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ABSTRACT

We study the conjecture:
There exists a square (0,1,-1)-matriz W = W(w,k) of
order w satisfying

WWT = kI
W

for all x = 0, 1,..., wwhen w = 0 (mod U).
We prove the conjecture is true for 4, 8, 12, 16, 20,
24, 28, 32, 40 and give partial results for 36, 4l,

52, 56.

One generalization of Hadamard matrices is to weighing matrices
(see 0Olga Taussky [3]), that is square (0,1,-1)-matrices, W, of order n
satisfying

Wil = kI, k <n, (1)

. . . . T
where In is the identity matrix of order n, W denotes W transposed.

Clearly

Wil = WwW o= KI. (2)



These matrices have application both in design of weighing experiments

(see Raghavarao [2]) and in coding theory.

Write W(w,k) for a weighing matrix satisfying (1).

RELEVANT MATRICES

Clearly (0,1,-1)-matrices satisfying WWT = 0 and 11, always
exist., Matrices satisfying

WWT = nIn, n = 0(mod 4)

are Hadamard matrices and if U = I + W is a skew-Hadamard matriz

WY = (n - 1)I . .
n ,

For up-to-date results about these matrices we refer the reader to

1, 4, 5]. These matrices exist for 2 and all n £ O(mod 4), n £ 100.
~If n £ 2(mod %) a matrix satisfying U = I + W with
W= (o - DT, W= W

is called a symmetric conference matrix and these can only exist if
n-1 = a?+ b?

a,b integer (see Raghavarao [2]). These matrices exist for

n = 2(mod 4), n - 1 a prime power for n < 100.

Write Hn for the Hadamard matrix of order n, Jn for the mat-
rix of order n of all omes, Sn for the matrix of order n with zero

diagonal and other elements #*1 satisfying

T
SnSn = (n - l)In.

The symbol x denotes the Kronecker product and the orders of all



matrices are assumed to be compatible under binary operations.

SOME CONSTRUCTIONS

CONSTRUCTION 1. Provided AAT + BBT + ccl + DDT = nI_ and for any X,

Y ¢ {A, B, C, D}, X and Y are (0,1,-1)-matrices and XYT = YXT, then

W =
-C -D A B
-D c -B A
satisfies
T —..
WW™ = qun
8 T :
CONSTRUCTION 2.  Provided ] A/A.° = ml , and each A, is a (0,1,-1)-
i=1
matrix and A.A.T = A.A.T, then
i3 ji
i A A A A A A A A ]
1 2 3 4 ) 6 7 8
--A2 Al AH —A3 A6 —AS A8 *A7
—AB -A’4 Al A2 —A7 A8 A5 -A6
—Au A3 —A2 Al A8 A7 —A6 -AS
W o= (3)
—AS --A6 A7 —A8 Ai A2 --A3 Au
—A6 A5 --A8 ~A7 —-A2 Al Au A3
-A7 -A8 -AS A6 A3 —Au Al A2
L-A8 A7 A6 AS --Au -A3 —A2 Al _
satisfies
WWT = ml



CONSTRUCTION 3. Let CCT = ¢cI, and SST = sIt where t Z 0(mod 2) also

d
let C have zero diagenal and CT = C, Then with K = 1
-1
1
--_l -t
D = IxGSK+CxS5S
satisfies
| DD’ = (c + 1)sI, .
dt
) . T T T T _
CONSTRUCTION 4, Provided AA® + BB + CC” + DD = mIn, and for any

X, Y e {A, B, C, D}, X and Y are circulant (0,1,-1)-matrices and

XY = YX, then

_ _
A BR CR DR
~BR A -DTR cTR
W o= (u)
~CR D'R -B'R
DR -cTR R A
. i
satisfies
T _
WW = mIqm.

CONSTRUCTION 5, If there is an Hadamard array (Baumert-Hall array,
see [5]) on 4 indeterminates each repeated t times then there exists
a W(kt,t), W(st,2t), W(4t,3t) and a W(l4t,4t) by replacing the indet-

erminates by 0 or 1 as appropriate.

