
On constacyclic codes over finite fields:
Classical Hamming distance and symbol-pair distance

Workshop on Mathematics and Cryptography

Hieu V. Ha (Email: hieuhv@uel.edu.vn)
University of Economics and Law, Ho Chi Minh City, Vietnam

University of Science, Ho Chi Minh City, Vietnam | 2–3 July 2026



Storyline

Constacyclic
codes

Two metrics
dH and dsp

Literature
landscape

Our recent
results

First layer: classical coding theory
Algebraic structure of cyclic and
constacyclic codes;
Hamming distance and the Singleton
bound;
MDS, AMDS, near-MDS codes.

Second layer: pair-read channels
Symbol-pair read channel;
Singleton-type bound for pair metric;
MDS and AMDS symbol-pair codes.
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Why do we need error-correcting codes?

Real communication is rarely noiseless. A transmitted or stored word may be altered by noise, scratches,
sequencing errors, or hardware imperfections.

message
1

encode with
redundancy

noisy channel
or storage

recover
1

Without coding
A single error may change the meaning:

1 −→ 0.

There is no internal evidence that an error
occurred.

With coding
We add structured redundancy so that errors
become detectable and, in favorable cases,
correctable.
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A first example: the repetition code
The simplest error-correcting idea is to repeat each symbol several times.

0 7→ 000, 1 7→ 111.

This gives the binary repetition code

R3 = {000, 111} ⊆ F3
2.

Majority decoding
If one symbol is corrupted, then the original
message is still recovered:

111 −→ 101 −→ 1, 000 −→ 010 −→ 0.

Thus R3 corrects one error.

Cost of redundancy
Only one information bit is sent using three
channel symbols. The rate is

R = 1
3 .

It is reliable but inefficient.

Coding theory asks: how can we obtain high reliability with much less redundancy?
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From repetition to algebraic codes

Repetition codes explain the basic principle, but practical systems need more efficient and structured codes.

Toy code
R3 = {000, 111}

easy to understand;
corrects one error;
low rate 1/3.

Algebraic codes
cyclic, negacyclic, constacyclic codes;
generator polynomials and quotient rings;
efficient encoding and structural distance
analysis.

Connection with this talk
Constacyclic codes provide a large algebraic framework for constructing good codes under both the Hamming
metric and the symbol-pair metric.
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Two metrics on the same algebraic family

λ-constacyclic code
C ⊆ Fn

q

Hamming metric1

dH(C)
symbol-pair metric2

dsp(C)

Classical Hamming metric

dH(C) = min
0̸=c∈C

wtH(c).

Measures isolated symbol errors.

Symbol-pair metric

dsp(C) = min
0̸=c∈C

wtsp(c).

Measures errors in adjacent-pair reads.

1Richard W. Hamming. Error-detecting and error-correcting codes, Bell System Technical Journal 29(2):147-160, 1950.
2Y. Cassuto and M. Blaum, “Codes for symbol-pair read channels", IEEE Trans. Inf. Theory, vol. 57, pp. 8011-8020,

2011.
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Why constacyclic codes?

Algebraic advantages
Principal ideal description:

C = ⟨g(x)⟩ ⊆ Fq[x ]/ ⟨xn − λ⟩ .

Factorization of xn − λ gives explicit generators.
Shifts, duals, dimensions, and many distance
questions can be studied algebraically.

Why this family is natural
It contains cyclic and negacyclic codes.
Many important codes are cyclic or close to
cyclic.
Classical example: the binary Golay code
[23, 12, 7] is a cyclic perfect code.

Message
Constacyclic codes balance algebraic tractability and rich families of good linear codes.

On constacyclic codes over finite fields 2026 7/36



Some applications of constacyclic codes

Classical error control
Compact generator polynomial descriptions support
efficient encoding and structured decoding.

DNA codes
Cyclic and constacyclic constraints are useful for
designing codes with algebraic closure and
combinatorial constraints.

Quantum codes
Constacyclic codes can be used as algebraic ingredients in CSS-type and related constructions.
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Why symbol-pair codes?

Channel motivation
In symbol-pair read channels, the receiver reads overlapping
adjacent pairs rather than isolated symbols:

(c0, c1), (c1, c2), . . . , (cn−1, c0).

This is relevant when adjacent positions are physically or
statistically correlated.

Design target
Construct algebraic codes with large dsp, especially MDS
and AMDS symbol-pair codes.

c0 c1 c2 c3 c4 c5 c6 c7

overlapping adjacent pairs
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Some applications of symbol-pair metric

High-density storage
In dense media, neighboring symbols may interfere, so
pair-based reading better models some local error
patterns.

Low-resolution reads
When the reading device has limited resolution,
adjacent positions may be observed jointly.

