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Question 1 Marks 34 

(a) Define or otherwise explain the following terms in relation to the set of integers Ÿ: 

(i) Law of Trichotomy. 

(ii) Distributivity.  

(iii) Commutativity under ordinary multiplication. 

(iv) Associativity under ordinary addition.  

(b) Explain whether the set of integers Ÿ is well-ordered. 

(c) Consider the set B = {-1, 0, 1}.   

(i) Determine, giving reasons, which of: ordinary addition, ordinary subtraction, ordinary 
multiplication, and ordinary division is a closed operation on B.  

(ii) Determine, giving reasons, the Identity elements under the operations of addition and 
multiplication in B. 

(iii) Determine the additive inverses and the multiplicative inverses of those elements of B 
that have multiplicative inverse elements. 

Question 2 Marks 41 

(a)  (i) What is the smallest number m Œ Õ for which m! > 4m ? 

 (ii) Use the Generalised Principle of mathematical induction to prove that  

 n! > 4n for all natural numbers n ≥ m.  

(b) Prove by mathematical induction that for all n Œ Õ, 15n – 7n is divisible by 8. 
(c) Given that un+2 = 3un+1 - 2un for all n Œ Õ, u1 = 5 and u2 = 3,  

(i) Prove or disprove the statement that un ≥ 0 for all natural numbers 

(ii) Use the Strong Principle of Induction to prove that un is odd for all n Œ Õ. 

Question 3 Marks 38 

 (a) Define or otherwise explain the following logical rules: 

(i) Modus Ponens. 

(ii) Law of Syllogism. 

(b) Consider the following statement: 

If a product of two positive real numbers is greater than 100, then at least one of the 
numbers is greater than 10.   

Prove this statement using proof by contradiction. 

(c) Show by a direct proof that 9y2 + 3 ≥ 12y - 1. 
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(d) Consider the following statements: 

If 5 is greater than 8, then 29 is not a prime number. 
However, 5 is not greater than 8. 
Therefore, 29 is a prime number. 

Translate these statements into symbolic notation and, using a truth table, show whether or 
not they form a valid argument.  

(e) (i) Prove or disprove the following statement: $x Œ —, y Œ —, xy = 0. 

(ii) Is the statement in 3(e)(i) an existential statement or a universal statement. Explain 
briefly.  

(f) (i)  Complete the tautology (P î R) and (Q î R) ï (……….. î …) 

(ii) By considering all cases, prove or disprove the following statement: 

For any integer z Œ Ÿ, (2z)2 is an even positive integer. 

Question 4 Marks 57 

(a) Define or otherwise explain the Fundamental Theorem of Arithmetic. 

(b) Write down a composite integer, m, such that m and 7 are not relatively prime.  

(i) What is the value of gcd(m, 7)? Briefly explain your answer. 

(ii) What is the value of lcm(m, 7)? Briefly explain your answer. 

(c) (i) Use the Sieve of Eratosthenes to find all the prime numbers between 1 and 80. 

(ii) Write down all the sets of twin primes that lie between 1 and 80. 

(iii) Write down each set of twin primes that lie between 1 and 80 whose sum is a perfect 
square. 

(d) (i)  Use the Euclidean Algorithm to find the greatest common divisor of 76 and –1657. 

(ii) Find integers m and n such that gcd(–1657, 76) = m(–1657) + n(76).  

(e) A school administrator wants to assign 80 students to 13 classes so that no class has more 
than 12 students.  Show that there must be at least 3 classes with 6 or more. 

(f) (i) Define or otherwise explain the Quotient-Remainder Theorem. 

(ii) Using the Quotient-Remainder Theorem, or otherwise, show that for any odd natural 
number n Œ Õ, 8| n 2 – 1.  
[Hint: Any natural number can be expressed in the form 4k, 4k +1, 4k + 2 or 4k + 3] 

(g) (i) Prove or disprove the following statement:  

The sum of any 5 consecutive natural numbers is always divisible by 5. 

(ii)  Prove or disprove the following statement:  

The sum of any n consecutive natural numbers is always divisible by n. 