Such arrays exist [1, 5] for t € {1, 3, 5, 7,..., 19, 25},



CONSTRUCTION 6, [f there exict two circulant (0,1,-1)-matrices A and

Pool order nosaticfying

Al o+ BBY = kI
n
then
w o= A B
T AT (5)
satisfles
T
W = .
W kI2n

i

CONSTRUCTION 7. If there exist two circulant (0,1,-1)-matrices A and
B of order n satisfying

T T

AA° + BB (k + 2)I - 2J

AT = 0, BJ =

then
~
0 1 e e —]
1 0 e -e
er -er A B
ef e’1 —B1 Ar
satisfies
r~ "T
2n+l 0
0
0 2n+l
wa = . &D)
0 : kIQn
b —




CONSTRUCTION 8.  Suppose S = 5

2 Ww,w - 1)
- - - =

S ) S S+1 S 5-1 0 & a o

b4
S -3 -5-7 S -S+T R -5 0 S -3
3
’ -3 -5 0 S
-8 S-1 S -S-1
_ R R
L ~5+1 ~-S S+1 S J - -

I S 5 Si,1 05 S S S, 0 S S+T S-1
-3 0 S -S -3 S S -5 -5 0 -5+1 S+1I
-5 -5 0 S -S -S S 5

| -5-1  s-T| o0 -S
-S S -8 0 L~S S ~-S S
L. - — -S+1 -5-1 S 0
L. -

W(2w,2w -~ 2), W(bw, 4w - 2),

W(lw,bw ~ 4),

CONSTRUCTION 9.

satisfying

0
4

W{hw,3w - 3),

W(lw,3w - 1) respectively.

W(Nw,3w - 2),

Let C be a (0,1,-1)-matrix with zevo diagonal

are

BB = 3] f - l-f s P\J =
@ C
Consider
K = IxJ + OCxB,

then

KK = Ixed + cldX(aI - J) o+

o
= I8 AI
el g

and hence is a Wied, aca).



[[Siuce these conditions are always satisfied when
a4+ 1 =2+ 1udis the crder of a confereace matrix or a skew-

Hadamard matriz we have a W(d(d - 1), (d - 13?) for these ordcrs.].

SOME RESULTS ON THE CONJECTURE
First we'give a theorem and then some results.

THEOETM,  ‘here ean only exiet W(2n,k) constructed of two eirculant

mtrices A and B of order n, of the form.

when

x = a? + b2,

PROOT,  Let T_: (tij) of order n be given by

{1. jo= 2
t,. = '

13 LO otherwise
o= ot s
35 1,j-i+17.
n . n .
shera = | 7', B = | b.T  where a,, b, = 0, 1, -1.
izl (B 1=1 1 .

T T | LT SN n-i vy, N on-i
pAl 4 BB = KT o= () aTH( ) a1+ (] b)) b T ),
. L . 1 . 1 . 1
i=1l i=1 1=1 i=1

This is the malrix representation of

n . D . n . n K ‘
() a.ml)( 2 a.wn l) + ( Z b.wl)( X b.w“ l) = k, .
R | . 3. . i . i
izl v 1=1 » izl i=1 :

hove » 1s an ath root of unity.  This must be true for all nth roots



of unity inciuding 1 so
n n
() ai)Z + () bi)2 =k,
i=1 © i=1
and we have the result.
COROLLARY.  There ean only exist W(2n,k) constructed of two ¢irculant
matrices & aind B of order n for

kK <n, ad k =0, 1, 2, 4, 5, 8, 9, 10, 13, 16, 17, 20, 25, 26,

29, 34, 41, ...

LEMMA 1. (2)  If there exists a W(w,k) then W(w,k) ® w(w,k) 78 a

W(2w,k) and W(w,k) x i, 6. a W(2w,2k).