DNA storage
DNA sequences have local constraints and adjacent-symbol dependencies; pair or b-symbol metrics are natural
refinements.
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Constacyclic codes: the algebraic object

Let λ ∈ F∗
q. A linear code C ⊆ Fn

q is called λ-constacyclic if

(c0, c1, . . . , cn−1) ∈ C ⇒ (λcn−1, c0, c1, . . . , cn−2) ∈ C.

Equivalently,
C = ⟨g(x)⟩ ⊆ Fq[x ]/ ⟨xn − λ⟩ , g(x) | xn − λ.

Special cases

λ = 1 ⇒ cyclic codes,

λ = −1 ⇒ negacyclic codes.

Central data
The generator polynomial g(x) controls the
dimension, duality, and distance properties of the
code.
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Classical Hamming metric

For c = (c0, . . . , cn−1) ∈ Fn
q,

wtH(c) =
∣∣{i : ci ̸= 0}

∣∣, dH(C) = min{wtH(c) : 0 ̸= c ∈ C}.

If dim C = k, then the Singleton bound gives

dH(C) ≤ n − k + 1.

MDS
dH(C) = n − k + 1.

Optimal in the Hamming metric.

Almost-MDS and near-MDS
dH(C) = n − k.

Near-MDS also requires the dual to be
almost-MDS.
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Symbol-pair metric

For c = (c0, c1, . . . , cn−1) ∈ Fn
q, define

π(c) =
(
(c0, c1), (c1, c2), . . . , (cn−1, c0)

)
.

Then
wtsp(c) =

∣∣{i : (ci , ci+1) ̸= (0, 0)}
∣∣, dsp(C) = min

0̸=c∈C
wtsp(c).

Relation with the Hamming metric
For every nonzero code C with 0 < dH(C) < n,

dH(C) + 1 ≤ dsp(C) ≤ 2dH(C).

On constacyclic codes over finite fields 2026 13/36



Singleton-type bound for symbol-pair codes

For a q-ary symbol-pair code C of length n,

|C| ≤ qn−dsp(C)+2.

If C is linear of dimension k, this becomes

dsp(C) ≤ n − k + 2.

MDS symbol-pair code

dsp(C) = n − k + 2.

The code attains the Singleton-type bound.

AMDS symbol-pair code

dsp(C) = n − k + 1.

The code is one unit below the bound.
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Repeated-root constacyclic codes

Assume char(Fq) = p and n = ℓps with gcd(ℓ, p) = 1. Then

x ℓps
− λ =

(
x ℓ − γ

)ps

for a suitable γ when λ = γps . Hence generator polynomials have repeated factors:

g(x) =
t∏

r=1
mr (x)er , 0 ≤ er ≤ ps .

Why this is hard
Repeated factors create rich algebraic structure, but distance computation becomes increasingly difficult
as ℓ grows.
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Literature: Hamming-distance classification

Length Status Main idea/contribution
ps , 2ps classical complete results Hamming distances via repeated-root reduc-

tion to simple-root auxiliary codes.
3ps , . . . , 6ps complete Explicit distance formulas and optimal-code

classification for several small base lengths.
7ps , 9ps ,
10ps

broad families3
Computer-assisted simple-root analysis;
Hamming distances of repeated-root
constacyclic codes; MDS, AMDS, self-
orthogonal, dual-containing, and self-dual
codes.

3H. Q. Dinh, H. V. Ha, N. T. V. Nguyen, N. T. H. Tran and T. N. Vo, Hamming distances of constacyclic codes of
length 7ps over Fpm , Finite Fields Appl. 96 (2024), 102420.
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Why an algorithm is needed for length 7ps

For repeated-root constacyclic codes of length ℓps , the standard strategy is:

repeated-root code C =⇒ associated simple-root codes Ct =⇒ dH(C) = min
t

PtdH(Ct).

For ℓ ≤ 6, many Hamming-distance formulas can be obtained by direct symbolic computation. For
ℓ = 7, the number of intermediate cases grows quickly, and hand computation becomes unstable.

Main computational idea
First use a computer-assisted analysis to determine the Hamming distances of all simple-root cyclic
codes of length 7. Then use the simple-root/repeated-root reduction to obtain the distances of
repeated-root codes of length 7ps .
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Step 1: Reduce to simple-root cyclic codes of length 7

Let
C = ⟨g(x)⟩ ⊆ Fq[x ]/⟨x7 − 1⟩, g(x) | x7 − 1.

The key result is

dH(C) =

{
1 + deg g , if g(x) ̸= x7 − 1,

0, if g(x) = x7 − 1.

The upper bound is obtained directly from the Singleton bound. The difficult part is the lower bound

dH(C) ≥ 1 + deg g .

