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SOME REMARKS ON SUPPLEMENTARY DIFFERENCE SETS

JENNIFER SEBERRY WALLIS

1. INTRODUCTION AND DEFINITIONS

Let S1 , S2, e, Sn be subsets of V, a finite abelian group of or-
der v written in additive notation, containing ky,ky,...,k, elements
respectively. Write 7; for the totality of all differences between elements
of S, (with repetitions), and T for the totality of elements of all the
T;,. If T contains each non-zero element of V a fixed number of times,
\ say, then the sets S1 8y, ., S, will be called n — {; kysky,

, k3 N} supplementary difference sets. Throughout this paper this will

be abbreviated as sds.
The parameters of n — {v; k1 , k2, ...,k ; A} supplementary differ-
ence sets satisfy
n

(1) No— D= 2 Ktk —1).

If k, = k2 =...=k, =k we will write n—{v;k;A} to denote the n
supplementary difference sets and (1) becomes
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2 ANy —1)=nk(k-1).

We shall be concerned with collections, (denoted by square brackets
[ 1) defined on a fixed group V of order v, in which repeated elements
are counted multiply, rather than with sets (denoted by braces { }). If
T, and T, are two collections then T, and T, will denote the re-
sult of adjoining the elements of 7, to T, with total multiplicities re-
tained. For example: x,,x,,x, €V and T, =[x, x,, X3,%31, T, =
=[x,%,,%,] then

3) Tl+T2=[x1,x1,x2,x2,x2,x3,x4].

Suppose x;,x,,...,x, are the elements of V' ordered in some

fixed way. Let X be asubset of V. Furtherlet ¢ and ¢ be two maps
from V into a commutative ring with unity (1). Then the matrix M =
={m_] of order v defined by

if
4) m = gl/(x]. - X;)
will be called type 1 and the matrix N = [nl.].] of order v defined by
5 n, = xp(x]. + x;)
will be called type 2.
If ¢ and Y are defined by

1 xe X,

(6) ‘P(x)=¢/(X)={0xeX,

then M and N will be called the type 1 incidence matrix of X (in V)
and the type 2 incidence matrix of X (in V), respectively. These are dis-
cussed further in {10].

Notation. Let A4 = {a;,a,,...,a;,} bea k-set then we will use
AA for the collection of differences between distinct elements of A4, ie.,

AA=[ai—a].: i#j, 1<i, j<k].

Notation. If k1 =ky=...= kn =k we will write n — {v; k; A}

to denote n—{v;kl,k?_,...,kn;)\} sds. If k1=k2=...=ki,ki+1=
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=kjy,=...7 ki+]., ...,k =...=k, then we will sometimes write
n—{v; it kg, jrk . AL A (v, k,\) difference set repeated n-
times will be denoted n — (v, k, A\).

A balanced incomplete block design or BIBD (v, b,r, k,\) may be
considered to be a (0, 1) matrix B of size v X b, withrow sum r and
column sum k&, such that the inner product of any pair of distinct row
vectors is N. B satisfies

BBT = (r — NI+ M,
where [ is the identity matrix and J the matrix of all 1’s.

An Hadamard matrix H of order h hasevery element +1 or —1
and satisfies HHT = hl,. A skew-Hadamard matrix H =1+ R is an
Hadamard matrix with RT = — R.

2. CYCLOTOMY

We now turn to Storer [2; p. 24-25] for the elementary theory of
cyclotomy:

Let x by a primitive root of F = GF(q) where g =q% =ef + 1
is a prime power. Write G = (x)>\{0}. The cyclotomic classes C; in F
are:

C,={x**:5=0,1,...,f—1} i=0,1,...,e~1.
We note that C, are pairwise disjoint and their union is G.

For fixed i and j, the cyclotomic number (i,j) is defined to be
the number of solutions of the equation

z; + 1=z]. (z;e C, Z].ECJ.),

where 1 =x% is the multiplicative unit of F. That is (i,j) is the num-
ber of ordered pairs s,¢ such that

xSt 1=xY (0<s, t<f-1).

