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A Note on Supplementary Difference Sets

JENNIFER WaLLIS (Newcastle, New South Wales, Australia)

Let S,, S;,..., S, be subsets of G, a finite abelian group of order v, containing
ki, ks, ..., k, elements respectively. Write 7T for the totality of all differences between
elements of S; (with repetitions), and T for the totality of elements of all the T;. We
will denote this by T=T, & T, &... & T,. If T contains each non-zero element of G
a fixed number of times, A say, then the sets S;, S,,..., S, will be called n—{v; ki,
kas..., ko A} supplementary difference sets.

If k,=k,=---=k,=k we will write n—{v; k; 1} to denote the supplementary dif-
ference sets. If k, =k, =---=k, ki =k;y,==k;1},..., k;=--- =k, then sometimes
we write n—{v; itky, jik;1q,...; A}. It can be easily seen by counting the differences
that the parameters of n—{v; ky, k,, ..., k,; A} supplementary difference sets satisfy

Aw—1)= Z k;(k;—1).

We use braces, { }, to denote sets and square brackets, [ ], to denote collections
where repetitions may remain.
We now let v=4r(21+1)+1=p?, where p is a prime and further let

i

H = {x*"h0<j<22}, i=0,1,..,4r—1
with x a primitive element of GF(v). Write
L=H2i1 UHZI'Z (WREERW) Hzl'm

for some m, 0 <m < 2r, where the i; are distinct integers. Now we consider the differences
between elements of H,;, that is, the collection

[x4rj+2i _ x4rl+2i:j £1,0<],1<27] (1)
= {x*7*210 <j <24} times [1 —x¥07P:1£,0<1<2/]
= H,; times [1 — x*¢"9:7#£7,0<1<24]

and, since any element of a group multiplied onto a coset gives a coset, this expression
must represent cosets with certain multiplicities, say b,, write
4r—1

= & kak, (2)
k=0
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where, since H,; has 21+1 elements, the number of elements in (1) is 24(24+1) and
the number of elements in (2) is Yemo' b (24+1). So

4r-1

Y by=21.
k=0

Now 24 +1 is odd, so —1 €H,,. Then if x*—x® appears in (1) so does x"—x® Thus
whenever an element y occurs so does —y and ye H,= —y€H_,,,. Thus by=b;,,,.
The differences between elements of H,; and H,, are given by the collection

[x4rj+2i _ x4rl+2k:0 <]’ 1 < 2}(] (3)
= {x*I*2:0 <j <24} times [1 — x* 720790 <1< 24]

= H,; times [1 — x*(7D*2%70.0 < 1< 24]
4r—1
= & ¢,H, 4

n=0
where ¢, give the multiplicities. By the same reasoning as before,

4r—-1

Y o, =24+1.
n=0

Now consider the differences from L, that is

[differences from H,; :j =1,2,..., m] ®)
& [differences from H,; — Hy;, tij # iy, 0 < iy i < m (6)

4r—1
= & aH, using (2) and (4). @)

k=0

Counting elements we see (5) and (6) have m(22+1) (m(24+1)—1) and (7) has

(24+1) Y #75" @, elements. Hence
4r—1

kz ap=m(m(2L+1) —1).

Finally, we note that in (6) if H,— H, occurs so does H,— H, so if y occurs so does
—y and as before we see that

Ay = Qg4 2r - ¥
Write

®

r—1 r—1
w = Z Ay — Z Aap+1
k=0 k=0

e

z=(w,w+m), s=lw+ml|/z, t=]|wl/z.
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We now show, using L to construct sets of size m(24+1) and m(24+1)+1, how
to find some supplementary difference sets.

THEOREM 1. Let v=4r(24+1)+1=p?, where p is a prime and r=2°. Then s
copies of each of
Ly=xL, j=0,1,.,r—1,

and t copies of each of
Kj=0ux2j+iL, j=0,1,...,r—1,
where s, t and w are given by (9), i=0 if (w is negative and m> —w), i =1 otherwise, are

r(s+t)—@rQi+ D)+ Lrem(2.+ 1)+ 15 rs:m (24 + 1);
ei[m* QA+ 1) (t+s)+m(t—s)]}
supplementary difference sets.

Proof. Since 22 +1 is always odd, — 1 € H,,, we have from (8) a, =g, ,,. The total-
ity of differences from

L;=Hj42; Y Hypiaj 0 -V Hy g

is x2J times the totality of differences from L, or

4r—1 2r—1
& ag - qjnHi= & a2r—2j+k(Hk&Hk+2r)'
=0 k=0

k=

So by taking all the differences from L;, j=0, I...., r—1 we have
2r—-1 r—1 r—1

X= & {(Z a2k>H2i&<Z a2k+1>H2i+l}
0 k=0 k=0

& (aHy & BHy;4y).

i=
2r—1
=0

The totality of differences, then, from the sets

K;=0UHy 1241V Hppsaj01 VU Hyy tojey, J=0,1,.,1—1,
2r—1
iS Z= & (ﬁH2i&(OC+m)H2i+1).
i=0

13

There are four cases to consider:
(i) o= p and B = o+ m, which is impossible;
(ii) o< p and B<a+m. Here w=o—f is negative and m>f—a= —w.
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So, if instead of the sets K; we use the totality of differences from the sets 0u L;, then
we have the differences

2r

Y =

1

1
((O‘ +m)Hy; & BH; 4 14) -
0

Now s times X plus ¢ times Y (where s and ¢ are defined in (9)) gives (fm/z) G;
(iii) «<f and Bz a+m; and
(iv) a>p and f<a+m.

In these last two cases s times X and ¢ times Z gives

((B* — «* —am)/z) G and ((o® +oam — p*)[2) G

respectively.
Then, noting that by summing the elements of X in two ways we find a+f§
=4tm[m(24+1)—1], we have the result of the theorem.

EXAMPLE. With v=41,r=2, A1=2,and m=3, w=1, s=2, r=1 we find 6 —{41;
2:16, 4:15; 33} supplementary difference sets.

In the theorem the initial set L has been left reasonable undecided but if we choose
another initial set.

M;=H,j 12 UH,j,.2; 0 UH,; 4r; j=0,1,..,r—1

where all the j, are distinct, we may get a different set of supplementary difference sets.
For example: with v=41, r=2, /=2, with m=2 and the initial set H,u H, we get
w=1, =3, t=1 and hence 8—{41; 2:11, 6:10; 19} supplementary difference sets,
while with the initial set H,u H, we get w= —3, s=1, =3 and hence 8—{41; 6:11,
2:10; 21} supplementary difference sets.
Finally we note that balanced incomplete block designs may be obtained from sup-
plementary difference sets with two k values by using the results of Jennifer Wallis [2].
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