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Talk roadmap

The contents:
1 Some background on Classical Algebraic Geometry.
2 Classical Noether normalization.
3 A noncommutative context: Skew polynomial rings D[x1, . . . , xn; (σ1, δ1), . . . , (σn, δn)]
4 Noether normalization in the case of derivatives D[x1, . . . , xn; (σ1, δ1), . . . , (σn, δn)].
5 Sketch proof of the main theorem
6 Open directions.

Goal of the talk
Explain why quotients of certain iterated skew polynomial rings are finite over a “polynomial-like”
subring generated by algebraically independent skew variables.
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Classical algebraic geometry

Throughout this talk, k is a field and An
k = kn.

Definition 1.1 (Affine algebraic set)
Let S ⊆ be any set of polynomials. The affine algebraic set defined by S is

V (S) = {a = (a1, . . . , an) ∈ An
k : f (a) = 0 for every f ∈ S}.
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Example
The equation y2 = x3 defines a singular curve: V (y2 − x3) = {(t2, t3) : t ∈ k}. It has a cusp at the
origin. Singularities are one of the central reasons algebraic geometry is subtler than elementary analytic
geometry.
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Sets to vanishing ideals

Definition 1.2 (Vanishing ideal)
For any subset X ⊆ An

k , define

I(X ) = {f ∈: f (a) = 0 for every a ∈ X}.

This is an ideal of k[x1, . . . , xn], called the vanishing ideal of X .

Proposition 1.3
For every X ⊆ An

k , the set I(X ) is an ideal of k[x1, . . . , xn].
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Correspondence between geometric set and ideals in k[x1, . . . , xn]

The assignments
S ⊆ k[x1, . . . , xn] 7−→ V (S) ⊆ An

k

and
I(X ) ⊆ k[x1, . . . , xn] ←− X ⊆ An

k

reverse inclusions:
S1 ⊆ S2 =⇒ V (S2) ⊆ V (S1),

X1 ⊆ X2 =⇒ I(X2) ⊆ I(X1).

Ideals in k[x1, . . . , xn] Algebraic sets in An
k

J 7→ V (J)

V 7→ I(V )
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From geometry to algebra

Definition 1.4 (Coordinate ring)
Let V ⊆ An

k be an affine algebraic set. Its coordinate ring is

k[V ] = k[x1, . . . , xn]/I(V ).

Elements of k[V ] are polynomial functions on V : two polynomials represent the same function on V
precisely when their difference vanishes on V .

Coordinate ring intuition: The coordinate ring k[V ] is the ring of polynomial observables on V . It
stores how polynomial functions behave after being restricted to the variety.

Example 1.5 (The parabola has polynomial coordinate ring)
For the parabola P = V (y − x2), it has coordinate ring

k[P] = k[x , y ]/(y − x2) ∼= k[x ].

So it has dimension 1.
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Geometric objects ←→ algebraic objects

A compact dictionary:

Geometry of V Algebra of k[V ] = k[x1, . . . , xn]/I(V )

Algebraic subset W ⊆ V Radical ideal I(W )/I(V ) ⊆ k[V ]
Point p ∈ V Maximal ideal p = I({p})/I(V )
V irreducible I(V ) prime, equivalently k[V ] is an integral

domain
V finite k[V ] finite-dimensional as a k-vector space

Dimension of V Krull dimension of k[V ]

Question:
Given a k-finite generated algebra k[V ] = k[x1, . . . , xn]/I(V ), how do we compute the (Krull) dimension
of k[V ], or the dimension of V ?
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Classical Noether normalization

Theorem 2.1 (Noether normalization 1926)
Let k be a field and let A = k[x1, . . . , xn]/I be a finitely generated commutative k-algebra. Then there
exist algebraically independent elements

y1, . . . , yd ∈ A

such that
(a) A is finite as a module over k[y1, . . . , yd ].
(b) d is the Krull dimension of A.

It replaces a possibly complicated algebra by a finite extension of a polynomial algebra.
Algebraically: it is a basic tool (algorithm) for dimension theory.