Note that the number of times
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xes+i _xet+k e C/

is the number of solutions of

es+i__xet+k er+j

X =X

xet+k 4 yer+j _ yesti

xe(t—r)+k—j +1= xe(s—r)+i—j
which is the cyclotomic number (k —j,i—j). Using [2, p. 25]
k—ji-D=—-G-K,i-k—-G—k)=0G—-k,i—k).

Hence
AC, =[x+ —x®'*+E: g#1, 0<s, t<f-1]=
=[xt _xet+i 0<s, t<f— 11/f(0} =
=(—§0)0Cy + (1 —,00C; + (2=1,0)C, + ...
e =(0,00C; + (1,0)C;, ; + (2,00C;, , + . ...
and

AC;— C)= (= ,0)Cy + (1 —£,0)C, + ...
A (=), 00C, (1 =], 00C, + ...
A (= i—PCy (1 —f,i=Cy + . ..
A (b= DCy + (L =i j—DCy + ...
= (0,0)C; + (1,0)C;, ; + ...
4 (0,00C+ (1,0C,, | + ...
4O, — G+ (Li=Cpy + ...

4 (0,f = DG+ (1] = DCpy g + - ..
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3. SOME KNOWN APPLICATIONS OF SDS

Perhaps the most important application of sds is in constructing
BIBD’s. Here the module theorems of Bose are used, viz.,

If there exist m — {v; k; A} sds then there existsa BIBD (v, b = my,
r=mk, k,\).

If there exist (¢t +s) —{u=kt/s+k—1; t: k, s: (k—1);
A= (k — 1)s} sds then there exists a BIBD

(kt/s+ k,b=u(s+t),r=us, k,\=(k — 1)s).
In [6] it is pointed but that
If there exist (n+ m) —{v; n: k, m: (k + r); \} sds then there exist
k+r—2 k+r k+r—2
n +m - k; At sds.
r r r

Similarly, if there exist n — {; ki»kys...,k,;A} sds there exist n' —
—{v;k; N'} sds for some n',\N' and k< min (ki kys...,k,). Alsoin
[6] and [7] a number of constructions, by various authors, are quoted.

Sds have also proved to be very important in constructing Hadamard
matrices. In particular the existence of

4
® 4—{v;k1,k2,k3,k4;i:21' k;—v} sds; or

4
(i) 4 — {v; k1 , k2, k3, k4;i;; ki -y — 1} sds (here necessarily

k.=%(vtl) for v odd or k1=%(Vi2), k2=k3=k4=%v for

1

Yy even); or

(iii) 2 - {v; k1 s k2 ; k1 + k2 — —é v} sds (here v is necessarily even);
or

(iv) 2 — {v; k1’ ky; k1 + k2 - % v+ 1)} sds (here v is necessarily
odd)

imply the existence of Hadamard matrices of order
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@ 4y

(i) 4(v + 1);

(iii) 2v;

(iv) 2(v + 1); respectively.

Sds which can be used to form Hadamard matrices of various types
can be found, using cylotomy, in the following cases:

(i) 2—{4f+ 1;2f;2f— 1} sds when 4f+ 1 is a prime power,
(10, p. 282];

() 2—{4f+1;2f;2f—1} sdswhen 4+ 1=5 (mod 8) =
=52 + 4 is a prime power, [4], [5];

(iii) 4 —{4f+ 1;2f;4f — 2} sds when 4f+ 1=35 (mod 8) =
=2 + 36 is a prime power, [5];

(iv) 2—{2f+1;f;,f—1} sdswhen 2f+ 1=5 (mod 8) isa prime
power, [10, p. 321];

(v) 2—{8f+ 1;4f;4f— 1} sds when 8f+ 1 =p' isa prime
power, p=5 (mod 8), t=2 (mod 4) [10, p. 323];

(vi) 4—{8f+ 1;4f;2(2f - 1)} sds when 8f+ 1=9 (mod 16) is
a prime power, {10, p. 334].

