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Section 2. Integers and Real Numbers 

2.1. Integers. 

The Integers consist of all positive and negative “whole” 

numbers and 0. It is given by the set: 

{ }KK ,3,2,1,0,1,2,3, −−− , and is denoted by Ÿ. 

The integers are represented as points on a straight line, 

called the number line. 

 

 

Discussion: 

• What special element do we now have that was 

lacking in Õ?   

• What relationship is there between Õ and Ÿ 

  

-2 -1 1 0 2 3 -3 
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Discussion: 

• Is 0 an element of Ÿ? (notation: 0 Œ Ÿ)  

• Is –175964 Œ Ÿ?   

• Is 
101010 Œ Ÿ?   

• Is there a largest element of Ÿ? 

If there is, what is it? If there isn’t, can you prove it? 

 

 

 

 

 

• What is the smallest element of Ÿ? 

If there is, what is it? If there isn’t, can you prove it? 
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• Let },6,4,4,2,0,2,4,6,{ KK −−−=E , that is, the 

even integers. 

What is the largest element of E? 

 

What is the smallest element of E? 

 

• What are the four main operations we can do with the 

elements of Ÿ? 

 

2.2. Operations 

2.2.1. Definition. 

An operation is a rule for combining two elements of a set. 

The main operations on integers are: 

• Addition 

• Subtraction 

• Multiplication 

• Division 
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2.2.2. Closed Operation 

A closed operation is a rule for combining any two 

elements of a set which always produces another element in 

the same set. 

We say the set is closed under the operation 

Exercise: 

Which of these operations are closed operations on Õ? 

Why, or why not? 

• Addition   

• Subtraction   

• Multiplication   

• Division   

   

In this course we will consider only closed operations. 

2.2.3. Addition 

Addition is a closed operation on Ÿ.  

This means for any  ∈+∈ baba ,, . 
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2.2.4. Subtraction 

Subtraction is a closed operation on Ÿ.  

This means for any , ∈−∈ baba ,,  

Subtraction may be defined in terms of addition in the 

following manner. )( baba −+=− . 

2.2.5. Multiplication 

Multiplication is a closed operation on Ÿ. 

This means for any ,. ∈×∈ baba ,,  

2.3. Identities 

An identity, i, is an element of a set which under an 

operation with any member, say a, of a set will return that 

member, a. 

2.3.1. Additive Identity. 

The identity under addition in Ÿ is 0. Since aa =+0 . 

2.3.2. Multiplicative Identity. 

The identity under multiplication in Ÿ is 1, since 

aa =×1 . 
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2.4. Inverses 

An inverse of an element, say a, is an element of a set, say 

b, which under an operation with a, will return the identity. 

2.4.1. Additive Inverses. 

The inverse of a under addition in Ÿ is –a. Since 

0=)(+ aa - . 

2.4.2. Multiplicative Inverses. 

For multiplicative inverses in Ÿ we require 1=×ba , where 

∈ba, . Thus 
a

b
1

= . 

For .∈b , b = 1 when a = 1, or b = -1 when a = -1. 

Thus the inverse for 1 is 1 and the inverse for -1 is -1. No 

other elements of Ÿ have multiplicative inverses. 
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2.5. Properties of Addition and Multiplication 

2.5.1. Commutativity. 

Let ∈ba, . Then: 

• abba +=+  

• abba ×=×  

We say Ÿ is commutative under addition and 

multiplication. This property allows us to change the order 

or rearrange elements. 

Example: 24422442 ×=×+=+ and  

Note: Ÿ is not commutative under subtraction. 

Example: 5335 −≠− .  

However by defining subtraction in terms of addition, 

Commutativity can hold.  

Thus subtraction can be defined as )( baba −+=− , and 

then abbaba +−=−+=− )()(  

Example: 22)4()4(242 −=+−=−+=−  
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2.5.2. Associativity. 

Let ∈cba ,, . Then: 

• ( ) ( )cbacba ++=++  

• ( ) ( )cbacba ××=××  

We say Ÿ is associative under addition and multiplication. 

This property allows us to omit parenthesis in some 

expressions. 

Example: ( ) 243243 ++=++  

Note: Ÿ is not associative under subtraction. 

Example: )23(52)35( −−≠−− .  

However by defining subtraction in terms of addition, 

associativity can hold.  

Thus subtraction can be defined as )( baba −+=− , and 

then )]()[()()]([)( cbacbacba −+−+=−+−+=−−  

Example: )]3()4[(2)3()]4(2[3)42( −+−+=−+−+=−−  
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2.5.3. Distributivity. 

Let ∈cba ,, . Then: 

• ( ) ( ) ( )cabacba ×±×=±×  

• ( ) ( ) ( )cbcacba ×±×=×±  

We say multiplication distributes over addition and 

subtraction in Ÿ. This property allows us to expand 

expressions. 

