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4.8.4. Linear Combination of gcd 

Using the values found in the Euclidean Algorithm, we can 

perform a “backwards” process to find the values for m and 

n required for the linear combination of the gcd. 

 

Examples: 

• Find ∈nm,  such that 

( ) nm 231027722310,2772gcd +=  

Previously we found ( ) 4622310,2772gcd =  

Using the equations from the Euclidean Algorithm and 

rearranging to make the remainder the subject: 

1,1
123102772462462123102772

−==∴
×−=→+×=

nm
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• Find ∈nm,  such that 

( ) nm 223)243(223,243gcd +−=−  

Previously we found ( ) 1223,243gcd =−  

Using the equations from the Euclidean Algorithm and 

rearranging to make the remainder the subject: 

)4(
)3(
)2(
)1(

1231
63202

11202233
122324320

1123
26320

31120223
201223243

×−=
×−=
×−=
×−=

→
→
→
→

+×=
+×=
+×=
+×=

 

Working our way backwards, starting from equation (4), 

substituting for the remainder, 

85,78
8522378243

7824385223
78)1223243(7223)1(in  sub

78207223
1207)1120223()2(in  sub

12073
1)6320(31)4(into)3(

==∴
×+×−=

×−×=
××−−×=

×−×=
×−××−=

×−×=
××−−=

nm
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Exercises: 

• Find ∈nm,  such that ( ) nm 101510,15gcd +=  

 

 

 

 

 

 

• Find ∈nm,  such that ( ) nm 595,9gcd +=  
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• Find ∈nm,  such that ( ) nm )54(9054,90gcd −+=−  

 

 

 

 

 

 

 

• Find ∈nm,  such that ( ) nm 246324,63gcd +=  
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4.9. The Pigeonhole Principle 

4.9.1. Definition: The Pigeonhole Principle 

If n pigeons fly into k pigeonholes and nk < , then some 

pigeonhole contains at least two pigeons. 

 

Proof:  

(By contradiction) 

Suppose each hole contains at most one pigeon. Since there 

are k pigeonholes then we have at most k pigeons in holes. 

This contradicts that we know that n pigeons have flown 

into the holes and k is strictly bigger than n. 

Examples: 

• For any 8 people there is a day of the week when at 

least two people have birthdays. 

In this case the people are pigeons so 8=n  and the days of 

the week are the pigeonholes (so 7=k ). 

Since kn > , by the pigeonhole principle, there is at least 

two pigeons (people) with their birthday on the same day 

(pigeonhole). 
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• If there are 5 spiders and 4 spider webs, must there be 

one web with at least two spiders on it? 

Here spiders are the pigeons so n = 5 and webs are the 

pigeonholes k = 4. 

Since kn > , by the pigeonhole principle, there must be at 

least two spiders on one of the webs. 

 

5  

Spider Webs 

1  
2  
3  
4  

Spiders 

4 
3 

1 

2 
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Exercises: 

• Four cards are selected out of a standard pack of 52 

cards. 

Must there be at least two from the same suit? 

What if 5 cards are selected? 

 

 

 

• Ten people have first names Alex, Barry and Chris 

and last names Lee, Miller and Nelson. 

Must there be at least two people with the same first 

and last names? 

There are 9 possible first and last name combinations for 

the 10 people.  
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Some Equivalent Mathematical Statements of the 

Pigeonhole Principle: 

1. Let A be a set containing n elements. If A is partitioned 

into k pair-wise disjoint subsets, where nk < , then at least 

one of the subsets of the partition contains more than one 

element. 

2. A function from one finite set to a smaller finite set 

cannot be one-to-one. That is there must be at least 2 

elements mapped to the same point. 

 

Examples: 

• In a group of 700 people must there be two whose 

family names have the same first and last letter? Why? 

Method 1: 

26 possibilities for first letter and 26 for last letter. 

Thus, 6762626 =×  possibilities for first/last combination. 

676 holes and 700 pigeons means at least one possibility 

has 2 people. 
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Method 2: 

Set A of 700 people. 

Partition into subsets with same first/last letter 

combination. 

This gives 676 subsets (some may be empty) which are 

disjoint. 

Since 700 > 676 one of the subsets must have more than 

one element (people). 

 

Method 3: 

Define a function f: people ô letter pairs by: 

f (person) = (first letter of name, last letter of name). 

First set has 700 members and the second has 676 members 

and so is smaller. 