4. CONSTRUCTIONS FOR SDS

The case e = 2.

The cyclotomic matrices and constraints are:

0 1 0o 1

O|A|B | 24=f-1 0Ol A|B| 2B=Ff

1 |A|A| A+B=f 1 {B|{B| A+B=f-1
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Using these cyclotomic matrices, we have

Lemma 1. If gq=2f+1 (f even), then Cy,Cy are 2 —{2f + 1;
2—{2f+ 1;f;f— 1} sds.

Proof.
ACO + AC1 =AC'o +BC’1 +BC0 +AC1 = -1DG\{0}.

Lemma 2. If q=2f+1 (f even), then C,, {0}+ C, are
2-{2f+ 1;f,f+ 1,1} sds.

Proef.
AC0 + A({O} + CO) = AC0 +BC, + (4 + 2)C0 + BC1 =
= fG\{0}.

The case e = 4:

The cyclotomic matrices and constraints are

0 1 2 3
0j4|B|C|D 2A+2E=f~-1
1 E|E|{D}|B B+D+2E=f
2|/A|E A |FE A+B+C+D=f
3/E|D|{BI|FE
f odd
0 1 2 3
0|A|B D A+B+C+D=f-1
1 |B|D|E|E B+D+2E=f
2|C|E|CIE 2C+2E=f
3|D 4E E | B
f even
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where for f odd, we have

164=q ~7+ 2s
16B=q+ 1+ 2s — 8¢
16C=g+1—6s
16D=q+ 1+ 25+ 8¢
16E =q -3 —-12s
and-for f even
164=qg—11 —6s
16B=qg — 3+ 25+ 8¢
16C=q -3+ 2s
16D=q — 3+ 2s — 8t
16E=qg+1—2s

where g = s2 + 42, s=1 (mod 4) is the proper representation of ¢
if p=1 (mod4); the sign of ¢ is ambiguously determined.

Lemma 3. If q=4f+1 (f odd), then Cy,C, or C,,C; are
2 {45+ l;f;%(f— 1)} sds.
Proof.
AC, + AC, = AC, + AC, =
= AC, + EC, + AC, + EC, +
+ ECy + AC, + EC, + AC, =
= (= DG\ (0}

Lemma 4. If g=4f+ 1 (f odd), then {0}+ C,, {0} + C, are
2-{ar+ Lf+ L3¢+ D} sds
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Proof.
A({0}+ Cp) + A({0} + C)=(4 + 1)C, + EC, +
+(A4+ 1)C, + EC; + ECy +
+(A4+ DC + EC, + (4 + 1)C,

Lemma 5. If g=4f+1 (f odd), then A4, =C,+C, and
Ay =Cy+Cy are 2 —{4f+ 1;2f;2f — 1} sds with the property that
a€A;»—agA, i=1,2

Proof.

ACy + C) + A(Cy + Cy) = AC, + EC, + AC, + EC, +
+ ECy + AC, + EC, + AC; +
+ BC, + EC, + EC, + DC, +
+ EC, + DC, + BC, + EC, +
+AC, + EC, + AC, + ECy +
+ ECy + AC; + EC, + AC, +
+DCy + BC, + EC, + EC, +
+ ECy + EC, + DC, + BCy =
= (2f — DG\ {0} .

Since f isodd, — 1€ C2, and we have the result.

Lemma 6. If q=s*+ 42 =4f+ 1 (f odd), then A=Cy+C
and |t| copies of B=Cy,+ C, are (|tl+1)—{4f+1;2f;
%(It|+ 1)(2f~1)} sds with the properties a€ A=> —a& A, beB=
= — b &B.