Main goal.
The main goal of our work is to introduce a version of Noether’s nomarlization for a noncommutative
setting:
D[x1, . . . , xn; (ω1, δ1), . . . , (ωn, δn)] , where ωi ∈ Aut(D) and δi is ωi - derivation over D.
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ω-derivations and one skew variable

Let R be a ring and let ω ∈ End(R).

Definition 3.1
An additive map δ : R → R is an ω-derivation if

δ(ab) = ω(a)δ(b) + δ(a)b (a, b ∈ R).

If ω ∈ Aut(R) and δ is an ω-derivation, the skew polynomial ring

R[x ; ω, δ]

is the free left R-module with basis 1, x , x2, . . . and multiplication rule

xa = ω(a)x + δ(a), a ∈ R.

δ = 0: automorphic skew polynomial ring.
ω = id: differential operator type relation xa = ax + δ(a).
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Iterated skew polynomial rings

An iterated skew polynomial ring is built one variable at a time:

R[x1; ω1, δ1] · · · [xn; ωn, δn].

At step i ,
xi f = ωi (f )xi + δi (f ), f ∈ R[x1; ω1, δ1] · · · [xi−1; ωi−1, δi−1].

In this talk, we consider skew polynomial ring

D[x1, . . . , xn; (ω, δ1), . . . , (ω, δn)] := D[x1; ω1, δ1] · · · [xn; ωn, δn],

with relations
xi a = ω(a)xi + δi (a), xi xj = xjxi .

Every element f ∈ D[x1, . . . , xn; (ω1, δ1), . . . , (ωn, δn)] := D[x1; ω1, δ1] · · · [xn; ωn, δn] has a unique expression∑
I=(i1,...,in)

bIx i1
1 · · · x in

n , bI ∈ D.
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Example

Let R = k[x1, . . . , xn] be the ring of polynomials over a field k, and let e1, . . . , en be non-zero
elements in k.
Let ω1, . . . , ωn be automorphisms of R defined by ωi(xi) = eixi and ωi(xj) = xj if j ̸= i
For each i = 1, . . . , n, we define ωi -derivation as

δi(f ) = ωi(f )− f
ωi(xi)− xi

Then:
1 δi is an ωi -derivation.
2 ωi commutes δj , ωi commutes ωj , δi commutes δj for i ̸= j .
3 Ker(δ1) = · · · = Ker(δn) = Rω1 = · · · = Rωn = k.
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some basis computations

Lemma 3.2

Let S = R[t1, . . . , tn; (ω1, δ1) . . . (ωn, δn)] be an iterated skew polynomial ring over a ring R. Then
1 For k ≥ 1,

tk
i r = ωk

i (r)tk
i + ak−1tk−1

i + · · ·+ a1ti + δk
i (r)

for some elements a1, . . . , ak−1 ∈ R.
2

t i1
1 . . . t in

n r = ωi1
1 ◦ · · · ◦ ωin

n (r)t i1
1 . . . t in

n +
∑

K=(k1,...,kn)∈Nn

aK tk1
1 . . . tkn

n

where aK ∈ R and the summation is taken over all K = (k1, . . . , kn) ∈ Nn satisfying 0 ≤ kj ≤ ij ,
and k1 + · · ·+ kn < i1 + · · ·+ in.

3 For r ∈ R,
(rtj)m = rωj(r) . . . ωm−1

j (r)tm
j + am−1tm−1

j + · · ·+ a1tj

for some a1, . . . , am−1 ∈ R.
4 S is a free left module over R with basis {t i1

1 . . . t in
n : i1, . . . , in ≥ 0}.
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Combinatorial Nullstellensatz

Theorem 3.3 (The Classical Bezout’s Theorem,1779)
Let f = anxn + an−1xn−1 + · · ·+ ax + a0 be a polynomial of degree n in C[x ]. The followings hold true:

1 f (x) = 0 has at most n solutions.
2 If A ⊂ C such that |A| > n and f vanishes on A then f is the zero polynomial f ≡ 0.
3 If f ̸= 0 and A ⊂ C such that |A| > n, then there exits a ∈ A such that f (a) ̸= 0.