Example: ( ) )42()32(432 ×−×=−×  

Note: addition and subtraction do not distribute over 

multiplication. That is for any ∈ba, , 

)()()( cabacba ±×±≠×±  
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2.6. Order Properties. 

Discussion: 

• Given two integers a, b, what are the three possible 

orderings of the two numbers? 

ba =  ba <  ba >  

• What does “ ba > ” mean on a number line? 

a lies to the right of b on the number line 

 

• Write down a definition for “ ba > ”. 

If a, b are integers, ba >  if there exists an integer p such 

that pba += . 

 b   a  
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2.6.1. Law of Trichotomy 

The Integers, Ÿ, have the same order properties as the 

natural numbers, Õ. These are more formally expressed as 

the Law of Trichotomy. 

Property: The Law of Trichotomy  

If ∈ba, , then one and only one of the following 

relationships hold: 

• ba <  

• ba =  

• ba >  

2.6.2. Transitivity 

If ∈cba ,, , then: 

• If ba <  and cb <  then ca <  

• If ba =  and cb =  then ca =  

• If ba >  and cb >  then ca >  
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2.6.3. Properties of Inequalities. 

• If ∈dcba ,,, , then: 

∗ If ba >  and dc >  then dbca ±>±  

∗ If ba >  and 0>c  then bcac >  

∗ If ba >  and 0<c  then bcac <  

∗ The same results apply for “ = ” and “ < ”. 

2.6.4. Well-Ordering Property 

Recall the definition of well-ordered: A set is well-ordered 

if every non-empty subset has a least element. 

The Well-Ordering Property for Õ, does not hold for Ÿ.  

Consider },6,4,4,2,0,2,4,6,{ KK −−−=E , that is, the 

even integers. It is a non-empty subset of Ÿ which does not 

have a least element. Thus the set Ÿ is not well-ordered. 

However any non-empty subset of Ÿ, that is bounded 

below is well ordered. 

Example: },98,99,100{ K−−−=W is well-ordered since 

all subsets of W will have a least element. 
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2.7. Odd and Even Integers. 

2.7.1. Odd Integers. 

Definition: An integer n is defined to be odd if and only if 

there is an integer p such that 12 += pn . 

Exercise: 

• Is 301−  an odd integer? 

 

• If ∈a , is odd, is 2a  an odd integer? 

 

 

 

 

 

• Is every integer either even or odd?   

• Write down a definition for an odd natural number. 
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2.7.2. Even Integers. 

Definition: An integer n is defined to be even if and only if 

there is an integer p such that pn 2= . 

Exercise: 

• Is 0 an even integer? 

 

• If ∈ba, , is ba26  an even integer? 

 

• Write down a definition for an even natural number. 

 

 

• Write down the definition for an even integer using 

logical connectives. 
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Recall that qp ⇔  says )()( pqqp ⇒∧⇒ . Since the 

definition for odd and even integers is biconditional it 

can be used in two ways. 

(i) Knowing that an integer n is odd (or even), 

deduce that there is an integer p such that 12 += pn  

(or pn 2= ). 

(ii) Knowing that there is an integer p such that 

12 += pn  (or pn 2= ), deduce that integer n is odd (or 

even). 
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2.8. Prime and Composite Integers. 

2.8.1. Prime Integers. 

Definition: An integer 1>n  is defined to be prime if and 

only if for all positive integers r and s, if srn ×=  then 

1=r  or 1=s  

Exercise: 

• Write down the definition for a prime integer using 

logical connectives. 

 

 

• Write down the first six prime numbers. 

   

•  

Is 2 the only even prime number?  
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2.8.2. Composite Integers. 

Definition: An integer 1>n  is defined to be composite if 

and only if there exist positive integers r and s, so that 

srn ×= , then 1≠r  and 1≠s . 

Exercise: 

• Is 1 prime or composite? 

   

• Write down the definition for a composite integer 

using logical connectives? 

 

 

Write down the first six composite numbers. 

   

• Is it true that every integer greater than 1 is prime or 

composite? 
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2.9. Real Numbers. 

The Real numbers consist of all positive and negative 

numbers and 0. It is denoted by  . 

The real numbers are represented as a continuous straight 

line, called the number line. 

2.9.1. Rational Numbers. 

The Rational numbers are real numbers which can be 

written in the form 0,,, ≠∈ bba
b
a

  and are denoted by  . 

Exercise: 

• Is 3.3 a rational number? 

   

• Is 4.0 &  a rational number? 
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2.9.2. Irrational Numbers. 

The Irrational numbers are real numbers which cannot be 

written in the form 0,,, ≠∈ bba
b
a

 . 