Proof. a€ A=> —-ag@ A, beB=>-b&B followsbecause f isodd

and — 1€ (,. We choose our primitive root so that ¢ is negative, i.e.,
| £ = —¢.
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A(Cy + C) + 111A(Cy + Cy) = ACy + EC, + AC, + EC, +
+ ECy + AC, + EC, + AC, +
+ BCy + EC,; + AC, + DC, +
+ ECy + DC, + BC, + EC, +
+1t1{24C, + 2EC, + 24C, + 2EC, +
+  CCy+ DC + AC,+ BC, +
+  AC,+ BC, + CC,+ DC,}=
=—11—6[(4q— 12 - 8)(Cy + C)) +
+ (4 ~ 12+ 80)(C, + Cy) +
+1t1(4g — 20)(Cy + Cy) +

+1tl(4g — 4 (C, + Cy)] =

2_1%[(4q(1_,)_12+ 1260G\{0}] =

- —; 2f — Dt + DG\ {0} .

Lemma 7. If q=25+ 42 =4f+ 1 (f odd), then Cy+C,, C,
are 2= {4f + 1,26, fig (5F = 3)} sd.

Proof.

A(Cy + C)) + AC, = -1—% ((4q — 20)(Cy + C,) + (4q — A)(C, + Cy) +
+ A(Cy + Cy) + E(Cy + Cy)) =
1
= 1g (54 = 27+ 25)(Cy + Cy) +

+(5q =7 - 25)(C, + CN =
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1
= 1¢ (54 = 11G\{0}) =

= %(Sf— 3)G\{0}, where s=35.
Lemma8. If q=9+ 42 =4f+ 1 (f odd) then Cy+ C,, C, are
2 {45+ 2 £ 567 - D} sds.
Proof.

A(Cy + Cy) + AC) = (5q — 23 = 25)(Cy + C) +
=(5q — 11+ 25)(C; + C5) =

1
16

((5¢ — 1NHGN{0D =

=%(5f—3)G\{0}, where s=—3.

Lemma 9. If g=s2+ 42 =4f+ 1 (f odd), then |s— 1| copies
of (C0 + Cl) and

(i) for s>0 4|¢t| copies of C,,
(ii)) for s< 0 4|t| copiesof Cl,

are (15— 11+ 418D —{4f + 1; Is— 11: 26,121 f; 5 (2 = D(s = 11+
+lt|)} sds.

Proof. We choose the primitive root so that ¢=|¢|. Now
ls — 1HA(C, + C)) = —116(|s— 11(4g — 12 - 86)(Cy + C,) +
+1s—11(4g — 12+ 8)(C, + C3))
4tAC, = 1—16(4t(q ~ 74+ 25)(Cy + C)) +

+ 41(q - 3 — 25)(C; + Cy))
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4AC, = 1e (41 =3 - 2)(Cy + Cy) +
+4tq — T+ 25)(C, + C3)),
so for s>0, |s—1]=s—-1 and
|5 — LIAC, + C)) + 41AC, = % ((q — 3 — 1 + 1) — 2)G/{0);
while for s<0, |s~1i=1—-s and
15— LIAC, + C)) + 41AC; = 5 (4 — 3)(1 — 5+ ) - 20GI{O},

which gives the result.

Lemma 10. If g=4f+ 1 (f even), then Gy, €, Cy, Cy are
4—{4f+ 1;/;f— 1} sdsand {0}+ C, {0}+ C}, {0}+ C,, {0}+ C,
are 4—-{4f+ 1;f+ 1;f+ 1} sds.

Proof.
AC0+AC1 +AC2+AC3=(A+B+C+D)G\{0}=
= (- DG\{0}.

Lemma 11. If g=1+ 42 =4f+ 1 (f even), then Cy+C,, C,,
Cy are 3—{4f+ L2 f;5 (3f —2) sdsand {0}+ Cy+ Cy, {01+ Cy,

0}+C, are 3— 4f+ L;2f+ 1,1+ 1,f+ 1;%(3f+ )} sds.

