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DIRECTIONS TO CANDIDATES 
 
 
 
 
 
1. Total number of questions:  6 
 
2. All questions are to be attempted. 
 
3. All answers must be written in the Examination Answer Booklet supplied. 
 
4. Questions are of equal value. 
 
5. All working must be clearly shown. 
 
6. Non-programmable calculators may be used. 
 
7. Electronic dictionaries are not allowed. 
 
8. Non-English speaking Background students may use an approved English to 

Foreign language translation dictionary 
 
9. No other examination aids are permitted. 
 
10. The examination paper must not be removed from the examination room and 

must be submitted with the examination answer booklet. 
 
11. During the 5 minutes reading time, you may make notes on the examination 

paper only. Answer Booklets must remain closed. 
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START OF EXAM 
 
Question 1  (30 marks) Marks 

 
(a) Determine whether the following are statements. In the case of a statement, 

determine whether the statement is True or False. 

(i) 23 is a prime number. 

(ii) Is π a rational number? 

(iii) xzxy =  implies zy =  for all ∈zyx ,, . 
5 

(b) Let P, Q, R  be statements, and consider the statement 

 ((P  ∨  Q)   ∧  R)  ⇒  (P  ∧  ~ Q). 

(i) Construct the truth table for this statement. 4 

(ii) Classify the statement as a tautology, a contradiction or a contingent 
statement, giving a reason for your answer. 1 

(c) Let P and Q be statements, and consider the statement 

 (P ⇒ Q)  ∧  ~ Q  ⇒  ~ P.   Show the statement is a tautology by: 

(i) using the “quick method”; 4 

(ii) using known logical equivalences. [Hint:  A ⇒  B  ≡  ~ A  ∨  B ] 5 
(d) Consider the two statements: 

   1.   1,, +=∈∃∈∀ xyyx ,, ; 

   2.   1,, +=∈∀∈∃ xyxy ,,, . 

(i) Write down each of these statements in English. Make sure you 
label each one clearly. 4 

(ii)  Write down the truth values of each statement. 2 
(e) Consider the statement:    

  For every n ∈ Ù, there exists m ∈ Ù such that nm ≤2  and 12 +< mn . 

(i) Write down this statement using logical quantifiers. 2 

(ii) Write down the negation of the statement, using logical quantifiers. 3 
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Question 2  (30 marks) Marks 

(a) Let P, Q, R be the following statements: 
P: It rains, Q: I will stay inside, R: I will play computer games 

Convert the following argument into logical notation, using the suggested 
variables. 
Then provide a formal proof, giving the names of the laws of proof you are using. 

 
“If it rains then I will stay inside. 
If I stay inside then I will play computer games. 
It is raining. 
Therefore I will play computer games.” 5 

(b) Carefully prove or disprove the following statements: 

(i) "n ∈ Ù, n is prime ⇒ n is odd. 2 

(ii) "x ∈ —, ( ) 11544 2 >−⇒>∨−< xxx . 
3 

(iii) ∃x ∈ —, x
x
>

1 . 
2 

(iv) "x, "y ∈ —, ( ) ( )yxyx =⇒= 22 . 
2 

(c) Prove:  "x ∈ —,  xx 212 ≥+ . 2 

(d) Use proof by cases to prove: "n ∈ Ù, 12 ++ nn  is odd. 4 
(e) State which of the following sets are equal: 

(i) { }2,1=A  
(ii) { }31: <≤−∈= xxB   
(iii) { }31: <<−∈= xxC   
(iv) { }31: <<−∈= xxD   
(v) { }31: <<−∈= xxE  . 2 

(f) Let =U , and let { }2,1,0,1,2 −−=A , { }0=B  and { }2: −<∈= xxC  . 
Determine whether the following statements are True or False. If they are False, 
give a brief reason why. 

(i) C∈0  
(ii)  Ø C⊆  
(iii)  { }0=∩ AB  
(iv) { } ( )A⊆−1  
(v) { }0: <∈=∪ xxBC   8 
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Question 3  (30 marks) Marks 
(a) Complete the following definitions: 

(i) Let A and B be sets. Then A and B are said to be disjoint if ………. 2 

(ii) Let A and B be subsets of a universe U. Then the difference of A and 
 B, is given by KK=− BA  2 

(b) Let U be a universe and let A, B and C be elements of ( )UP .                                       
Use the typical element method to prove BABA ∩=− .                        6 

(c) Let U be a universe and let A, B and C be elements of ( )UP .                                      
Use the algebraic properties of sets to prove ( ) BABAA −=∩− . 4 

(d) Let { }5,4,3=A  and { }6,5,4=B . Define the relation R from A to B by  
   ( ){ }baBAba <×∈= :,R . 

