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Abstract

In this paper we find six new weighing matrices of order 2n and
weight 2n—9 constructed from two circulants, by establishing various
patterns on the locations of the nine zeros in a potential solution.
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1 Introduction

A weighing matrix W = W(n,k) is a square matrix with entries 0, %1
having k non-zero entries per row and column and inner product of distinct
rows equal to zero. Therefore W satisfies WW?t = kI,. The number k is
called the weight of W. Weighing matrices have been studied extensively,
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see [8] and references therein. Weighing matrices are important in Coding
Theory, for instance they can be used [1] to construct self-dual codes.

A well-known necessary condition for the existence of W (2n, k) matrices
states that if there exists a W(2n, k) matrix with n odd, then k¥ < 2n and k
is the sum of two squares. In this paper we are focusing on W(2n, k) con-
structed from two circulants. The two circulants construction for weighing
matrices is described in the theorem below, taken from [6].

Theorem 1 If there exist two circulant matrices Ay, Az of order n, with
0,41 elements, satisfying A1 A} + As AL = fI, and f is an integer, then
there exists a W(2n, f), given as

A A A AR

where R is the square matriz of order n withri; =1 ifi+j—1=mn and0
otherwise.

A number of conjectures on weighing matrices, as well as a comprehen-
sive list of open cases for W(2n, k) constructed from two circulants, are
contained in [8]. Here we focus on W(2n,2n — 9) i.e. weighing matrices of
weight 2n — 9, constructed from two circulants. Results on the structure of
weighing matrices W(n,n — 2), W(n,n — 3), W(n,n — 4) (not necessarily
constructed from two circulants) are given in (3].

2 Patterns for the location of the nine zeros

In [7] the authors constructed new weighing matrices of order 2n and weight
27— 5 constructed from two circulants, by establishing the following pattern
for the locations of the five zeros

a1*...x 0 %...%xap—2 0 0 0 0 byx...xb,

(1)

n-3 terms 2-3 terms n—2terms

where the asterisk symbol * denotes a binary {—1,+1} variable.

Keeping the order fixed to 2n but decreasing the weight and using an
analogous pattern to see whether we will still obtain solutions, leads us to
consider weighing matrices of order 2n and weight 2n — 9 constructed from
two circulants. For n odd, 2n — 9 = 1 (mod 4).

We note here that for n odd, the weights 2n — 7 and 2n — 11 are excluded
from similar considerations, due to the diophantine constraints a® 4+ b =
2n—7 and a®4b% = 2n—11. A number is a sum of two squares if and only if
all its prime factors of the form 3 (mod 4) appear with an even exponent in
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the prime factorization of the number. Therefore, a number is not a sum of
two squares if and only if there exists a prime factor of the form 3 (mod 4)
appearing with an odd exponent in the prime factorization of the number.
Now, we have that 2n — 7 = 3 (mod 4) and 2n — 11 = 3 {mod 4) when n is
odd, which means that there exist a 3 (mod 4) prime factor of 2n — 7 and
2n — 11 that will occur with an odd exponent, in the prime factorizations
of 2n — 7 and 2n — 11 (if all prime factors of the form 3 (mod 4) appeared
with an even exponent, then 2n — 7 and 2n — 11 would be = 1 (mod 4)).
Therefore the diophantine equations a? + 6% = 2n—7 and a? +b% = 2n— 11

do not have solutions for odd n.

We wrote a bash shell script metaprogram to generate via the Maple
CodeGeneration package the C programs to perform exhaustive searches
for W (2n, 2n—9) constructed from two circulants whose first rows are given
by @1,...,a, and by, ..., b, and that follow the patterns

g k... * 0 %...xap_4 0 0 0 O | 0 0 0O O bsgx...¥%by
_,d h-._v__-'_l \W 1_4_4
=% terms 25 terms n—4terms
(2}
and
@i *...%an_5 0 0 0 0 0 | 0 0 *.0 0 bg*...%by
—_— S———  5-2-2 (3)
n—>5 terms n—6terms

where the vertical bar symbol | separates the a’s from the b's.

Using these patterns, we transform the problem of looking for a weigh-
ing matrix W (2n, 2n — 9) constructed from two circulants, from a problem
in 2n triadic variables into a problem in 2n — 9 binary variables. The com-
putational gain is expressed by the ratio 5%::_115 which is equal to 512(2.25)™.
This allows us to tackle previously computationally intractable values of n,
see [3, 8].