Proof.
ACy + C)+ AC + AC; =(A+B+ C+D+20)(Cy + C) +
+A+B+C+D+2E)C +Cy) =

=(f_1+%(2ff1+s))(co+cz)+
F(r=14 3 Qf+1-9)C + ¢+
=-%(3f—2)G\{0}, with s=1.
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Lemma 12. If q=25+4t2=4f+1 (f even), then C0+C s
{0}+ C,, {0+ C; are 3 —{4f+ 1;2f,f+ 1;3f/2} sds(here s=5).

Lemma 13. If q=9+ 42 =4f+ 1 (f even), then {0} + Cy + Gy,
{0}+ C;, {0}+ C; are 3 —{4f+ 1;2f+ 1,1, f;3f/2} sds(here s=
=-3).

Lemma 14. g =52 = 4f + | (f even), then Cy+ C;, C, +C; are
2—-{4f+ 1;2£,2f — 1} sdsand {0}+ Cy + Cy, {0}+ C, + C; are
2—{4Ff+ 1;2f+ 1;2f+ 1} sds.

Proof.
ACy + C)) + A(C, + C5) = ACy + AC, + AC, + AC, +
+ BC, + EC, + EC, + DC, +
+ ECy + DC, + BC, + EC, +
+ ECy + DC, + BC, + EC, +
4+ BC, + EC, + EC, + DC, +
=(2f-1)G\{0}, where ¢=0.

Lemma 15. If q=4f+ 1 (f even), then Cy+ C,, C, + C,,
C,+ Cy, Cy+C, are 4—{4f+ 1;2F,202f — 1)} sds.
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The case e = 6:

The cyclotomic matrix for e= 6 (f odd) is

o 1 2 3 4 5
0(A|!B|C|D|E|F 2A+2G+2H=f-1
1y G|H|IT |E}C | T B+F+G+H+I+J=f
2VH\J |G| F|I |B C+E+G+H+2=f
314 G| H|A |G| H A+B+C+D+E+F=f,
4 |G| F\|I |B|H|J
S|\H|I |E|C|I |G

and in this case, the cyclotomic numbers are given by the relations

724 =2q — 22~ 8x —2a+ 2¢c

728 =2+ 2

—~3a- ¢ —9b + 9d

72C=2q+ 2—- 8+ a- c+24y—-3b—-9d

710D =2g+ 2+ 24x+ 6a+ 2c

TE =29+ 2—

T2F =2q+ 2

8x+ a— c—24y+3b+9d

—3a—- ¢ + 9b — 9d

72G=2q - 10+ 4x+ a- c+ 12y +3b+9d

72H=2q — 10+ 4x+ a— c¢— 12y —3b—9d

721l =2g+ 2+ 4x —2a+ 2¢

72/ =2q+ 2-—12x+ 6a+ 2c

where g = x? + 3y2, 4q = a% + 3b% = ¢ + 27d>.
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Lemma 16. If g=6f+1 (f odd), Cy,C,,C, are
3-{6f+ 1;£;5 (F— 1)} sdsand {03+ Cp, {0}+C,, {0}+C, are

3-{6f+ Lif+ ;5 (F+ D} sds.

Lemma 17. If q=6f+1 (f odd), Cy+C(, C;+C ,,

Q+C

i+2°

i=1,2, or 3, are 3—{6f+ 1;2f;2f— 1} sds and

{0} + C0+Ci, {0}+C1+C'i+1, {0+ C2+Ci+2, i=1,2, or 3 are
3-{6f+ 1;2f+ 1;2f+ 1} sds.

The case e= 8.