Exercise: 

• Is 2  an irrational number?   

• Is π  an irrational number?    

2.9.3. Operations on Real Numbers. 

Exercise: 

Which of these operations are closed operations on ? 

Why, or why not? 

• Addition   

• Subtraction   

• Multiplication   

• Division   
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2.10. Identities 

An identity, i, is an element of a set which under an 

operation with any member, say a, of a set will return that 

member, a. 

2.10.1. Additive Identity. 

The identity under addition in   is 0. Since aa =+0 . 

2.10.2. Multiplicative Identity. 

The identity under multiplication in   is 1, since 

aa =×1 . 
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2.11. Inverses 

An inverse of an element, say a, is an element of a set, say 

b, which under an operation with a, will return the identity. 

2.11.1. Additive Inverses. 

The inverse of a under addition in   is –a. Since 

0=)(+ aa - . 

2.11.2. Multiplicative Inverses. 

For multiplicative inverses in   we require 1=×ba , 

where ∈ba, . Thus 
a

b
1

= . 

For 0, ≠∈ ab . . 

Thus the multiplicative inverse for all elements 0≠a  is 

a
b

1
= . 0 does not have a multiplicative inverse. 
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2.12. Properties of Addition and Multiplication 

The real numbers,  , have the same properties as the 

natural numbers, Õ and the integers, Ÿ. 

2.12.1. Commutativity. 

Let ∈ba, . Then: 

• abba +=+  

• abba ×=×  

We say   is commutative under addition and 

multiplication. This property allows us to change the order 

or rearrange elements. 

Example: 24422442 ×=×+=+ and  

Note:   is not commutative under subtraction. 

Example: 5335 −≠− .  

However by defining subtraction in terms of addition, 

Commutativity can hold.  

Thus subtraction can be defined as )( baba −+=− , and 

then abbaba +−=−+=− )()(  

Example: 22)4()4(242 −=+−=−+=−  
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2.12.2. Associativity. 

Let ∈cba ,, . Then: 

• ( ) ( )cbacba ++=++  

• ( ) ( )cbacba ××=××  

We say   is associative under addition and multiplication. 

This property allows us to omit parenthesis in some 

expressions. 

Example: ( ) 243243 ++=++  

Note:   is not associative under subtraction. 

Example: )23(52)35( −−≠−− .  

However by defining subtraction in terms of addition, 

associativity can hold.  

Thus subtraction can be defined as )( baba −+=− , and 

then )]()[()()]([)( cbacbacba −+−+=−+−+=−−  

Example: )]3()4[(2)3()]4(2[3)42( −+−+=−+−+=−−  
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2.12.3. Distributivity. 

Let ∈cba ,, . Then: 

• ( ) ( ) ( )cabacba ×±×=±×  

• ( ) ( ) ( )cbcacba ×±×=×±  

We say multiplication distributes over addition and 

subtraction in  . This property allows us to expand 

expressions. 

Example: ( ) )42()32(432 ×−×=−×  

Note: addition and subtraction do not distribute over 

multiplication. That is for any ∈ba, , 

)()()( cabacba ±×±≠×±  
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2.13. Order Properties. 

Discussion: 

• Given two real numbers a, b, what are the three 

possible orderings of the two numbers? 

ba =  ba <  ba >  

• What does “ ba > ” mean on a number line? 

a lies to the right of b on the number line 

 

• Write down a definition for “ ba > ”. 

If a, b are integers, ba >  if there exists an integer p such 

that pba += . 

 b   a  
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2.13.1. Law of Trichotomy 

The Real Numbers,  , have the same order properties as 

the natural numbers, Õ and the integers, Ÿ . These are more 

formally expressed as the Law of Trichotomy. 

Property: The Law of Trichotomy  

If ∈ba, , then one and only one of the following 

relationships hold: 

• ba <  

• ba =  

• ba >  

2.13.2. Transitivity 

If ∈cba ,, , then: 

• If ba <  and cb <  then ca <  

• If ba =  and cb =  then ca =  

• If ba >  and cb >  then ca >  
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2.13.3. Properties of Inequalities. 

• If ∈dcba ,,, , then: 

∗ If ba >  and dc >  then dbca ±>±  

∗ If ba >  and 0>c  then bcac >  

∗ If ba >  and 0<c  then bcac <  

∗ The same results apply for “ = ” and “ < ”. 

2.13.4. Well-Ordering Property 

Recall the definition of well-ordered: A set is well-ordered 

if every non-empty subset has a least element. 

The Well-Ordering Property for Õ, does not hold for  .  

Consider )1,0( , that is, the open interval between 0 and 1. It 

is a non-empty subset of   which does not have a least 

element. Thus the set   is not well-ordered. 

 

 


