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If X is a symmetric Hadamard matrix, Y is a skew-Hadamard matrix, and
XYT is symmetric, then X and Y are said to be amicable Hadamard matrices.
A construction for amicable Hadamard matrices is given, and then amicable
Hadamard matrices are used to generalize a construction for skew-Hadamard
matrices.

We refer the reader to Marshall Hall. Jr. [1] and Jennifer Wallis [3]
for the definitions of Hadamard matrix. skew-Hadamard matrix, skew-type,
circulant and back-circulant. In [3] we define m-type matrices, which we
will henceforth call amicable Hadamard matrices, to be a pair of Hadamard
matrices M and N of the same order such that M in skew-type, N is

symmetric and
MNT = NMT,

where the superscript 7 denotes matrix transpose. Here we give another
construction for amicable Hadamard matrices and generalize a theorem
in [3].

We shall construct two Hadamard matrices of order 2y + 2 of the form
below with X symmetric and Y skew-type:

1 | e e 1 1 e e
1 -1 —e e —1 1 e —e
X = eT —el 4 —B|’ Y= —ef —el C D |’

e ¢ —B —A4 —er e —D C

where 4, B, C, D are of order y, 4, B, D are symmetric, and Cis skew-type,

and e = [1,..., 1] is 1 x y. The Hadamardness of X and Y imposes the

following properties on the submatrices of X and Y:

eA” = e = eB7, ABT = BAT, eCT = ¢ = eDT, CDT = DCT.
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Then XY7 is symmetric if and only if

ACT — BDT, BCT - ADT
are symmetric.
We recall lemma 6 of [3]:

LEMMA 1. If Pis circulant and Q is back-circulant then PQT is symmetric.

Let R = (r;;) of order y be defined by r; ,_;., = landforj 4y — i+ 1,
ri; = 0. Then if 4, B, D are back-circulant matrices, with AR, BR and
DR circulant and symmetric, and if C is circulant such that X is a sym-
metric Hadamard matrix, and Y is a skew-Hadamard matrix, then X and ¥
are amicable Hadamard matrices.

Let y be prime. Define W == (w;) by w;; = 0, w,;; = x(j — i) forj =i
where y(b) is the Legendre symbol. For y (prime) = 1 (mod 4) W7 = W.
Now choose 4 = (I — W)R and B = (I — W)R.

In his paper [2] G. Szekeres shows how to construct twin difference
sets which will yield the required C and D for g, where (2¢ + 1) (prime
power) = 3 (mod 4). Also with H,, i = 0,1,2,3, as in the proof of
theorem 5 of [2] K = H, v H, and K* = H, U H, can be used to form
the required C and D for y == 5, 13,29, 53. So we have

THEOREM 2. If q is a prime such that
(1) 5, 13,29, 53, or
(i) 2qg 4 1 is a prime, and q is odd,
then there are amicable Hadamard matrices of order 2(q - 1).

Summarizing, using the proof of Lemma 8§ of [3], we have amicable
Hadamard matrices of the following orders:

I 2
I pr-+1 p" (prime power) = 3 (mod 4):
I 2(g + 1 g (prime) = 1 (mod 4) and 2¢g — 1 is prime;
v S, where S is a product of any of the above orders.

We note the following theorem, which is a generalization of corollary 9
of [3]. The proof is similar to that in [3].

THEOREM 3. Let m and m' be the orders of amicable Hadamard matrices.
If there is a skew-Hadamard matrix of order
)m’ (m— Dm" — 4)

i =Dy e Do = 8
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then there is a skew-Hadamard matrix of order
@) m'm" — D(m — 1), (i) (m" — D(m' — d)(m — 1),

respectively.
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