The cyclotomic matrix for e= 8 (f odd) is

o 1 2 3 4 5 o6 7
0OlA!B|C|D|\E|F |G| H
1 {1 \J | K|L|F|D|L|M
2{N|{O|{N|M|G|L|C|K
3(s 10|01 \H|{M| K| B
4 |A|I |N|J AT | N|J
Ss{1I |H|M{K|B|J|O}|O
6 | N{M|G|L|C|K|N|O
71J{K|L|F{D|L|M|I

24+ 2+ 2 +2N=f—1
B+H+I+J+K+M+20=f
C+G+K+L+M+2N+0=f
D+F+I+J+K+2L+M=f
A+B+C+D+E+F+G+H=f
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and the cyclotomic numbers are given by the relations:

I. If 2 is a fourth power in G II. If 2 is not a fourth power in G
644 =q — 15 — 2x 644 =q — 15 — 10x — 8a
64B =g+ 1+ 2x — 4a+ 16y 648 =g+ 1+ 2x —4a — 16b
64C=qg+ 1+ 6x+ 8 — 16y 64C =g+ 1—-2x+ 16y
64D =g+ 1+ 2x — 4a — 16y 64D=q+ 1 + 2x — 4a — 16b
64E =g+ 1 — 18x 64E =q+ 1+ 6x + 24a
64F=q‘+1+2x—4a+16y 64F =g+ 1+ 2x —4a + 16D
64G=qg+ 1+ 6x+ 8a+ 16y 64G=qg+ 1+ 2x — 16y
64H=qg+ 1+ 2x — 4a — 16y 64H=q+ 1+ 2x —4a + 16b
64] =g —T7+ 2x + 4a 64 =q -7+ 2x+ 4a+ 16y
64] =q -7+ 2x+ 4a 64] =g — 7+ 2x + 4a — 16y
64K =q+ 1 —6x+ 4a+ 16b 64K=qg+ 1 + 2x — 4a
64L =g+ 1+ 2x — 4a 64L =g+ 1 —6x+ 4a
64M =g+ 1 — 6x + 4a — 16b 64M=qg+ 1+ 2x — 4a
64N=q — 7 — 2x — 8a 64N =¢q — 7 + 6x |
640 =g+ 1+ 2x —4a 640 =g+ 1 —6x+ 4a

where x,y,a and b are specified by:

I. g= x2 + 492 x=1 (mod 4) is the unique proper representation
of g=p® if p=1 (mod 4); otherwise,

q=(p*?)? +4.0%; e, x=xp*2 y=0.

II. ¢g= a* +2b%, a=1 (mod 4) is the unique proper representation
of g=p® if p=1 or3 (mod 8); otherwise,

g=(=p*?)? +20%; ie, a=zxp*? b=0.
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The signs of y and b are ambiguously determined.

Lemma 18. If g =8+ 1 (f odd), Cy,C,,C,,C; are 4—
—{8/+ i3 (F= D} sds and {0}+Cp, (0}+C;, (0}+C,

01+ Cy are 4— {8+ L;f+ 1,2+ D} sds.

Lemma 19. If g=8f+1=1+2b? (f=1 (mod4)) and 2 is a
4-th power, then C,,C, are 2—{8f+ I;f;%(f— l)} sds and
{01+ Cy, 103+ C, are 2—{8f+ L;f+ 1,5 (F+ D} sds.

Proof.

ACy + AC, = (A + N(Cy + C) + I+ A)C) + C) +
+ (N+D(Cy + C)+ (T +N)(C, + C,) =

=%(f—l)G\{0}, when a=1.

Lemma 20. If qg=8f+1=49+2b2 (f=—-1 (mod 4)) and 2
is a 4-th power, then {0} + C,, {0} + C, are 2—{8f+ 1; f+ 1;

%(f+ D} sds.
Proof.
AQO} + Cp) + AGO}+ C)) = (A4 +J+ 1)(Cy + C,) +
FA+T+1)(C + C)+
SN+ D(Cy + Co +
FU+NIC + C+

=71;(f,+ 1)G\{0}, when a= —17.

Lemma 21. If q=8f+ 1=81+4y2 =9+ 2b2 (f odd) is a prime
power and 2 is a fourth power in G, C and {0} + C, are each repeated
4 times, are 8 —{8f+ 1;4:f, 4:(f+ 1) J} sds.
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Proof.