(i1)  If there exist wl(wl,k) and Wi (w?,k) then

2
Wl(wl,k) e w2(w2,k) 18 a w(wl + wz,k).
‘e he i
(LL@{ If there exist wl(wl’kl
klkZ)'

) and W2(w2,k2) then
y .o

Il(wl,kl) x Wz(wz,k2) 18 a W(wlwz,
LEMMA 2. If the conjecture is true for w then there erist

() wW(2w,k), 0¢kgw,

(it) W(2w,2k), 0 ¢k

A

w,
(1i2) Ww,w + 1).
‘PRCOF, Use Lemma 1 for (i) and (ii). " For (iii) use the matrix

Wiw,w) Iw
, -
Iw | “W (w,w)

LEMMA 3. The ccnjecture is true for wi. = 2, 4, 8, 16.



FEOOF. (i) Foe w = 2, the reguired matrices are 0, 12, Hos
(ii) secr w = k, the result follews using part (i), Leoma 2
and Su;
(iil) For w = 8, by part (ii), Lemma 2 ond 88 we bave the
conjacture;
(iv) for w = 16, by part (iil), Lemms 2 and 516 we have that
W(8,) exists for k = ¢, 1, 2,.0.,8, 9, 10, 12, 14,15,16.

How with § = 8 and H = J” - 27 in the matrices

y? L
r 1 ‘T ' ’ h
0 S S+I S+I ) and | I H H H| |,
-S 0 -S~I S+ -H I H -H
-5+1 S-1 0 -5 -1 -H I H
-54+T -5+1 S 0 -1 H -H I
. - . —d
we have the result for 16.
LEMMA W, Tf theve exists o W(w,k) = A then
- q4 - N o -
;A A ’ s 1A A Iw s | A A A . 1A A I T
| = . . . . T
inl .al aY -al I, A T al o {at ety o1 o1
I . . T ) .
T ! ’ ' i
| ~AY LA [ -A° <A A ~AS -4 T 7 | -AL -a
‘ d
“ ’ r Lsed II‘
| |-a" T -7 A AUU-AT AL T -1 | -a A
L 3 - W i L - L ..J

are {(6w,2k), Wlw,25 + 1), Witw,3k) ond Wit ,2k + 2) vespectively.



-S then

o
144
ol
s
T+
oW
&
=
—~
b3
P
H
[
—
il
¥
I
e
~4.
o
(¥
L34

DEEMa 5. IT thiere

S+T G+ S+1 7]

o4
wm
-
o
[fp]
(42}
+
4
wn

S Q4T -3 -5-1 S-T S+ -8 -S-1

it

¢ 5, 0% W(2w, 2w - 1), W(tw, Yw - 2), S W{ltw, Ww - 1) respsctively,

Lt i 1
WLl LE

0 S S+l S+1 )
-5 0 -5-1 S+7
]
“5+1 S-1 0 -
—O+T ~G+1 q 0
r- - - ‘
i J S ¢ 5 S S N :37
EE ¢ 5 -8 -5 5 S -5 |
g aridd |
P -5 0 S - S 3 g
|
e 3 -5 OJ -Z 5 -3 3
L, L o

2 Woh, 3w o= 1), Witw, 3w ~ 3) and W(kw, bw - 4) pespectively.



LEMMA 6. If the conjecture is true for w = 0(mod ) then there exists

¢ (0,1,-1) W = Wuw,k) of order uw satisfying

Y

for k = 0, ly.e., 2ut2, 2wth, 2wt8,...,4w and 3, 6, 9,...,3w-3, 3w-1, 3w.

PROOF.  Since W(w,k), 0 € k § w exists so does W(4w,k) = W(w,k) @

Ww,k) & W(w,k) & W(w,k). By Lemma 4, for k = %w:, %v: + 1lyeea, W
we got a W(uw,2) with £ = wil, wt2,..., 2w+l, %ﬂd, gﬂd+ 3,00, 3w,

and Zw+2.