Where the algorithm enters
For the nontrivial degrees deg g = 3, 4, 5, the lower bound is certified by a finite determinant test.
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Step 2: Linear-algebra certificate for the lower bound
Let r = deg g and write

g(x) = g0 + g1x + · · · + gr x r .

A generator matrix of C is the Toeplitz matrix

G =


g0 g1 · · · gr 0 · · · 0
0 g0 · · · gr−1 gr · · · 0
...

. . . . . .
...

0 · · · 0 g0 g1 · · · gr

 ,

with 7 − r rows.

Generator-matrix criterion
By the standard generator-matrix criterion,

dH(C) ≥ r + 1
if and only if, after deleting any r columns of G , the remaining (7 − r) × (7 − r) matrix is nonsingular.

Finite verification problem
For each choice of r deleted columns, check that the corresponding determinant is nonzero over Fq.
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Step 3: Non-vanishing test over finite fields
Let α be a primitive seventh root of unity. A determinant arising from the previous step has the form

D(α), D(x) ∈ Z[x ].

To prove D(α) ̸= 0 over Fq, we use the cyclotomic polynomial

Φ7(x) = 1 + x + x2 + x3 + x4 + x5 + x6.

Compute over Q[x ]:
r(x) = gcd(Φ7(x), D(x)),

and find A(x), B(x) ∈ Q[x ] such that

r(x) = A(x)Φ7(x) + B(x)D(x).

After clearing denominators, obtain an integer polynomial R(x).

Certificate
If R is a nonzero constant and p ∤ R, then D(α) ̸= 0 in Fq.
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Algorithmic verification

Input
A divisor g(x) of x7 − 1, or equivalently a set of roots

g(x) =
∏
i∈L

(x − αi ), L ⊆ {0, 1, . . . , 6}.

1 Construct the shifted generator matrix G of ⟨g(x)⟩.
2 For each choice of r = deg g columns to delete, compute the determinant D(x) of the remaining matrix.
3 For each D(x), apply the extended Euclidean algorithm to Φ7(x) and D(x).
4 Clear denominators and record the integer constant R.
5 If all such constants are nonzero modulo p, conclude that all required determinants are nonzero over Fq.

Hence dH(⟨g(x)⟩) ≥ 1 + deg g .
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Output for simple-root codes of length 7

The verification gives, for every divisor g(x) of x7 − 1 over Fq,

dH(⟨g(x)⟩) = 1 + deg g whenever g(x) ̸= x7 − 1.

Together with the Singleton bound,

dH(C) ≤ n − k + 1 = 1 + deg g ,

this means that every nonzero simple-root cyclic code of length 7 is MDS.

Interpretation
The algorithm is not an exhaustive search over codewords. It is a finite algebraic certificate for the
nonsingularity of all relevant generator-matrix minors.
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Step 4: Return to repeated-root codes of length 7ps

Let
C = ⟨g(x)⟩ ⊆ Fq[x ]/⟨x7ps

− 1⟩, g(x) =
∏
i∈T7

mi (x)ei .

For each 0 ≤ t ≤ ps , define the associated simple-root code

Ct = ⟨gt(x)⟩ ⊆ Fq[x ]/⟨x7 − 1⟩, gt(x) =
∏
ei >t

mi (x).

Then
dH(C) = min

0≤t≤ps
PtdH(Ct),

where Pt = wtH((x − 1)t), computed from the p-adic expansion of t.

Consequence
Since dH(Ct) is known explicitly, the Hamming distance of every repeated-root cyclic code of length 7ps

becomes computable.
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From cyclic to constacyclic codes of length 7ps

A λ-constacyclic code of length 7ps is an ideal of

Fq[x ]/⟨x7ps
− λ⟩.

The factorization of x7 − λ0 determines the generator polynomial, and the same
simple-root/repeated-root strategy applies.

Thus the algorithmic part supplies the missing base case:

simple-root length 7 =⇒ repeated-root length 7ps =⇒ MDS/AMDS classification.
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Literature: symbol-pair codes

Cassuto and Blaum introduced symbol-pair read channels and symbol-pair codes.
Chee–Kiah–Wang established the Singleton-type bound for symbol-pair codes.
Simple-root constacyclic constructions produced MDS symbol-pair codes with small distances.
Repeated-root cyclic codes led to MDS and AMDS symbol-pair codes of lengths such as 3p, 4p,
5p, and ℓp.
Complete symbol-pair distance distributions are still known only in limited repeated-root settings.

Gap
Hamming-distance classification is more developed than symbol-pair-distance classification for
repeated-root constacyclic codes of length ℓps .
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Research direction of this talk

constacyclic
codes

Hamming
distance

support/block
analysis

symbol-pair
distance

MDS/AMDS
families

Guiding problem
For repeated-root cyclic and constacyclic codes, determine when algebraic generators produce optimal
or almost optimal codes under the Hamming metric and the symbol-pair metric.

