal matrix. Then an orthogonal
"design or weighing matrix is said to be comstructed from two circulant

matrices A and B if it is of the form

and to be of Goethals-Seidel type if it is of the form

a4  mR R DR |
-BR A 'R -c'Rr
-k -D'R A B'R
o c'R -B'R A

| —

where A, B, C, D are circulant matrices.

2. Known Results.

In this section we list some of the results from [2] that

we shall use.

LEMMA 1. [2, corollary to construction 221. If there is an orthogonal
design of type (a, b) in order n then there is an orthogonal design
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of type (a, a, b, b) in order 2n and of type (a, a, 2a, b, b, 2b)

in order 4n.

The following easy corollary was mentioned in [3].

COROLLARY 1.1. If there are orthogonal designs of type (1, k)
1<k <8 inorder n then there are orthogonal designs of type
(1, m) in order 2n for 1 <m < 2% + 1. In particular, if there
are orthogonal designs of type (1, k), 1 <k <n -1, inorder n
then there are orthogonal designs of type (1, m), 1 < m < 250 - 1,

. t . .
in order 2 n, t a positive integer.

LEMMA 2. If X is an orthogonal design of order n and type
(ul’ Uys wens us) on the variables Xps enes Xg then there is an
orthogonal design of order n and type (ul’ cees Ut Uys eees us)

on the s - 1 variables Kps cees xj, cees X

Part (i) of the following lemma appeared in [2] and will be
used extensively. Part (ii) with £ = 1 has been observed,

independently, by Joan Murphy Geramita.

LEMMA 3. If there exists an orthogonal design of order n and
type (Sl’ Sps wens Sz) then there exist orthogonal designs of type

(i) (elsl’ €,S,s «ues elsl) where e 1or 2,
(ii) (sl, s fsz, ey fsz) where £f=10r 2,

in order 2n.

Proof. (i) Replace each variable by

(xi 0 ) if e, =1 and by (Xi Xi) if e, = 2.
1 1
0 x5 X, —X.

(ii) Replace the variable X by
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and the variable X i#1l, by

( 0 x, x, x,)

i or i i
X 0 X, "X,
according as f is 1 or 2.

The following also holds.

LEMMA 4. There are orthogonal designe of order 8n and type (1, k)

where

(i) n=3, 4, 50r 6, ke{l, ..., 8n -~ 1};

(ii) n =2 7, ke{1, ..., 46}.

8.  Orthogonal Designs of Order Divisible by Eight.

In trying to find designs of order n = 0 (mod 8) it
soon becomes clear that designs of the Goethal-Seidel type on eight
variables are invaluable. But the difficulty of finding matrices to
replace the variables has led to the following lemma using part

Williamson and part Goethals-Seidel criteria.

X, are eight circulant matrices

LEMMA 5. Suppose Xl, Xz, cees Xg

of order n satisfying

Further suppose:

(i) Xl’ Xyy oees Xg are all symmetric or all skew; or
(1) X =X, = ... =X and X 4 = ... =X, 12i28; or
(iii) X, =X, = ... =X, and Xifgr woes X8 all symmetric or
all skew, 1<i<8; or
(iv) X, = Xy =X, and Xgs Xg» X7, Xg are all symmetric
(skew): or

to_ gt oy L
(V) XX = XXp,X5 = X,

symmetric; or

and XS’ X6’ X7, X8 are all
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(vi) X X, all

o
symmetric; or

seeey X, are all skew and X,
1 i i

(vii) Xy X3, X4 all skew and Xg, X5 X7, X8 all
symmetric; or
‘i t t . _
(viii) Xixi+4 = Xi+4xi’1 =1, 2, 3, 4.

Then, with

there exists an orthogonal design of order 8n and type (sl, Sys ees Sl)'

Proof. Use the following constructions:

(i) the matrices in design 1; (ii) XlR and Xi+ in design 1;

(iii) XlR’ X

1
i+1,...,X8 in design 1; (iv) letting A = Xl’ B = X2 in
designs 2 and 3; (v) X=X1, A= X5 B = X3 in design 4; (vi) design
1 and XjR for j < i3 (vii) design 5; (viii) design 6 (this

was discovered by E. Spence see [10]).