By Leima 2 the existence of W(w,k) implies the existence of

w{2w,2k) and hence W(l4w,4k).
Thus we have the result,
LEMMA 7. The coniecture is true for w = 42,

PROOF. By Lemmac 3 and 6 there exists a (0,1,-1) W of order 32 sat-

isfying

T .
Wato= kI,

for kK = 0, l,..., 18, 20, 21, 23, 24, 28, 32.

Since 38 exists, by Lemma 5, (2) is satisfied for k = 30, 3l.

By Lemmas 2 and 3 (2) is satisfied for k = 22, 206.

r~ -

25, use Al = ... = A= -1 1 1 X = A,

il

For k

o
i
s
[
b




For k = 29 use A, = A_ = .., = A_ = A, A

1 2 7 8
w(32,29).
Nowlet ¢ = | 1 1l.1 1] ana D =[ 1 1]0 o]
1 -1 1 -1 1 -110 o0
1 1(-1 -1 0 o1 1
1 ~1{-1 1 0 o {1 -1
L N L -
T T . - _ - -
then CD° = DC°.  Now choosing Al -‘A2 = A3 = Au = C.

A, = A, =0 in (3) we get a W(32,19) and choosing

A, =A = ... =A_=C, A =D, A8 = I in (3) we get W(32,27).

Thus we have the conjecture for 32.

LEMMA 8.  There exists a (0,1,-1) -matrix W of order 6 satisfying

T
Wi = kIB

for k =0, 1, 2, 4, 5 ¢.e., there exists a W(6,k) for ke 10,1,2,4,5},

PRQOF. Clearly the Lemma is true for k = 0, 1. The symmetric con-
ference matrix of order 6 gives the result for k = 5. The required

matrices for 2 and b4 are

- -1
H? X I and 0 0 1 1 1 ~1

w

.

- LEMMA 9. The conjecture ts true for w = 12,



PRCOF. By Lemmas 2 and 8 we have a W(12,k) for k = 0,1,2,4,5,8,10.
The existence of an Hadamard and skew-Hadamard matrix of order 12 gives

a W(12,k) for k = 11, 12. For

(i) k=3 useA=B=¢C= IS’ D=o0,

(i1) k=5 useA =Jy-1I,,B=J,-2[,C=D=0,
111 = - - = - C = =
(iii) X =6 wuse A J3 IS’ B J3 213, 2 13, D=0
(iv) k=7 wuse A = J3 - I3, B = J3 - 2I3, C=0D-= I3,
(v) k=9 usehA=J,B=C=D= |0 1 -1

-1 0 1l
1 -1 0

respectively, in construction 1.

LEMMA 10. The conjecture is true for w = 2u,

PROOF.  From Lemmas 2 and 9 there exists a W = W(2u4,k) satisfying (2)

for k = 0, 1, ..., 14, 16, 18, 20, 22, 2u, Since S.,. exists, S

12 24

exists and (2) is satisfied for k = 23.

K=dJd,-~-2I,1=1,. Then using for

Write J = J3, 3

k=15, A . =J, A, =A_=A =K, A_=A_=A_=1I,48_ =0

1 2 3~y 5 6 7 8
k=17, Ap = A, =Ay=J-I,8 =A = A=K Ay = Ag s,
k=19, A =J, Ay =A =A A =K A =J-T,A =4;=1,

in construction 2 and using the following first rows in construction 4

10: 0-11--, 0111-1, 000000, 000000
2: 01101-, 01101-, 01101-, 000000
6: 01101-, 01101-, 01101-, 01101-

17: - 11111, -11-~1+~, 6-111-, 000000



20: 0l---1, 0-11-1, 01-111, 01111 -
0-11-1, 0-11--, 0111-1, 0111-1

22: 1l1---1, 0-11-1,

11111, 0-1-11
23: -11111, -11-1-, 0-111-~, 01101~

24 -11111, -~-1111, 11-1-

i
1

1-111,
where, as before, - denotes -1, we have the conjecture for w = 24,

LEMMA 11.  There exists a (0,l,-1)-matriz W = W(10,k) satisfying (2)

for k = 0,1, 2, 4, 5, 8, 9.