ACy + A({0} + Cy) = (24 + 1)(Cy + C,) + 2K(C, + C) +
+ 2N(C, + Cg) + 2(C, + C;) =
=[(2q + 34 — 4x)(Cy + C,) +
| +(29 —14+4x+8a)(C, + C;+ C5 + C) +
+(2q — 14 — 4x — 16a)(C, + C()1/64 =

—_—(26;2)0\{0} with a=-3, x=9.

Lemma 22. If q=8f+1=(-3)2+2b2 (ie, a=—23) then C,,
C,, {0} + CO, {0} + C, each repeated twice are 8 — {8f+ 1,41, 4.
(f+ 1);f} sds when 2 is a fourth power in G.

Proof.
ACy + AC; + A({0} + Cy) + A({0} + C)) =
= [(49 + 20+ 8a)(C, + C; + C, + C5) +
+ (49 — 28 — 8a)(C, + C;5 + C¢ + C;)]/64 =
=¥4-3G\0) with a=-3.

Lemma 24. Suppose q = 8f+ 1 (f odd) is a prime power, then if in
the unique proper representation of q

(i) y=0, Cy+C;, C;+C,, C,+Cy, Cy+Cy are
4—(8f+ 1,2 2f — 1} sds; and if

G) b=0, G, +C,, C;+C;, C, +C,, Cy +C, are
4 —{8f+ 1;2f,2f -1} sds.

Proof. (i) If 2 is not a fourth power
AC, + C)+ AC; + C)=(A+J+B+D(C, + C,)+

+ U+ A+J+H(C +C)+
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+(N+1+0+M)C,+Cy)+
+(J+N+0+K)Cy +C))+
+ I+ N+ K+ L)Cy + C,) +
+(N+J+L+M(C, +Co)+
+(J+A+F+D(C2+C6)+
+(A+1+D+N(C, +C))=

=5l —5+2 —2)(Cy + C) +

+(@—5-2y+2b)(C, +C5) +
+(q -5+ 2y+2b)(C, + Cg) +
+(q—5—2y-—2b)(C3+C.,)].

So
ACy + C)) + A(C, + C) + AC, + Cy) + Ay + C5) =
=512 — 10+ 4)(Cy+ C, + C, + C) +
+(2q - 10— 4))(C, + C, + C + C))] =
=(2f-1DG\{0} when y=0.
Also

A(Cy + C))+ A(C, + Cg) + A(C, + Cp) + AC, + C,) =

1
= 5129 — 10— 4b)(C, + C,) +

+(2q — 10)(C, + C5) +
+ (29 — 10+ 4b)(C, + C,) +

+ (29 = 10)(Cy + C)) =
=@2f—1DG\N{0} when b=0.
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(ii) If 2 is a fourth power
A(Cy+ C) + ACy + C) = g 1(q — 5+ 2y + 2)(C, + C,) +

+(q—5—-2y—2b)(C, + C5) +
+(g—5+2p —2b)(C, + C)) +
+(g -5 =2+ 26)(C; + C,)]

and proceeding as before we have the result.

5. AN APPLICATION OF SUPPLEMENTARY DIFFERENCE SETS
TO THE CONSTRUCTION OF BALANCED INCOMPLETE
BLOCK DESIGNS

The following theorem is a generalization of a result shown us by
S. Lin.

Theorem 23. Suppose B,,B,,...,B, are n—{v;k; A} supple-
mentary difference sets from an abelian group G of order v. Let
A;,A4,,..., A, beobtained from B, by successively removing one ele-

ment.

Write @ ; Jor the incidence matrix of A; and ; for the in-
cidence matrix of B].. Then

each repeated B times each repeated
o times Yy times
-~ e ~ p—— e,
c= @, @,.. @, @), ®,...03,
11 ........ 11 00 .... ... 0

is the incidence matrix of a BIBD (v + 1, aow(v + 1), avk, k, ak(k — 1))
r=avk=0+ n—- Dk + k(k -1
a=k(k— Da=Ay
y=alk-2)+8.
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Proof. Each matrix @i has k — 1 elements per row and column,
so C has k elements per column and

r=oakv=akltk - 1)+ @+ (n- D7k
elements per row.