—A B € D] E F G H|

-4 -6 F E}-D -C B A

Design 1.
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AR B B B| E F G H
B AR B -B| F -E -H G
B -B AR B| G H -E -F
B B -B AR| H -G F -E
£ -fr -G -H|ar -B' -BT -BT
f E -# o |8 a BT -BT
. u £ -r |8 -7 ar BT
-1 ¢ r £ |8 B -B' AR _
Design 2.
AR B B B| E F G H
-B AR B -B| F -E -H G
-B -B AR B| G H -E -F
B B -B AR| H -G F -E
£ -F -¢ -8 |ar 8 8' 3!
F E -8 o |-B7 arR -B' BT
¢ H e -r|-B" BT ar -7
i ¢ r £ |-87 8T 8T aR
Design 3.
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XR AR B B| C D E F
AR XR B -B| D -C -F E
B -B XX AR| E F -C -D
B B -AR XR| F -E D -C
¢ -0 -E -F|xR AR B! BT
> ¢ -F E|-ar xr -BT BT
- F ¢ -p|-B. BT xR -AR
- - » c| -7 -BT AR xR
L A
Design 4.
~AR B C D E F G HT
-8 AR D -C F -E -H G
C -D AR B ¢ H -E -F
D C -B AR H -6 F -E
-E -F -G -H AR B cF ot
.F E -H G 87 ar - of
-6 H E -F T of AR -BT
L-H -G F E o ¢¥ 8T ar
Design 5.




B Xl X2R X.R XUR X5 X6R X7R XSR.—
—X2R Xl XER -XgR X6R -X5 -XgR XgR
—X3R -XZR Xl XzR X7R XgR -X5 —XgR
—XqR XgR —XgR Xl X8R -XgR XER —X5
—X5 -XSR -X7R —XBR Xl X2R X.R XHR
—XGR X5 -XgR XER —X2R Xl —XuR XgR
-X7R XgR X —XER —XSR XZR X —XgR
-X,R —XTR X.R X -X, R —XTR X,R X

8 7 6 5 4 3 2 1

L —

Design 6,

LEMMA 6. If every design (1, i, k) where 1l+itk < n exists in
order n then every design (&, m) where +m < 2n ewxists in

order 2n.

Proof. Case 1. To construct all the designs (&, m) where & is
odd use the designs (1, %(2-1), j) in order n where

j e{ls(a-1),...,n-1-%5(2-1)}. Then using (ii) of lemma 3 (with f = 2)
we have the designs (1, 1, 2-1, 2j) which give all the designs

(¢, m) where ¢ is odd and m {2, ..., 2n-2}.

Case 2. The construction of all designs (%,m) where 2%
is even is similar but starts by using all the designs (1, 2/2, j)
in order n where je{2/2, ..., n-1-%/2}. Again using (ii) of
lemma 3 (with f = 2) we have the designs (1, 1, % 2j) which give

all the designs (%£,m) where £ is even and me{%, ..., 2n-2}.

COROLLARY 6.1. Since all designs (1, i, j) exist im order 16 all

designs (k, &) exist in order 32.

Lemma 6 is a nice method for constructing two variable

designs in order 2n given that all three variable designs (1, i, j)
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are known in order n. Unfortunately (as we will see) all the designs
(1, i, j) may not be known. So we ask when can the two variable
designs in order 2n constructed from a given three variable design
(a, b, c) be constructed using other three variable designs (which

hopefully exist) in the same order.

Suppose a design (a, b, c) exists in order n, then much
tedious work (using lemma 3) will allow us to construct many two
variable designs in order 2n. If the design (a, b, ¢) is not known
but other three variable designs in order n are known it may happen
that most of the two variable designs in order 2n which could have
been constructed from (a, b, ¢) can be constructed using other designs.

It may in fact be shown that

THEOREM 7. Suppose a three variable design (a, b, c) is unknown
or does not exist in order wn. Further suppose (a, b, a + ¢),

(a, a+ b, ¢) and (2a, b, ¢) designs do exist in order n. Then the
existence of the following two variable designs is in doubt in

order 2n.
(a, b + ¢) (a, a + 2b + 2¢) (2b, a + 2¢)
(a, b + 2¢) (a+b, b +c) (c, a + 2b)
(a, ¢ + 2b) (a+c, b+c) (2c, a + 2b)
(a, a+ b + ¢c) (b, a + 2¢) (a + 2b, a + 2c).
(a, 2b + 2¢)

If in addition an (a, b, b + c) design is known in order n then the

designs in doubt in order 2n are:

(a, b + 2¢) (2b, a + 2¢) (2¢, a + 2b)
(a+c, b+c) (c, a + 2b) (a + 2b, a + 2¢).
(b, a + 2¢)

Example. Suppose we wish to reduce the number of cases in considering

the two variable designs in order 48 which are in doubt because a

design (1, 1, 21) has not yet been constructed in order 24,

First we note that both (1, 1, 21 + 1) and (1, 1 + 1, 21)
are known and (1 + 1, 1, 21) can be used for (2a, b, ¢). So the
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conditions of the theorem apply. Hence the designs

(1, 43) (3, 21) (3, 43)
(2, 43) (3, 42) (22, 22)

are in doubt. In this case the design (1, 2, 21) also eliminates
(1, 43), (2, 43), (3, 21), (3, 42) and (1, 1, 22) eliminates (22, 22).

(3, 43) exists since a (1, 3, 20) design exists in order 24.

4. Numerical Results in Orders 24 and 48.

We use the following matrices:

10 0] 11 1} [0 11
I= g=l111 k=[10
[001] 111] 110]
01 - | (001 [ _ 1 1]
B=|-01 R=]010 s=]1-1
1 -0 ] (200 ] 11 -]

In [2] it is noted that all two variable designs exist in
order 12 except (1, 7), (3, 5) and (4, 7) which are impossible. From
theorem 3 of [3] we have that every design (1, k) for ke{l, ..., 23}

exists in order 24.

LEMMA 8. The following designs exist in order 24:

1) (1,1,1,1,6,6,); 10) (2,2,5,5,8); 19)  (1,1,4,4,5);

2) (1,1,1,1,2,10); 1) (@,1,1,2,4,10); 20) (1,2,5,5,8);

3) (1,1,2,2,5,8); 12) (1,1,1,3,4,9); 21)  (1,2,2,8,8);

4) (1,2,6,6,9); 13) (1,3,5,6,9): 22)  (1,2,2,4,13);

5) (1,2,4,5,10); 14)  (1,2,3,5,13); 23)  (1,2,2,5,14);

6) (1,2,5,6,10); 15) (1,2,3,4,12); 24)  (1,1,2,2,9,9);

7 (1,1,1,4,6,6); 16) (1,3,4,5,9); 25)  (1,2,2,2,8,9);

8) (1,4,5,6,6); 17) (1,2,2,3,16); 26)  (1,1,2,4,4,8);

9) (1,2,5,5,9); 18) (1,2,2,8,11); 27)  (3,3,3,3,3,3,3,3)
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Proof. We note that there is a (1, 4) design in order 6 and so a
(1, 1, 2, 4, 4, 8) design exists in order 24 giving 26). The design
27) is given by Plotkin in [8].

All the other designs are found by using various parts of
lemma 5: part (i) for 1) and 2); vpart (iii) for 3), 4), ..., 11);
part (iv) for 12), 13), ..., 17); part (v) for 18); part (vi) for 19);
part (vii) for 20) and 21); part (viii) for 22), 23), 24) and 25).
Appendix 1 contains the first rows of the circulant matrices which

should be used in lemma 5 for each design.

THEOREM 9. ALl two variable designs in order 24 exist.

Proof. We have already noted that all designs (1, k) for
ke{l, ..., 23} exist. All the other designs may be obtained by

repeated use of lemma 2 on the designs in lemma 8.

THEOREM 10. All three variable designs exist in order 24 with the

possible exception of

(1, 1, 21) (2, 7, 11) (4, 4, 15)
a, 3, 17) (3, 3, 11) (5, 7, 11)
1, 3, 19) 3, 3, 17) 7, 7, 7)
a, s, 17) (3, 6, 11) 7, 7, 9
1, 7, 15) 3, 7, 11) (7, 8, 8).
(1, 8, 14) (3, 8, 12)

Proof. All three variable designs in order 24 except those of the
enunciation may be constructed either from the known four variable
designs in order 12 (see [2]) by use of lemma 3 or by using lemma 2

on the designs in lemma 8.
THEOREM 11. All two variable designs exist in order 48.
Proof. Recalling that the existence of all three variable designs

(1, i, j) where 1 + i + j < 24 1in order 24 would give the result we

consider these three variable designs.

Now we have, as yet, been unable to demonstrate the
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existence of the following three variable designs (1, i, j) in

order 24:

@, 1, 21) @, 5, 17)
@, 3, 17) a, 7, 15)
1, 3, 19) @, 8, 14)

Hence we use theorem 7 to decide which two variable
designs in order 48 are left in doubt because these designs (1, i, J)
have not yet been constructed in order 24. We then use lemma 3 with
known designs in order 24 and find all the two variable designs left

in doubt.