PROOF, The result is clear for k = 0, 1, 2 and the symmetric con-

ference matrix of order 10 gives the result for 9. For k = 4 use

p - p— —

A ={. 1 . . 1 and B = 1 .-l
1 L. 1.
1 1. -1 1
.1 .1 .. o-1 .1
1. 1. 1 -1
L i _ d
in
A B
o T (5)
For k = 5 use
A =[-1 1 . 1 .7 adsB = T . ]
: o1 . 1| 101 .
1. -1 1 . .. 1 1 .
1 . -1 1 . 101
BT TR ERE 1)

in (5).



For k = 8 use (for the first rows of) for A and B

o 1 -1 -1 -1 and o 1 -1 1 1
in (5).
We note
o 1 -1 -1 1 and -1 1 1 1 1

may also be used to obtain W(10,9).
LEMMA 12. The conjecture is true for w = 20.

PROOF. By Lemmas 1 and 11 we have a W satisfying (2) for
k=20,1, 2, 4, 5, 8, 9, 10, 16, 18, There is an Hadamard matrix and
a skew-Hadamard matrix of order 20 so we have a W for k = 19, 20,

W(8,6) ® W(12,6) and W(8,7) & W(12,7) give the result for k = 6 and 7.

The following first rows may be used to generate circulant

matrices which can then be used in construction 1:

3: 10000, 10000, 10000, 00000
8: - 01--1, 00110, 010001, 00000
9: -1111, 01-~--1, 00000, 00000
10: -1111, 01 - -1, 10000, 00000
11: -1111, ~011o0, - 1001, 00000
12: -1111, ~011o0, -1001, 10000

18: 11--1, 01111, 01--1, -1~~-1

If we use the following first rows to generate circulant

matrices in construction 4:
- 13: 11001, 01001, . 01--1, 01--1

14: 0-1- 0, 01110, 0111 -, 01--1

17: 0~-1-1, C11l--1, 01111, 01 ~--1.



W(20,15) may be obtained from construction 5. Thus we have the con- .

jecture for w = 20.
LEMMA 13. There exists a (0,1,-1)-matriz W of order 14 satisfying (2)
for k=0, 1, 2, 4, 5, 8, 9, 10, 13.

PROOF. The result for k = 0, 1, 2, 4, 5 follows using Lemmas 1, 3 and
8. W(14,13) exists because there is a symmetric conference matrix of

order 14,

Use the following first rows to generate circulant matrices

in (4) to obtain'the remainder of the results

8: - 1101 0 o, - 1101 0 0
or o110 0 - 1, 0 - 10 0 1 1
g 01101 0 o, 001 1 - 1 - -
10: 'o 1101 o o, 1 1 1 - 1 - -
or -1 1 1 1 0 o0, - 11 -1 0 O©
or 011 -0 - o, 011 -0 1 1
13: - 11 -1 0 1, - 11111 -

where - denotes -1.
LEMMA 14. The conjecture is true for w = 28.

PROOF.  Since W(16,k) and W(12,k) exist for 0 € k 5‘12 we have W(28,k)
for 0 < k ¢ 12, By construction 5 we have W(28,14), W(28,21) and
W(28,28). A W(28,27) exists since there is a skew-Hadamard matrix of
order 28. There is a symmetric conference matrix of order 1lu so

S = W(14,13) exists and S ® S and S x H, and W(28,13) and W(28,26)

2

respectively.



We use the following first rows in construction 4

15: 1000000, 0110100, -110100, 1 11-1-~-

16: 00000O0O0O0, 1110100, 011-~-1- -, 011-~-1-~- -~

17: 1000000, 1110100, 011-1--, 011-1--
18: 0110100, 0110100, O011-1--, 011-1-=-
19: 0110100, 0110100, 111-1--, 011-1=-
20: ©110100, 0110100, 111-1--, 111-1-~--
21: 0111-1-, 0-1---1, 011l---1, 011-111
22: 1110100, -110100, 111-1--, 111-1--
23: 0110100 111-1--, -11-101, -11111-
24 o111-1-, 0-1-=--1, 011=---1, 011-111
25: ~-111111, 011-1--, 011-1-=-, 011-1 - -
26: -111111, 111-1--, 011-1--, 011-1--

we have the conjecture for w = 28.
LEMMA 15. The conjecture is true for w = 40.