Strategy
Use exact Hamming-distance information to locate candidates, then prove pair-distance lower bounds by
excluding small support patterns.
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Our contribution: length 4p

Let p be odd and
Ci,j =

〈
(x2 + 1)i(x − 1)j〉 ⊆ Fq[x ]/

〈
x4p − 1

〉
.

The exact symbol-pair distance is

dsp(Ci,j) =



3, (i , j) = (0, 1),
4, (i , j) = (0, 2+), (1+, 0), (1, 1),
6, (i , j) = (1, 2), (2, 1), (2, 2),
7, (i , j) = (1, 3+),
8, otherwise.

MDS pairs

(0, 1), (0, 2), (1, 0), (1, 2), (1, 3).

AMDS pairs

(0, 3), (1, 1), (2, 1), (1, 4), (2, 3).
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Constacyclic transfer

The cyclic length 4p classifications can be transferred to constacyclic codes through suitable ring
isomorphisms. One obtains families generated by

(x2 + ζ2r )i(x ± ζr )j .

cyclic representative ring isomorphism constacyclic family

Interpretation
The hard support analysis is carried out in a cyclic representative; the constacyclic parameters are
inherited through the isomorphism.
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Our contribution: larger pair distances

AMDS code of length 4p
For p > 3,

C =
〈
(x − 1)4(x + 1)(x2 + 1)2〉

⊆ Fpm [x ]/
〈
x4p − 1

〉
.

Then
dsp(C) = 10 ,

so C is AMDS.

MDS code of length 4ps

For p odd and s ≥ 1,
D =

〈
(x − 1)ps −2(x + 1)ps

(x2 + 1)ps
〉

.

Then
dsp(D) = 4ps ,

so D is MDS.
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Our contribution: A classification for the codes of length 3p
Let p ̸= 3 and consider

Ci,j =
〈
(x − 1)i(x2 + x + 1)j〉 ⊆ Fq[x ]/

〈
x3p − 1

〉
.

Main theorem - A sufficient condition for Ci ,j to be optimal
Ci,j is an MDS symbol-pair only if

i ∈ {2j , 2j + 1}.

Ci,j is an MDS symbol-pair cod only if

i ∈ {2j − 1, 2j , 2j + 1, 2j + 2}.

Consequence
Some AMDS symbol-pair codes previously known over prime fields extend to arbitrary finite fields of
characteristic p; a new AMDS family with dsp = 16 is obtained.a

aH. V. Ha, Optimal symbol-pair constacyclic codes of length 3p: new conditions and constructions, J.
Appl. Math. Comput. 72 (2026), 161.
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Proof mechanism: excluding low pair weight

Suppose c(x) is a nonzero codeword with small pair weight. Then c has few cyclic blocks of nonzero
coefficients.

Support restriction
After a cyclic shift, a low pair-weight word has
the form

c(x) = c0 + c1x + cαxα + · · · ,

with exponents lying in few residue classes or
forming short consecutive blocks.

Repeated-root equations
If (x − a)r | c(x), then

c(t)(a) = 0, 0 ≤ t ≤ r − 1.

This yields linear systems and congruence
constraints.

Outcome
Low pair-weight patterns are ruled out, giving sharp lower bounds on dsp.
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Example

For 0 < wtH(c) < n, let ℓ(c) be the number of cyclic nonzero blocks. Then

wtsp(c) = wtH(c) + ℓ(c).

wtH = 6, ℓ = 1, wtsp = 7

wtH = 6, ℓ = 6, wtsp = 12

Key idea
Large pair distance requires excluding small Hamming-weight codewords with few nonzero blocks.
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Summary

Layer Question Results in this direction

Constacyclic struc-
ture

What are the generator polynomials
and duals?

Classification via ideals in Fq [x ]/ ⟨xn − λ⟩.

Hamming metric What is dH? Which codes are MDS,
AMDS, near-MDS?

Complete classifications for new lengths including
7ps , 9ps , and 10ps .

Symbol-pair metric What is dsp? Which codes are
MDS/AMDS pair codes?

New conditions and constructions for repeated-root
cyclic and constacyclic codes of lengths 3p, 4p, and
4ps .

Applications Why do these families matter? Algebraic codes for classical error control, pair-read
channels, DNA-code design, and quantum-code con-
structions.
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Further problems

1 Determine complete Hamming distance/symbol-pair distance distributions for repeated-root constacyclic
codes of length ℓps beyond the currently known cases.

2 Investigate b-symbol metrics, DNA constraints, and quantum-code constructions from these constacyclic
families.

3 Develop decoding algorithms compatible with repeated-root and pair-metric structures.
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Thank you!
Questions and discussion
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