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DIRECTIONS TO CANDIDATES 
 
 
 
1. Total number of questions:  6. 

2. All questions are to be attempted. 

3. Questions are printed on both sides of the paper. 

4. All answers must be written in the Examination Answer Booklet supplied. 

5. Questions are not of equal value. 

6. All working must be clearly shown. 

7. College approved calculators may be used. 

8. No other examination aids are permitted. 

9. Electronic dictionaries are not allowed. 

10. Non-English speaking background students may use an approved English to Foreign 

language translation dictionary 

11. The examination paper must not be removed from the examination room and must be 

submitted with the examination answer booklet. 

12. During the 5 minutes reading time, you may make notes on the examination paper only. 

Answer Booklets must remain closed. 
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START OF EXAM 
Question 1.  

(a) Write the following statement in predicate calculus notation using quantifiers and 

variables: 

“Both the sum and the difference of any two natural numbers is also a natural number.”  

 [3] 

(b) Write the following statement in simple English without using quantifiers or variables: 

 ))2313(oddis(, +=∨+=∈∃⇒∈∀ yxyxyxx   [2] 

(c) For the statement  2,, xyxy <∈∀∈∃   

(i) Write the negation of the statement in predicate calculus notation using quantifiers 

and variables. [3] 

(ii) State whether the negation is true or false, giving reasons for your answer. 

 [2] 

Question 2.  

(a) Using a full truth table, determine whether the following statement is a tautology, a 

contradiction, or is contingent: 

 )~)((~))~((~ rqpqrp ⇒∧⇔∧∨  [5] 

(b) Using the “quick” method for evaluating truth tables, prove that the following statement 

is a tautology: 

 )~)~((~))((~ pqrqrp ∨∨⇒∧∧  [5] 
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Question 3.  

(a) Using the Rules of Substitution and Substitution of Equivalence prove that the 

following statement is a tautology  

 )~)~((~))((~ pqrrqp ∨∨⇒∧∧  [4] 

You may use the following and other known tautologies: 

(i) )(~)( qpqp ∨⇔⇒  

(ii) )~(~)(~ qpqp ∨⇔∧  

(iii) ))(())(( rqprqp ∨∨⇔∨∨  

(iv) ppp ⇔∨

(b) Explain the following terms as they relate to the set of integers Ÿ. 

(i) Law of Trichotomy; [2] 

(ii) Associativity under ordinary multiplication; [2] 

(iii) Commutativity under ordinary addition. [2] 

(c) Prove using the Principle of Mathematical Induction: 

“For all integers nnnn +=++++≥ 22642,1 L .” [5] 

Question 4.  

(a) Define or otherwise explain the Fundamental Theorem of Arithmetic. [2] 

(b) Write down two composite integers, m and n, that are relatively prime.  [2] 

(i) What is the value of gcd(m, n)? Briefly explain your answer. [2] 

(ii) What is the value of lcm(m, n)? Briefly explain your answer. [2] 

(c) Use the Sieve of Eratosthenes to find all the prime numbers between 1 and 40. [4] 

(i) List the twin primes between 1 and 40. [2] 

(ii) Write down a set of twin primes, between 1 and 40, whose sum is a perfect 

square. [1] 

(d) Use the Euclidean Algorithm to find )86,1567gcd(−  and find integers m and n such 

nm 861567)86,1567gcd( +−=− . [10] 
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Question 5.  

(a) Consider the following tautology: 

)oddisoddis(, 2zzz ⇒∈∀   

Explain how Modus Ponens can be used to prove that 2511301  is odd. [2] 

(b) Consider the following statements: 

If 7 is less than or equal to 3, then 11 is not a prime number. 

11 is a prime number. 

What conclusion can be made? State what rule is used in making your conclusion. 

 [2] 

(c) Define or otherwise explain the Law of Syllogism. [2] 

(d) Show by a direct proof that 11239 2 −≥+ yy . [3] 

(e) Complete the tautology )()()( KKKKKK ⇒⇔⇒∧⇒ rqrp  [1] 

Question 6.  

(a) Prove or disprove the following statements: 

(i) For all integers a, b and c, if ba |  and ca |  then )(| cba −  [2] 

(ii) ( )3|4, 2 −∈∀ zz  . [2] 

(b) A pigeon fancier wants to provide sufficient cages to ensure that during a pigeon race, 

none of his cages will have to accommodate more than 5 pigeons.  Given that there are 

102 pigeons racing, what is the minimum number of cages that you would advise should 

be provided? [2] 

(c) Define or otherwise explain the Quotient-Remainder Theorem. [2] 

(d) Show that any integer n can be written in one of the 3 forms: 

23,13,3 +=+== qnqnqn , for some integer q. [2] 

 
END OF EXAM 