PROOF.  Since the conjecture is true for 20 by Lemma 2 we have the

results for k= 0, 1, 2, ..., 20, 21, 22, 24, 26, ..., 38, LO.

W(40,39) exists since there is a skew-Hadamard matrix of order
40.- By Lemmas 4 and 11, W(#0,k) exists for.k = 0,3,6,12,15,24,27; and

by Lemma 11 and construction 8 we have W(u40,k) for k = 38,27,28,36,29.
Let B the matrix generated by the first row

o 1 - - 1



Then using

gives W(40,31).

Let C and D be the matrices generated by the first rows

-1 0 0 1 and - 0 1 1 o

respectively then using

in construction 2 gives W(40,23).
Let E and F be the matrices generated by the first rows
1 001 1 0 and 0-0 1 1 O

then A, = A, =J -2, A, =B+ I,A =B-1I,A =A; =B, A =Eand

A F used in construction 2 gives W(40,33), while using

8

A

LA, =Jd -2, A, =A =B+I,A =A =R-1I,A =CandAg=F
gives W(40,35).

Thus we have the result

OTHER RESULTS

LEMMA 16. There exists a (0,1,-1)-matrix W = W(18,k) satiscfying (2) for

k=0,1, 2, 4, 5, 8, 10, 17,

PROOF.  Since W(10,k) and W(8,k) exist for k' = 0, 1, 2, 4, 5, 8, we

have W(18,k) = W(10,k) & W(8,k) exists for these k values.



If we use the following first rows to generate the circulant

natrices to use in (4) we get the remaining results.

8: © 1L - 001010, 0111 00 - 01 0
or 11031 -000w0 1 10~-1200 dv 03
10 11101 -0 0 0, -1 1 0 -1 0 0 0
or -1 0 - 100 - 0, 11 01 1 0 0 - 0
17: 1 - - 1111 = -, 0 =1 = ~ - =1 -,

(We note this leaves k = 9, 13, 16 which were not ruled out by the
theorem).
LEMMA 17. There exists a (0,1,-1)-matriz W = W(36,k) sabisfying (2) for
k= 0, 1, 2,.0., 22, 25, 27, 32, 33, 34, 35, 36.
PROOT, Since there exists a W(20,k) and W(16,k) for 0 £ k £ 16 there
exists a W(36,k) = W(20,k) ® W(16,k) for these k. W(36,20),W(36,34)
and W(36,17) exist using lLemmas 1 and 15. W(35,36) and w(36,35) exist
becuase there is a skew-Hadamard matrix of order 36.

If we use the following first rows in constructicn ', we get

the other results of the lemma.

18: 01-001010, 01100-010

11101~-000, ~110-21000
19: 1--1112--, 0=-1==-=~1-+,

100000000, 10G000000
21 1--1111--, 0-1----1-+,

110000000, 1-00600000

22: 1J1111-000, 111-1-9000,

~110-10600, -210-1000



25: 01-0021010, 01100-010,

1--1111- ~,

27: 11101~000, -110-1000,

1--1111--,
32: 0-1--11-1, 0-111111-~-,

01---111-,
3: 1-1--11-1, 0-111111-~-,

01 -~--111-,

LEMMA 18. There exists a W(22,k) for k ¢ {0,1,2,4,5,8,9,10,16,17,20}.

01

01

1 -- -«

-1111

-1111

PROOF. There exists a W(10,4%) and a W(12,2) by Lemmas 9 and 11 for

£ e {0, 1, 2, 4, 5, 8, 9} so W & W_is the required matrix for %.

1 2

1

To obtain the other matrices use the following first rows to generate

A and B in (5).