Then 2 elements (people) are mapped to the same point, 

that is, 2 people have the same first and last letters. 
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Examples: 

• Five different numbers are selected from the set 

{ }8,7,6,5,4,3,2,1=A . 

Show that two of the selected numbers sum to 9. 

There are 4 pairs that sum to 9, namely, 

)}5,4(),6,3(),7,2(),8,1{(=S .  

Each number in A belongs to exactly one of the pairs in S. 

Define a function SAf →:  by: 

=)(if  pair containing i which sums to 9. 

So K),7,2()2(),8,1()1( == ff  

Now when we make our selection of 5 numbers we have a 

function from the 5 selections to the 4 pairs. 

By the principle above two of the selections must be 

mapped to the same pair. 

That is both elements of the pair are amongst our 

selections. 
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• We number 151 CSCI subjects using the numbers 1 to 

300. Show that at least two of the subjects must have 

consecutive numbers. 

Let course numbers be 15121 ,,, ccc K  (151 different 

numbers). 

Add in the numbers 1,,1,1 15121 +++ ccc K  giving 302 

numbers all together. 

They are all in the range 1 to 301. 

There must be at least two which coincide. 

Of these, one is in 15121 ,,, ccc K  and the other in 

1,,1,1 15121 +++ ccc K . 

That is, 1+= ji cc  and so ic  and jc  are consecutive. 

or 

300 numbers can be grouped into 150 pairs of consecutive 

numbers, ( ) ( )K,4,3,2,1  

These are 150 pigeonholes. 

If there were 150 subjects, they could each go into one of 

the 150 pigeonholes, and none need be consecutively 

numbered, e.g. 1, 3, 5, etc. 

But there are 151 numbers (pigeons). 

Therefore, by the pigeonhole principle, at least one 



WUCT121 Numbers 132 

pigeonhole (pair of consecutive numbers) must have two 

pigeons (numbers). 

Therefore, at least two of the subjects must have 

consecutive numbers. 

 

Exercises: 

• How many integers must you pick in order to be sure 

that at least two of them have the same remainder 

when divided by 15? 
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• How many integers between 100 and 999 must you 

pick in order to be sure that at least two of them have a 

digit in common? (For example 256 and 530 have the 

common digit 5.) 

9 numbers is not enough, e.g. 111, 222, 333, …, 999 have 

nothing in common. 

Choose 10 numbers (pigeons). 

There are 9 possibilities for a digit (1 to 9) (pigeonholes). 

So at least two of the ten numbers have a common digit. 

• A restaurant serves 3 different salads, 6 different main 

meals and 4 different desserts. 

How many people must eat at the restaurant to ensure 

at least two of them have the same 3 course meal 

combination? 



WUCT121 Numbers 134 

4.9.2. The Generalised Pigeonhole Principle 

If n pigeons fly into k pigeonholes and for some number m, 

kmn > , then some pigeonhole contains at least 1+m  

pigeons. 

 

Alternatively: 

If n pigeons fly into k pigeonholes, then at least one 

pigeonhole contains at least ⎥⎥
⎤

⎢⎢
⎡
k
n  pigeons. 

 

Note: ⎡ ⎤x  denotes the ceiling function. and is defined as: 

⎡ ⎤x  is the least integer that is greater than or equal to x.  

That is ⎡ ⎤ nxnnnx ≤<−∈= 1,where,   

Example: 

⎡ ⎤ ⎡ ⎤ 1182.10117 ==  

Exercise: 

Find ⎡ ⎤200  



WUCT121 Numbers 135 

Examples: 

• Show that in a group of 85 people the last name of at 

least 4 must start with the same letter. 

n = 85 people (pigeons), k = 26 letters (holes). 

We required the largest m such that kmn > . 

Now 7832685 =×> . That is, 26,85 == kn  and 3=m . 

Then same letter has at least 41 =+m  people. 

Or 4
26
85

=⎥⎥
⎤

⎢⎢
⎡ . 

Exercises: 

• Find the minimum number of students in a class to be 

sure that three of them are born in the same month. 
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• We want to assign 70 students to 11 classes so that no 

class has more than 15 people.  

 Show that there must be at least 3 classes with 5 or 

more. (Hint: Try contradiction.) 
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• Suppose naaa ,,, 21 K are real numbers and 

∑ ≥
=

n

i
i ba

1
. 

Show that there is a least one ia  with 
n
bai ≥ . 

 


