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DIRECTIONS TO CANDIDATES 

 
 
 
 
 
1. Total number of questions:  8. 

2. All questions are to be attempted. 

3. All answers must be written in the Examination Answer Booklet supplied. 

4. Questions are of equal value. 

5. All working must be clearly shown. 

6. Non-programmable calculators may be used. 

7. No other examination aids are permitted. 

8. Electronic dictionaries are not allowed. 

9. Non-English speaking background students may use an approved English to 

Foreign language translation dictionary 

10. The examination paper must not be removed from the examination room and 

must be submitted with the examination answer booklet. 

11. During the 5 minutes reading time, you may make notes on the examination 

paper only. Answer Booklets must remain closed. 
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START OF EXAM 
 

Question 1  (15 marks) 

(a) Write down the definition of a prime number. [3] 

(b) Define or explain the following properties on �. 

(i) The Commutative Law for Multiplication [2] 

(ii) The Distributive Law [2] 

(iii) The Associative Law for Addition [2] 

(c) Prove or disprove the following statement: 

The interval }11:{)1,1[ <≤−∈=− xx �  is a well-ordered set. [3] 

(d) State the Law of Trichotomy on �. [3] 

 

Question 2  (15 marks) 

(a) Using the Principle of Mathematical Induction, prove the following. 

 ( )14|15, 2 −∈∀ nn �  [5] 

(b) A student gave the following as an example of the Law of Modus Ponens. 

 “If I am rich, then I am happy. 

 I am happy. 

 Therefore, I am rich.” 

Does this example correctly show the Law of Modus Ponens? Explain. [2] 

(c) Carefully prove the following statements. 

(i) 3211, 2 <+⇒<<−∈∀ xxx �  [3] 

(ii) 0,, ≥+∈∃∈∀ yxyx ��  [3] 

(iii) 5, 2 ++∈∃ nnn �  is a composite number. [2] 

 



WCA-WUCT121-EXSF Page 4 of 9 

Question 3  (15 marks) 

(a) Determine which of the following sentences are statements. 

For each statement, write down its truth value. 

(i) If n is an odd integer, then 2n  is also an odd integer. [1] 

(ii)  0, 2 >∈∀ xx � . [1] 

(b) Let  p, q and r be statement variables. 

Construct the truth table for the compound statement:  ))()~(()( qrqpqp ∧⇒∧⇒∨  

Hence determine if the above statement is a tautology, a contradiction or a contingent 

statement.  [3] 

(c) Let  p, q and r be statement variables. 

Using the quick method, show clearly that the following is a tautology. 

))((~)( qprqp ⇒∨⇒∧ . [3] 

(d) Consider the following statement. 

P: The reciprocal of every real number is a real number. 

(i) Write this statement using logical quantifiers. [2] 

(ii) Write the negation of the statement ~P, using logical quantifiers. [1] 

(iii) State whether P or ~P is true. [1] 

(e) Let  p and q be statement variables. 

By using known logical equivalences, show that qpqpp ∧≡⇒∧ )(  [3] 
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Question 4  (15 marks) 

(a)  

(i) Write down a brief but clear statement of the Quotient-Remainder Theorem. [2] 

(ii) Use the Quotient-Remainder Theorem to prove that every integer is either odd 

or even. [2] 

(b)  

(i) Use the Euclidean Algorithm to find )1092,429gcd(=d . [3] 

(ii) Find the values of �∈nm,  such that nmd 1092429 += . [3] 

(c) Use the Pigeonhole Principle to determine the least number of people in a group of 30 

who must have been born in the same month. [2] 

(d) Prove cacbbacba |)||(,,, ⇒∧∈∀ � . [3] 

 

Question 5  (15 marks) 

(a) Prove that )(mod)(mod nacabncb ≡⇒≡ . [3] 

(b) Find x such that )13(mod350 x= . [3] 

(c) Let ]}3[],2[],1[],0{[4 =� , as defined in lectures.  

(i) Construct the multiplication table for 4� . [3] 

(ii) Solve the equation 4for],2[]2[ �∈= xx . [2] 

(iii) Solve the equation 4for],2[]3[ �∈= xx . [1] 

(iv) What is the identity for 4�  under multiplication? [1] 

(v) Where possible, write down the inverse under multiplication for the elements 

of 4� . [2] 
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Question 6  (15 marks) 

(a) Let }9,8,7,6,5,4,3,2,1{=U , }5,3,1{=A , }1{=B  and }6,3{=C . 

Write down the following sets: 

(i) BA∩  [1] 

(ii) AC −  [1] 

(iii)  )(CP  [1] 

(iv) CB ×  [1] 

(v) CA∪  [1] 

(b) Let U be a universe and let A, B, C  be elements of  )(UP . 

(i) Using a typical element argument, prove that BABA ∩=− . [4] 

(ii) Using De Morgan’s Laws and part (b)(i), or otherwise, prove that 

)()()( CBACABA ∪−=−∩− . [3] 

(c) Let �=U , }6,4,2{=A , }4{=B  and }3:{ <∈= xxC � . 

Determine whether the following statements are True or False. 

(i) C∈2  [1] 

(ii) B∈∆  [1] 

(iii) )(}4{ AP⊆  [1] 
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Question 7  (15 marks) 

(a) Let }4,3,2,1{=X  and let 1R  be the relation on X given by:  

 )}4,3(),4,2(),3,1(),1,1{(1 =R . 

(i) Write down the domain and range of 1R  [2] 

(ii) Write down 1
1
−R . [1] 

(iii) Is 1R  a function? Give reasons. [2] 

(b) Let 2R  the relation on Õ defined by }:),{(2 yxyxR ≤= . 

(i) Write down four (4) elements of 2R . [2] 

(ii) Prove or disprove each of the properties of reflexivity, symmetry and 

transitivity for 2R . [3] 

(iii) Determine whether 2R  is an equivalence relation or not. [1] 

(c) Let }4,3,2,1{=A . Let )42)(31(),231( == GF  be permutations on A. 

Simplify the following: 

(i) FG  [2] 

(ii) GF 1−  [2] 
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Question 8  (15 marks) 

(a)  

(i) Sketch the graph },{ EVG = , where  },,,,,{ 654321 vvvvvvV =  and 

)},(),,(),,(),,(),,(),,(),,{( 54423332413121 vvvvvvvvvvvvvvE = . [2] 

(ii) Is the graph G a simple graph? Explain. [1] 

(iii) What is the degree of the vertex 3v  in the graph G? [1] 

(iv) Is the graph G connected? Explain. [1] 

(b)  

(i) In a graph G, by considering the edges of G, show that the sum of the degrees 

of all vertices of G is even. [2] 

(ii) State Euler’s Theorem concerning the existence of Eulerian circuits in a 

connected graph. [2] 

(c) Copy the two graphs below into your answer booklet. 

Then, by labelling the graphs suitably, show that they are isomorphic. 

 

  [2] 
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(d) Use Kruskal’s Algorithm to find and draw a minimal spanning tree for the following 

weighted graph. [4] 
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