5. Numerical Results in Order 40.

LEMMA 12. The following designs exist in order 40:

1) (2, 10, 10, 13); 6) (1, 2, 2, 4, 25); 1) @, 10, 10, 17);
2) @, 2, 14, 23); 7y (1, 2, 2, 11, 24);  12) (1, 10, 10, 19);
3) (5,9, 9, 15); 8) (1, 2, 12, 25); 13) (2, 4, 11, 16);
4) (1, 2,6,9,20; 9 (Q, 4, 9,9, 9); 14) (1, 4, 8, 8, 16);
5) (1, 2, 2, 19); 10) (2, 8, 25); 15) @, 8, 8, 8, 8).

Proof. All the designs are found by using various parts of lemma 5:
part (i) for 1) and 2); part (iii) for 3), 4), ..., 13); and
part (vii) for 14) and 15). Appendix 2 contains the first rows of

the circulant matrices which should be used in lemma 5 for each design.

THEOREM 13. ALl two variable designs in order 40 exist except possibly

(6, 33), (7, 32), (8, 31), 9, 30)

Proof. TFrom [3; theorem 10] we have that all the designs (1,k) for
ke{l, ..., 39} exist in order 40.

Using the known designs listed in [5] for order 20 and
applying lemma 3 or using lemma 2 on the designs in lemma 12 gives

the result.
For completeness we note the following result:

THEOREM 14. A1l two variable designs in order 80 exist except possibly
(13,64), (14,65).
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6. Some Results on the (1, k) Conjecture.

It has been conjectured "Let n = 0 (mod 8). Then there
exists an orthogonal design (1, k) in order n for every
k=1, 2, ..., n - 1", The verity of this conjecture for n implies

the verity of two other conjectures.

(i) Let n = 0 (mod 8). Then there exists a skew-symmetric weighing

matrix of order n for every weight w=1,2, ..., n - 1;

1

(ii) Let n = O (mod 8). Then there exists a weighing matrix of

order n for every weight w=1, 2, ..., n.

We now prove

THEOREM 15. ILet n = 2°9 where t 23 isa positive integer. Then

there exists
(i) an orthogonal design (1, k) in order n for k=1, 2, ..., n - 1;

(i1) a skew-symmetric weighing matrix of order n for every weight

w=1l, 2, ..., n - 13

(iii) a weighing matriz of order n for every weight w =1, 2, ..., n.

Proof. We observe that in [4; lemma 18] the existence of orthogonal
designs (1, k) in order 72 is established for ke{x:ix # 31, 46, 47, 56,
60, 61, 62, 63, 68, 0 < x < 71}.

First we note that the four circulant matrices with first
rows xl—x3x3x3—x3x3—x3—x3x3, x2x3x3—x3x3-x3x3—x3-x3, x3x3—x3x3x3x3x3—x3x3,

X, X, =X, "X, ~X,~X may be used in the Goethals-Seidel array to

3%37¥3TH3 TN TH TRy N3y
form the design (1, 1, 34) in order 36 and this then gives, using

lemma 3, the design (1, 1, 2, 68) in order 72.

Now the required designs may be obtained by replacing the
variables of the indicated four variable designs in order 24 (found in
lemma 8) by the variable matrices shown (see section 4 for definition of

1, J, K, B, R, S):
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For (1, 31) use x. I, XZS, XZK, x,BR in the (1, 1, 7, 7) design.

For (1, 46) use x,I, XZI,

2

sz, XZS in the (1, 1, 9, 9) design.

For (1, 47) use x,I, x,I, x S in the (1, 2, 9, 9) design.

) K, x

2 2

For (1, 56) use x,I, x,I, x,K, x.S in the (1, 1, 11, 11) design.

2 2

For (1, 60) use xlI + sz, x

For (1, 61) use xll + x

2

2J, szR, XZSR in the (1, 3, 5, 13) design.

B, x,R, x,J, x,SR in the (1, 2, 5, 14) design.

2 2 2

For (1, 62) use xlI + sz, XZKR, x

For (1, 63) use xlI, X

2

J, %x,SR in the (1, 3, 4, 14) design.

2 2

I, x,J3, x,5 in the (1, 3, 5, 15) design.