The case of multivariables: F [x1, . . . , xn]

Theorem 3.4 (Combinatorial Nullstellensatz by N. Alon 1999)
Let F be an arbitrary field, and let f = f (x1, . . . , xn) be a polynomial in F [x1, . . . , xn]. Suppose the
degree deg(f ) of f is

∑n
i=1 ki , where each ki is a nonnegative integerThen, if S1, . . . , Sn are subsets of

F with |Si | > ki , there exist (s1, . . . , sn) ∈ S1 × · · · × Sn so that

f (s1, . . . , sn) ̸= 0.
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Combinatorial Nullstelensatz over Division ring

Theorem 3.5 (Combinatorial Nullstellensatz by N. Alon 1999)
Let F be an arbitrary field, and let f = f (x1, . . . , xn) be a polynomial in F [x1, . . . , xn]. Suppose the
degree deg(f ) of f is

∑n
i=1 ki , where each ki is a nonnegative integerThen, if S1, . . . , Sn are subsets of

F with |Si | > ki , there exists (s1, . . . , sn) ∈ S1 × · · · × Sn so that

f (s1, . . . , sn) ̸= 0.

Theorem 3.6 (D.V. Hoang, P.T. Toan 2026)

Let D be a division ring and
f (t1, . . . , tn) =

∑
I=(i1,...,in)∈Nn

bIt i1
1 . . . t in

n

be a skew polynomial of degree m > 0 in D[t1 . . . , tn]. Let A1, . . . , An be subsets of non-conjugate
elements in D such that |Ai | > m for i = 1, . . . , n. Then there exists (a1, . . . , an) ∈ A1 × · · · × An such
that

f (a1, . . . , an) =
∑

I=(i1,...,in)∈Nn

bIai1
1 . . . ain

n ̸= 0
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Automorphically finitely generation

Definition 3.7
Let R ⊆ S be a ring extension. We say that S is skew finitely generated over R if

S ∼= R[x1, . . . , xn; (ω1, δ1), . . . , (ωn, δn)]/I,

where I is a two-sided ideal with I ∩ R = 0.

Equivalently, S is generated by commuting elements s1, . . . , sn such that

si r = ωi(r)si + δi(r), r ∈ R.

Why I ∩ R = 0?
It allows us to identify the base ring R with its image inside the quotient.
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Left algebraic independence

Let R ⊆ S and let s1, . . . , sm ∈ S be commuting elements.

Definition 3.8
The elements s1, . . . , sm are left algebraically independent over R if the monomials

{s i1
1 · · · s im

m : i1, . . . , im ∈ N}

are left linearly independent over R.

Equivalently, there is no nonzero standard-form polynomial

f =
∑

I
bIy i1

1 · · · y im
m

with coefficients bI ∈ R such that
f (s1, . . . , sm) = 0.

This is the noncommutative analogue of algebraic independence used in the normalization statement.
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Skew normalizability

Definition 3.9
Let D be a division ring and let D ⊆ S be an extension. We say that S is skew normalizable over D if
there exist commuting automorphic elements

v1, . . . , vs ∈ S

which are left algebraically independent over D, and such that

S is a finitely generated left module over D[v1, . . . , vs ].

Because of left algebraic independence,
D[v1, . . . , vs ]

is isomorphic to a polynomial ring over D.
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Main Theorem: Skew Noether normalization

Lemma 4.1 (A technical lemma)

Let R be a ring and let ω ∈ Aut(R). Suppose that δ1, . . . , δn are ω-derivations of R satisfying

ω ◦ δi = δi ◦ ω and δi ◦ δj = δj ◦ δi , ∀i , j

Let F = Z (R) ∩ Rω ∩Ker(δ1) ∩ · · · ∩Ker(δn), and a1, . . . , an ∈ F .
Assume that s1, . . . , sn are commuting automorphic elements with respect to (ω, δ1), . . . , (ω, δn)
respectively.
Let d1 = δ1 + a1δn, . . . , dn−1 = δn−1 + an−1δn, dn = δn, and
u1 = s1 + a1sn, . . . , un−1 = sn−1 + an−1sn, un = sn. Then:

1 di is an ω-derivation for each 1 ≤ i ≤ n.
2 ω ◦ di = di ◦ ω and di ◦ dj = dj ◦ di for all 1 ≤ i , j ≤ n.
3 u1, . . . , un are commuting automorphic over R with respect to (ω, d1), . . . , (ω, dn) respectively.
4 F is contained in Z (R) ∩ Rω ∩Ker(d1) ∩ · · · ∩Ker(dn).
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Main Theorem: Skew Noether normalization

Theorem 4.2 (E. Paran, V.N. Thieu 2025)
Let D be a division algebra and let σ be an automorphism of D such that the field F = Z (D) ∩ Dσ is
infinite. Then any constant tuple (σ, . . . , σ) is automorphically normalizable over D. This means:
If S = D[x1, . . . , xn; (σ, . . . , σ)] be an arbitrary skew finitely generated extension of D then S is skew
normalizable over D.

Theorem 4.3 (D.V. Hoang, P.T. Toan 2026)

Let D be a division ring, ω be an automophism of D, and δ1, . . . , δn be ω-derivations of D such that
ω ◦ δi = δi ◦ ω and δi ◦ δj = δj ◦ δi for all 1 ≤ i , j ≤ n. Assume that
F = Z (D) ∩ Dω ∩Ker(δ1) ∩ · · · ∩Ker(δn) is an infinite set.
Then the tuple (ω, δ1; . . . ; ω, δn) is skew normalizable.
This means:
If S = D[x1, . . . , xn; (ω, δ1), . . . , (ω,δn)] be an arbitrary skew finitely generated extension of D then S is
skew normalizable over D.
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The noncommutative question-discussion
In a noncommutative setting, several features of the classical statement must be replaced.

Classical side
base field k;
polynomial ring k[x1, . . . , xn];
algebraic independence;
finite module over a commutative polynomial
subring.

Skew side
base division ring D;
D[x1, . . . , xn; (σ1,1 ), . . . , (σn, δn)] skew
variables satisfying xa = ω(a)x + δ(a);
left algebraic independence;
finite left module over a skew-polynomial
subring.

Central difficulty
The variables commute with each other, but they do not commute with coefficients in D.

Open question:
Under what assumption the tuple (ω1, δ1; . . . , ωn, δn) is normalizable?
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Main contributions of our paper

1 Define and study skew normalizability for quotients of skew polynomial rings over a division ring.
2 Prove a strengthened Combinatorial Nullstellensatz over division rings using conjugacy classes.
3 Establish the main normalization theorem for tuples

(ω, δ1; . . . ; ω, δn)

under natural commutation assumptions.
4 Derive a finite-over-center consequence for centrally finite division rings.

Guiding slogan
A good linear change of skew variables turns an algebraic dependence into a monic relation, hence into
module finiteness.
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Proof flow of the main theorem

algebraic dependence
f (x1, . . . , xn) = 0

linear change
ti = xi − cixn

Nullstellensatz
choose ci ∈ F

monic relation
for tn

finite module
over D[t1, . . . , tn−1]

induction on
number of variables
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Step 1: induction and the independent case

Let S be a skew finitely generated extension of D with commuting generators

x1, . . . , xn, xia = ω(a)xi + δi(a).

We prove skew normalizability by induction on n.

If x1, . . . , xn are left algebraically independent
Then

S = D[x1, . . . , xn]

is already a skew polynomial ring over D, and S is finite over itself.

Thus the essential case is when there is a nonzero relation

f (x1, . . . , xn) = 0.
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Step 2: choose a dependence relation
Assume x1, . . . , xn are left algebraically dependent over D. Then there exists a nonzero standard-form
polynomial

f (y1, . . . , yn) =
∑

I
bIy i1

1 · · · y in
n , bI ∈ D,

such that
f (x1, . . . , xn) = 0.