(i) Write down the elements of BA× . 2 

(ii) Write down the elements of the relation R. 2 

(iii) Sketch a graph of R in the Cartesian plane. 2 

(iv) Write down the elements of 1R − . 2 

(v) Is the relation R a function? Give reasons for your answer. 2 

(e) Define the relation F on — by ( ){ }12:,F −== xyyx . 

(i) Explain why F is a function. 2 

(ii) Determine whether F is one-to-one and onto? If so, find 1F−  and 
 determine whether 1F−  is a function. If not, indicate which property 
 fails and explain why. 4 
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Question 4 (30 marks) Marks 

(a) Let S be the relation defined on — by ( ){ }0:,S ≥= xyyx  
Determine whether S is reflexive, symmetric, transitive, or none of these. Give 
reasons for your answers. 4 

(b) Let { }5,4,3,2,1,0=A . 

(i) Write the following permutation on A in cycle notation. 

   ⎟
⎠
⎞⎜

⎝
⎛

245301
543210  2 

(ii) Simplify the following composition of permutations: 

   ( )( )13221  2 

(iii) Write down the inverse permutation for ( )3421 . 1 

(c) Define or explain the following properties on Ù: 

(i) Associativity under ×  ; 2 

(ii) Law of Trichotomy; 2 

(iii) Well Ordering Principle. 2 

(d) Prove or disprove the following statement: 

 [ ) { }10:1,0 <≤∈= xx   is well-ordered. 2 

(e) For all ∈ba, , prove that if ba | , then 22 | ba . 2 

(f) Use the Principle of Mathematical Induction to prove the following: 

  ( )12|3, 2 −∈∀ nn  . 5 

(g) Prove the following: 
 If the sum of any two integers m and n is even, then so is their difference, 

nm − . 3 

(h) Prove the following statement: 

 1,,2For  2 −∈> nnn   is composite. 3 
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Question 5 (30 marks) Marks 

(a) A sequence K,,, 321 aaa  is defined as follows: 

  
∈≥+=

=
=

−− kkaaa
a
a

kkk ,3for     ,2
3
1

12

2

1

 

   Use strong mathematical induction to prove that nan ,,∈∀  is odd. 5 

(b) (i)     Use the Euclidean Algorithm to find ( )1001,544gcd=d . 3 
(ii)     Find ∈nm,  such that dnm =+1001544 . 3 

(c) (i)    State the quotient remainder theorem. 2 
(ii)   Show that any integer n can be written in one of the three forms qn 3=  or 
   13 += qn  or 23 += qn . 

1 
 

(iii)  Use the result of (ii) to prove that the square of any integer has the form k3  or 
   13 +k  for some integer k. 4 

(d) Which of the following congruence classes modulo 7 are equal? 

 [ ] [ ] [ ] [ ] [ ] [ ] [ ]17,2,0,12,7,3,35 −−  3 

(e) Let .,,,  and  ,  ∈∈ dcban  Prove the following:                                                        
If ( ) 1,gcd =na  and ( ) ( )ncbnacab mod  then mod ≡≡ . 4 

(f) Use the pigeonhole principle to show that in a group of 700 people, there must be 2 
who have the same first and last initials. 3 

(g) Solve the equation [ ] [ ]22 =x  for x in 4 . 
2 
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Question 6 (30 marks) Marks 
(a) Answer the questions below for the following graph G: 
                                                                                                   e6 
                                v1                                    e11 
                                                                                     v2 
                                                         e3                  
                       e1                   e2                                         e4      e5            
                                                              
                                                           e10 
                              e8                        
          v5                                                                 v4                                                 v3 
                               e9 
                                                                                                          e7 

(i) Name all edges that are incident on v1. 
(ii) Name all vertices that are adjacent to v3. 
(iii) Name all edges that are adjacent to e1. 
(iv) Name all loops. 
(v) Name all parallel edges. 
(vi) Find the degree of v3. 
(vii) Find the total degree of G. 
(viii) Find and draw a subgraph of G with 2 vertices and 3 edges. 
(ix) Write down a simple path from v1 to v3 of length 4. 
(x) Write down an Eulerian path from v5 to v3, and state why such a path 

 exists in G. 
(b) (i)   Either draw a simple graph with four vertices of degrees 1, 2, 3 and 4, or 

 explain why no such graph exists. 
(ii)  Either draw a simple graph with six edges and all vertices of degree 3, or 
 explain why no such graph exists. 

(c) Copy the two graphs below into your answer booklet. Then, by labelling the graphs 
suitably, show that they are isomorphic. 
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(d) Use Kruskal’s algorithm to find a minimum spanning tree for the weighted graph 

below: 

                                     v1                   1                 v2 

                                                                           

                                              4                 3                 4                             

                                                   
                                                     v3                 4                v4             
 

(e) Draw the graph 4,2K , and explain why it is complete bipartite. 

 
 
END OF EXAM 
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