2 2 2

Hence all designs (1, k) for k=1, 2, ..., 71 exist in
order 72. Now by the corollary to proposition 1 of [ 3] we have part

(i) of the theorem.

Clearly the rows and columns of an orthogonal design (1, k)
may be rearranged until it is in the form xlI + x2W where WT = -W
and WWT = kI. But W now satisfies part (ii) and W + T part (iii) of

the enunciation and so we have the theorem.

The result on the existence of a design (1, 1, 34) in order

36 allows part (iv) of the summary in [4] to read
LEMMA 16. There are orthogonal designs (1, k) for

ke{1, ..., 6, 8, ..., 14, 16, 17, 18, 20, 21, 22, 24, ..., 27, 29,
32, 33, 34} for every order 4n where n (odd) = 9.
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APPENDIX 1.

Design Xl X2 )(3 xu X5 X6 X7 xa
1, 1, 1, 6, 6) x, 00 x,00 X,00 x,, 00 XXX —X_ X X, N -
’ 1 2 3 ) 57676 6755 XgXgXg X' 6Xe
1, 1, 1, 2, 10) x,00 %,00 x.,00 x, 00 Ko XX “X X X _ =
1 2 3 L] 57676 57676 AgXeXg %gXgXg
1, 2, 2, 5, 8) KyXeXg XgXe=Kg xloo x200 X, Xg¥s “X)¥eXe - R
575 57575
2, 6, 6, 9) KX, =X, XX, X —X, X X -%. %o X “X, X, X, X, X% _ _
573 73 17272 27171 17171 27272 47373 xuxax3 XX Ky
2, 4, 5, 10) X TXgXg  KpRg¥g  TKgXgXg  “XggMg  XgXgkg  OXgX, 0x,x, —x, X%,
14Xy 3%y Ny
2, 5, 6, 10) X, XX, K X X X, X X ~X_ K X, —X, XX, X X X . _
1 7373 27575 27575 57578 57578 47373 KX Xy Xy Ky Xy,
1, 1, 4, 6, 6) X, -X X x,00 x,00 0x, x, KX X -X_ X X, - .
1 THTh 2 3 uy 57676 675"S XgXgXg XgXgXg
4, 5, 6, 6) X=X, X, 0x, X, 0x, X%, -X, X X X, XX, -X.X, X, _ .
1 7272 272 373 37373 47575 5747y x“xux“ xsxsx5
2,5, 5, 9) XMy Kg¥gXg  HpXgXg  XgXgXg  Oxgxg T*33*s oxyx, —x,%,%
¥y 4"y
2, 5, 5, 8) 17%5%s  *17¥s¥s ¥p¥s¥s “KpXs¥s  OXg¥y “Xa**3 oxx —x, XX,
3y y 4%y
1, 1, 2, 4, 10) X, -X X, 0x X, x,00 x,°) X X X -X, K X
1757 $75 2 3 17676 47676 “XgXeXg ~XgXgXg
1,1, 3, 4, 9) X TEXs RKyXgXg XyTHgRe  XyTXgXg  ¥g¥eXe  O%ss %,00 %,00
3, 5, 6, 9) -X, X X=X X X, =X X, X, ~XcX XXX X X, X _
1 T4y 2 7575 2 757S 2 7578 57575 ENCI xuxax3 xaxsx3
2, 3, 5, 13) X, -X, X X =X X, X=X X X ~X X X, XX, ~X XX
1 Ty 3 7575 3 7575 3 7575 27575 27575 Xy, XeXg ~XgX X,
2,3, % 12) TRy ®gTRs*s MaTXs¥s XaTXsXs Fp¥s¥s TSNS oxgx 0x, %,
2, 3, 4, 12) XKy XgTRg¥g XgTRgXg  XgtEgRg Xp¥eXs  THoRsYs oxex 0%, X,
3, 45 8, 9) RyTHGKY KpEGKG XpTRgXg XpoRgXg o XgXgkg o OxyXy 0x,% -x %%
373 37373
2, 2, 3, 16) X R XyTXgXg RymXgRg o KyeXgXg o XpXgXg o oXpUgXg oy xox —X XX