Let
N = deg f .

Write the leading homogeneous part as

h(y1, . . . , yn−1) =
∑

i1+···+in=N
bIy i1

1 · · · y
in−1
n−1.

Target
Find c1, . . . , cn−1 ∈ F with

h(c1, . . . , cn−1) ̸= 0.
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Step 3: use the Nullstellensatz to choose constants
Because F is infinite and central, choose finite subsets

A1, . . . , An−1 ⊆ F

with |Ai | > N.

Since distinct elements of F ⊆ Z(D) are non-conjugate, the division-ring Nullstellensatz gives

(c1, . . . , cn−1) ∈ A1 × · · · × An−1

such that
a := h(c1, . . . , cn−1) ̸= 0.

Set
ti = xi − cixn (i < n), tn = xn.

Result of the choice
The coefficient of tN

n after the change of variables is nonzero.
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Step 4: the leading term after substitution

Using
xi = ti + ci tn (i < n), xn = tn,

and the fact that ci ∈ F commute with the tj , we expand

f (x1, . . . , xn) = atN
n +

N−1∑
j=0

vjt j
n, where a = h(c1, . . . , cn−1) ∈ D×, vj ∈ D[t1, . . . , tn−1]

Since f (x1, . . . , xn) = 0, multiplying on the left by a−1 gives

tN
n +

N−1∑
j=0

a−1vjt j
n = 0.

Consequence
tn satisfies a monic left polynomial relation over D[t1, . . . , tn−1].
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Step 5: finiteness over one fewer variable
Let

A = D[t1, . . . , tn−1].

The monic relation

tN
n +

N−1∑
j=0

a−1vjt j
n = 0

shows that every sufficiently high power of tn is a left A-linear combination of

1, tn, . . . , tN−1
n .

Therefore
S = A[tn]

is a finitely generated left A-module.

Reduction
The problem is reduced from n variables to the (n − 1)-variable skew extension A = D[t1, . . . , tn−1].
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Step 6: the new generators are still skew variables

For i < n and a ∈ D,
tia = (xi − cixn)a

= ω(a)xi + δi(a)− ciω(a)xn − ciδn(a)
= ω(a)ti + (δi − ciδn)(a).

Thus ti is automorphic over D with respect to

(ω, δi − ciδn).

The compatibility conditions are preserved:

ω(δi − ciδn) = (δi − ciδn)ω,

and the new derivations commute with each other.
Hence

A = D[t1, . . . , tn−1; (ω, δ1 − c1δn), . . . , (ω, δn−1 − cn−1δn)].
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Step 7: induction and transitivity
By the induction hypothesis, the (n − 1)-variable extension

A = D[t1, . . . , tn−1]

is skew normalizable over D.

We have already shown that
S

is a finitely generated left module over A.

Lemma 5.1 (Transitivity)
If A is skew normalizable over D and S is finite as a left A-module, then S is skew normalizable over D.

Therefore S is skew normalizable over D.

End of induction
This proves the theorem for n variables.
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The proof in one slide

1 Start with a skew finitely generated extension S = D[x1, . . . , xn].
2 If the xi are independent, stop.
3 Otherwise choose a nonzero relation f (x1, . . . , xn) = 0 of degree N.
4 Use the Nullstellensatz over the infinite central set F to select c1, . . . , cn−1 avoiding the vanishing

of the leading coefficient.
5 Set ti = xi − cixn and tn = xn.
6 Obtain a monic relation for tn over D[t1, . . . , tn−1].
7 Conclude module finiteness, apply induction, and use transitivity.

Key mechanism
The argument is a noncommutative version of the generic linear projection idea behind classical Noether
normalization.

31 / 34



Possible directions

Extend the theorem to tuples with different automorphisms ωi .
Clarify dimension-theoretic consequences of skew normalizability.
Explore applications to operator algebras, quantum algebras, and noncommutative algebraic
geometry.
Compare skew normalizability with other noncommutative finiteness properties.
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Thank you
Questions and comments are welcome.
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