3 Results

We used the power spectral density criterion [5], to search for W(2n, 2n—9)
weighing matrices for n = 25,27, 29, 31, 35, 37, 41, in conjunction with the
patterns 1-4-4 and 5-2-2. We found a number of W(2n,2n — 9) weighing
matrices, which are given here for the first time. Lists of known and un-
known weighing matrices can be found in [2, 3, 4, 8]. A permissible value
of n is a value such that the Diophantine equation a? 4+ b% = 2n — 9 has
solutions. In the next table, we summarize the results of the searches, omit-
ting the non-permissible values of n. The prototype C programs have been
generated at the CARGO Lab of Wilfrid Laurier University and the com-
putations have been performed remotely at SHARCnet high-performance
computing clusters. All the results described in the next table are given on
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the on-line appendix of the paper http://www.cargo.wlu.ca/weighing/

We now give the first rows for some W(2n,2n — 9) weighing matrices con-
structed from two circulants, for n = 25,29,31,35,37,41, in the format

al,...,an,bl,...,bn.

W(2n,2n — 9) | pattern 1-4-4 | pattern 5-2-2
W(2-7,5) 8 8
W(2-9,9) 0 0

W(2-11,13) 0 16
W(2-13,17) 32 16
W(2 . 17,25) 64 32
W(2 - 19,29) 112 32
W (2 - 23,37) 48 32
W{(2-25,41) 80 48
W(2-27,45) 0 0
W(2-29,49) 0 16
W(2-31,53) 20 8
W(2 - 35,61) 32 44
W(2 - 37,65) 2 0
W(2-41,73) 2 0

W(2%25,41) solution with pattern 1-4-4

————— ++ -+ +0-4+~-4+~-++=--0000

Q000 -+ -++ -4+ —-==4+++«+++++-

W(2%25,41) solution with pattern 5-2-2

~ - e ettt - - =t - -+ -=-+-+++00000
00-00-=-=-=-+-++-=-=-+-4+-+++ -~

W(2+29,49) solution with pattern 5-2-2

————— ++-=-++-+-++-+--4++++00000
00-00+--+++-+-++++++--4+-+++ -+

W{2%31,53) solution with pattern 1-4-4

- - et = =m=—F -+ + -0+ -+ ++-+++---0000

0000 ~=--=-—+-—+--=4 =4+ === -~ -+t d -

W(2%35,61) solution with pattern 1-4-4

+ -+t - - - -+ ++ -+ +-=-0-F-=-F+F+++++++-+0000
0000 -++--++-~++-+-%++=F=-—+-=—+++4~-~-++
W(2#37,66) solution with pattern 1-4-4

+ 4+ttt - -+t -+ - -+t -+ +0---+++F+++-+-=-=-4++0000
0000 --+-=—-++++-++-+ -+ ++=-+++=++=+4&4+-+ =
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W(2%41,73) solution with pattern 1-4-4

++ + F o F A - =k b - == = F 0 FF A+~ F - =t k== =+ F=4=-4+0000
0000 -++++-+-+++++-+-=--+--++-4+++-=---4+-+4 - -+

We give a summary of the results for weighing matrices W(2n, 2n — 9)
constructed from two circulants in the following table, omitting the non-
permissible values of n.

n 2n 2n-9 Reference for W(2n,2n-9)

7 14 5 [8], solutions with patterns (2) and (3)

9 18 9 [8], no solutions with patterns (2), (3)

11 22 13  [8], no solutions with pattern (2), solutions with pattern (3)

13 26 17 [8], solutions with patterns (2) and (3)

17 34 25 (8], solutions with patterns (2} and (3)

19 38 29 [8], solutions with patterns (2) and (3)

23 46 37 [8], solutions with patterns (2} and (3)

25 50 41 New, solutions with patterns (2) and (3)

27 54 45 Undecided

20 58 49 New, solutions with pattern (3)

31 62 53 New, solutions with pattern (2)

35 70 61 New, solutions with pattern (2)

37 74 65 New, solutions with pattern (2)

41 82 73 New, solutions with pattern (2)

45 90 81 Undecided
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