10: 0011-~-0

-0001, 01000101
16: -1011100010, 01-1211-=-~
17: -1011100010, 11-111--
20: 0111-1-11-1 01--1111

LEMMA 19, There exists a W(ul4,k) for k ¢ {i :

30, 32, 33, 34, 36 < i < 40, 42 £ i < uus},

PROOF.  Since the conjecture is true for 24 and 20,

Wl(20,m) and a w2(2u,m) forme {1 : 0 ¢ i < 20} and W

required matrix for m.

W(uk,uh) and W(L44,43) exist as there is a skew-Hadamard

matrix of order u4,

”
A

1

(a)
()
(c)
(d)

20,21,25

<

<

i

® W. is the

2

there exists a

<

-

28,



If we use the matrices used to form W(22,k) with the indicated
matrices in construction 4 we get W(4u,n) for

n e {21, 22, 26, 27, 30, 32, 33, 34, 36, 37, 40}

k = 21: (@) 0 and I3
k = 22¢ (@ 1., I,
k = 26: (a) and (b);
k = 27: (a) and (c);
k = 30: (a) and (d);
k = 32: (b) ,and (b);
k = 33: (b) ‘and ()
k = 34: (c) and (c);
k = 36: (b) and (d);
k = 37: (c) and (d);
k = 40: (d) and (d);

Let A be the circulant incidence matrix of an (11, 6, 3)
configuration and B = J - I - 2A. Then

AAT = 3I + 3J and BBT = 11I - J,

and have 6 and 10 non-zero elements respectively.
Further A - I and B + I satisfy

(A-TA-1)T = 51 +20and (8 + 1B+ DT =111 - J,

and have 7 and 11 non-zero elements respectively.

So we may use the following matrices in construction 4 to get

W(by, k):



k = 25: J - A B B 0

k = 26: J - A B B+ 1

k = 27: A -1 B , B 0

K = 28: A -1 B B I
k = 28: A-1I B+ I B 0
k = 29: A -1 B+ I B+ I 0

k = 30: A-1 B+ 1 B+ I I
k = 36: A B B B

k = 37: A B+1I ‘ B B
k = 38: A B+ 1 B + I B
k = 39: A | B+ 1 B+ I B+ 1

LEMMA 20. There exists a W(26,k) for k ¢ {0, 1, 2, 4, 5, 8, 9, 10, 25}.

PROOF. This follows from the existence of W(12,k) and W(lu4,k) for

x e {0, 1, 2, 4, 5, 8, 9, 10}.

The following first rows generate matrices which can be used
in (5) to form a W(26,25):

0l-=--1==1-=--1, 1=-11=+===-= 11-.

LEMMA 21. There extsts a W(52,k) for

ked{i:o0zgis<2u, 32, 34, 39, 48, 51, 52},

PROOF. The existence of a W(52,k) for k ¢ {i: 0 < i < 24} follows from
the existence of Hadamard matrices of orders 24 and 28. The W(52,52)

and W(52,51) exist because there is a skew-Hadamard matrix of order 52.

W(52,48) may be obtained by using the following first rows

to generate matrices which are then used in (4):



0l--=-1-=-1==-~-1, 0=-11=-=====11-

0---1-11-1---, 01l-311----11-2
Write B for the last of these four matrices.

Let Q be the circulant incidence matrix of a (13, 4, 1)
configuration then

! ™
BB'I = 13I - J and QQ° = 12T + J.

So if we use the following four matrices in (4) we get W(52,k) for

k e {32, 34}:
‘k = 32: ‘ Q, Q, ) B, - B; -
k = 34; Q, Q, B+I, B-I.

We get a W(52,39) by putting A=B=C =1, D=0 in the

52 x 52 Hadamard array.

LEMMA 22, [There exists a W(56,k) for

ke {i: 0 £ i ¢ 30,32,33,34,36,37,38,40,42,44,46,48,50,52,54,55,56}.

PROOF. This follows from Lemmas 2 and 14, the existence of a skew-
Hadamard matrix of order 56 and from construction 8, since there exists

a Ww(iu,13).
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