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Question 1. 

a) The tautology that is used in Proof by Contradiction is usually written as 
PQQP ~))~(( ⇒∧⇒ . 

b) Assume the set of all prime numbers P is finite; so the primes can be listed as p1, p2, … pn. 
Now consider the natural number q=p1p2…pn+1. All numbers p1, p2, … pn leave a remainder 
of 1 when dividing q. Therefore, q must also be a prime number. However, it is not one of 
our known prime numbers, and so does not belong to our set of prime numbers, which is a 
contradiction. Therefore, the set of primes is not finite. 

Question 2. 

a) The tautology that is used in Proof by Contrapositive is usually written as 
)~(~)( PQQP ⇒⇒⇒ . 

b) Let P(n) and Q(n) be the statements ``n3 is odd’’ and `ǹ is odd’’, which n is an integer. 
~P(n) is the statement ``n3 is not odd’’ or `ǹ3 is even’’. 
~Q(n) is the statement ``n is not odd’’ or `ǹ is even’’. 
The contrapositive of the statement is therefore ``n is even ⇒  n3 is even’’. 
``n is even’’ implies )2(, pnZp =∈∃ and `ǹ3 is even’’ implies )2(, 3 qnZq =∈∃ . 

qnpnpnpnpn 2)4(28)2(2 3333333 =⇒=⇒=⇒=⇒= , 
where q=4p3, which is an integer by closure of addition and multiplication on the integers. 
Therefore, `ǹ is even ⇒  n3 is even’’ is true when n is an integer, and by proof by 
contrapositive, the original statement must also be true. 

Question 3. 

 (a)  We prove that for each a,b in R, where a ≠ 0, b ≠ 0 and a ≠ b,
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 (b)  We prove that there exists an integer such that the sum of its digits is 17 by giving an 
example: take x=89. Then 8+9=17. 

Question 4. 

To prove for all natural numbers n ≥ 4, nn 2!> , we first define a predicate: CLAIM(n) is ``n!>2n’’. 
Basis: CLAIM(4) says ``4! > 42’’. LHS=24, RHS=16, so CLAIM(4) is true. 
Assume CLAIM(k) is true for some k>4. That is k! > 2k. 
We want to show CLAIM(k+1); that is, (k+1)! >2k+1. 
(k+1)!=(k+1)k! > (k+1)2k (by assumption), >2k+1, since k>4 (by assumption.) 
Hence, by the generalised principle of mathematical induction, CLAIM(n) is true for all n ≥ 4. 

 

Question 5. 

We first prove that the product of two odd numbers is odd: take x,y to be odd, that is, ∃ k,l ∈ Z such 
that x=2k+1 and y=2l+1. Then xy=(2k+1)(2l+1)=2(2kl+k+l)+1 , and 2kl+k+l ∈ Z by closure of 



addition and multiplication on the integers. 

We can use mathematical induction to prove that the product of n odd numbers is odd: define 
CLAIM(n) to be that the product of n odd numbers is odd for n ≥ 2.. The working above shows the 
basis CLAIM(2) is true. Assume CLAIM(k) is true for some k ≥ 2. That is xk, the product of k 
numbers is odd. Take yk+1 to be odd. Then xkyk+1 is odd. Hence, by mathematical induction the 
product of n odd numbers is odd. 

We claim that 2 is the only even prime number. Suppose not: suppose x is an even prime. Then 
there exists k such that x=2k, contradicting x being prime. Hence p2, p3, … pn are all odd. Hence m = 
p2p3...pn is odd. Then m + 1 is even, and hence not prime.  

Question 6. 

Consider the following argument: 

If 19 is less than 15, then 11 is not a prime number.   
19 is not less than 15. So 11 is a prime number. 

(a) Take P = ``19 < 15’’, Q = ``11 is prime’’. Then the argument is .)~)~(( QPQP ⇒∧⇒  

(b) The statement is contingent, therefore the argument is not valid. 

P Q ((P ⇒  ~Q) ∧ ~P) ⇒  Q 

   2 1 4 3 5*  

T T  F F F F T  

T F  T T F F T  

F T  T F T T T  

F F  T T T T F  

(c)  The argument could be changed as follows:  

If 19 is not less than 15, then 11 is a prime number.    

19 is not less than 15.  So 11 is a prime number.  

Here the second occurrence of statement P and the first occurrence of statement Q have been 
replaced by their negations, so the argument now reads as follows: 
 .)~)((~ QPQP ⇒∧⇒  
Statement P is a false statement, so ~P is a tautology. Statement ~P⇒Q is now also a tautology. 
This new argument could be considered a variation on Modus Ponens, and so is a valid argument. 

Question 7. 

Two possible subgraphs are H1=(V1, E1) where V1={v1} and E1={e1, e2}. 

H2=(V2, E2) where V2={v2, v3} and E2={e3, e4}. 
 
There are other solutions. 