Let AB; be differences between elements of B,, then
k
2 A4, = (k- 2)AB, .
i=1

Now since the sets B,,...,B, are supplementary difference sets,

Av —1)=nk(k — 1)

and
n n
2 AB, = AB, + 2, AB, =\G/{0}.
So we want
k n
o 2 Ad;+PBAB, +y 2 AB, = uGI0},
= j=
that is
(ak — 2) + PAB, + ¥(A\G/{0} — AB,) = uG/{0}
and

u=2xy, ak—-2)+pf=1y

(unless B1 is a difference set).

Also we need the inner product of the last row of C with the other
rows to be u, so

nu=ok(k—1).
Now we wish to simplify

(7 b= ak(k —1) = Ay
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(8) r=oavk= B+ (n— D7k + k(k —
&) AV — D =nk(k-1)
(10 w=rk-1)
(11) ok -2+ p=2
If a=1, then (11) and (8) give
ny=v -1
B=v-k+2,

and a BIBD (v + 1, b, vk, k, k(k — 1)) = BIBD (v + 1,v(v + 1), vk, k,
k(k — 1)).

Corollary. If p isan odd prime power, there exist 2 — { D; E—; ! ;

B—E—é} and 2 — {p;ﬂiz—l;e—g——l-} sds so there exist

BIBD[p+ 1, p(p + 1),p(P-2- 1),(1751),([2; 1)(p;3)]

and

BIBD[p+ Lo+ D, p(E51), (B3, (B5H) (25 1)]
Corollary. If there existsa (v,k,\) anda (v, v—k,v—2+ 1)
difference set, then there exist
BIBD (v + 1,v(v + 1), vk, k, k(k — 1‘))
and
BIBD v + 1,v(v + 1),v(v — k),v—k, (v—-k)(v—-k — 1))
Corollary. If p=ef+ 1 isa prime power, there exist
e—{ef+1;f;f—1} and e—{ef+1;f+1;f+ 1}

supplementary difference sets and so there exist
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and

BIBD (ef + 2, (ef + D(ef + 2),(ef + D(f+ 1), f+ 1,f(f+ 1)) .

Comment. It was pointed outtousby Mr. Dean Hoffman that
in the above corollaries the BIBD’s obtained from complementary sds are
not themselves complementary.

Clearly the method of this section also has application to
n—{vky, ky,.oo, k,; A} sds.
‘6. AN APPLICATION OF SDS IN CONSTRUCTING
SKEW-HADAMARD MATRICES

Lemma 24. Let p=4f+ 1=5%+ 4t2 = 5 (mod 8) be a prime pow-
er. Suppose there exists a skew-Hadamard matrix S+ 1 of order |t|+ 1.
Then there exists a skew-Hadamard matrix of order (|t|+ 1)(p + 1).

Proof. From lemma 6
G, +C, and i} copies of C, + C,
are (I1t1+1)— 4f+ 1; 2f;%—(| tl+ 1(2f — D} supplementary difference
sets with the property that
x€Cy+C =»-—x&Cy+C,
and
yeCy+C,=>—-yeCy+(,.

Then the type 1 (1,— 1) incidence matrix A and the type 2
(1, — 1) incidence matrix B of C0 +C and C0 + C, satisfy.

AJ=BJ=—J, (A+DT=—-A+1D, BT =8,
AAT + 1tiBBT = (Jt1+ D+ DI— (It + DJ.

Now SST =|¢1I, ST = — S and we consider
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H=[ S+I | (S+DXe
S—Dxellix-a+SxB1’

where e is the 1 X p matrix of ones. It is easily verified that H is a
skew-Hadamard matrix of order (1#1+ 1)(p + D).
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