37575 37875
2, 2, 8, 11) X TXgXg  XeXgXg KoKy XpmRgKy o XgRgKy o TNy oxoxox —X XX,
57575 57575
1, 4, 4, 5) 0-x 4%, 0-x,%,, %,00 %,00 0x 3% ox, %, 0x.% O
$7S 57575
2, 5,5, 8) XX %, 0-x %, 0-X X 0-x g A K, Ky, XKk %% S
27578 27575
1, 2, 2, 8, 8) X=X, X O-x, x 0-%. X 0-XeX X, X, X ~X,%, X
1 TuTy 4y 578 575 AL 2747y xaxsx5 —xaxsx5
- - - - X =X X
(1, 2, 2, 4, 13) Xy=XgXe X XKL XXX Ox,, %, Ky~XgXg  KgXpXg 37 X5%g Oxsx5
- - - - X=X X, -
(1, 2, 2, S, 14) Xy~ XeXg XXX, XXX XX X, Ry=ReXg  RgXeXg 3" X5Xg XXX
- - - - 9 X=X X -
1, 1, 2, 2, 8, 9) Xy XgXg X)XgXe  Xg=XgXg X, ~XgXe XXeRe XeXgXg 37 X5%5 %y XgXg
- - R - - X X X -
(1, 2, 2, 2, 9, 9) Xy~ XeXg XgUeXg Xy =XeXg Xy ~Xg¥g Xy~RgXg  XgXeXe 6%6%6 X =Xg -
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SKWXAmxl:xo :XmXWx:xo anxlmxluxo N*mxmxmxo :xlman|:xo n!:mxlmxsxo Nx|mxwxlux° NKO@lexNXAM (8 ‘8 ‘8 ‘8 ‘T)
€555 Sx-Exlx BySxSuCulx  ExMxMx-Cxlx- €M MEalx - €y SxSx-Exg €x-Sx-SxExg Bttty g ExtyxMy€yTx (9T *8 *8 *n *T)
LNV PR VL VL NI VAL VL L I, FLTT S R ExCx-x-ExCyx ofxExofx o0%x%x00  Ex-%x-Cxfx-Ex (9T *TT *# *2)
B Cululululur  Tulylylufyn  Eufy By Buly My bbby b mnonohon o hohnhoh b b hoh T (6T°0T ‘0T 1)
Ex€iBufufus  Txlululufu- Tl lu-fxPx-  Exfx-Cx-Exlx By Myt Meetiatig  MaafalMety ety Dy Ty (LT *OT ‘0T ‘1)
mxwxumx|uxax| Nxmx-mx-«xax Nxoonxo mxnoonx-wx nxumxwxmxumxu mxmxmxmxmxa nxnuxmxmxux mxvmxmxmxmx (sZ 8 *2)
SxSxSxSx%x-  SxSx-5x-Sxp oty Moc i e eyt Yy ExfxExCufx- ExEx-Ex-Exo 0%x%x00 0%x-%xpTx (6 %6 “6 “h ¥ *T)
gy My oo o M W T NEEME,  E MMEL € hm b nE hh b b EEL € BB bbb T (se ‘2t ‘2 ‘D)
St Mo SSxMy M SxSxSaSxMpe  SuSxoSkoBifye  TxOxoSxoSxfx  SxSxoSxoSulye xS SkSxlx My My fehT (hz *TT ‘z ‘2 *T)
5,08, S Sxm SSxOxSxo  SxSxoSxSufre  SxSxoSkoSxBx  SxOx-Sx-Salx.  SaSy-Sx_Sulx o0 ox-txoTx (s2 *n 'z 2 1)
G0 Bfxbubio  Extxbifxly GafxfxOxlx MMMy M mmbutn o mebmebh Rk hon T (6T *9T 2 ‘1)
Mttty Myghy iy Mg SySy Sy Selu.  SxSx-Sx-SxPx SxSx5x5xEx Sy Sx-Sx5xEx Sx-CxBxSx-g  Sxfx-fxSx-Tx 0z 6 ‘9 ‘z ‘1)
G EREEx.  Exfr by Bro Ll Olxlxlxg MM, hemhhe o T b T, ThT, (ST %6 %6 *5)
Ytz YTy P ufy  TenExbyly il LU Uy Yn Yelxe  Exx €y £y Exby € Exlu Ty Vi TyxIx (€2 VT T ‘T)
mxnxmeanl anxmxnxmx: mxmxnmxnmxwxn anxuuxxwwmx o:x:xoo o:x:xo:x :x-:x:x:xuﬁx :xzuu:xn:xﬂx (€T ‘0T ‘0T ‘2)
8 Ly % Sx " x % Tx usysag

*T XIAN3dav
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