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Section 1. Natural Numbers 

1.1. Introduction. 

The Natural Numbers (also called counting numbers) 

consist of all positive “whole” numbers. It is given by the 

set },3,2,1{  , and is denoted by . 

In some areas of Mathematics, 0 is included giving the set 

},3,2,1,0{0  . Here the use of the subscript “0” 

indicates the inclusion of 0 in the set. 

The former is generally used in number theory, while the 

latter is preferred in mathematical logic, set theory, and 

computer science. 

In this course we will use  unless otherwise specified. 

Natural numbers have two main purposes: they can be used 

for counting, as in "there are 10 students in this room", and 

they can be used for ordering as in "this is the 3rd largest 

city in the country". 

The natural numbers are represented as points on a straight 

line, called the number line. 

1 2 4 3 5 6 
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Discussion: 

 Is 0 an element of ? (notation: 0 ) No 

 Is 
101010 ? Yes 

 Is there a largest element of ?  

If there is, what is it? If there isn’t, can you prove it? 

There is no largest element. 

Proof:  

Suppose x  is the largest element. 

Then 1x  and xx  1   

Therefore there is no largest element  

 What is the smallest element of ? 1 

 Let },8,6,4,2{ E , that is, the even natural 

numbers. 

 What is the largest element of E? 

No largest element 

 What is the smallest element of E? 2 

 What are the four main operations we can do with the 

elements of ? 

Addition, Subtraction, Multiplication and Division. 
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1.2. Operations 

1.2.1. Definition. 

An operation is a rule for combining two elements of a set. 

The main operations on numbers are: 

 Addition 

 Subtraction 

 Multiplication 

 Division 

1.2.2. Closed Operation 

A closed operation is a rule for combining any two 

elements of a set which always produces another element in 

the same set. 

We say the set is closed under the operation 
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Exercise: 

Which of these operations are closed operations on ? 

Why, or why not? 

 Addition Closed operation 

 Subtraction Not a closed operation. 

 Consider 242   

 Multiplication Closed operation 

 Addition Not a closed operation.  

 Consider 
2

1
=4÷2  

In this course we will consider only closed operations. 

1.2.3. Addition 

Addition is a closed operation on .  

This means for any ,  baba ,, . 

1.2.4. Multiplication 

Multiplication is a closed operation on . 

This means for any ,  baba ,, . 
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1.3. Identities 

An identity, i, is an element of a set which under an 

operation with any member, say a, of a set will return that 

member, a. 

1.3.1. Additive Identity. 

There is no identity under addition in . 

We require aai  .  

This would mean 0i , however 0 is not an element of . 

Thus there is no additive identity for . 

1.3.2. Multiplicative Identity. 

The identity under multiplication in  is 1.  

We require aai  . 

This means 1i , and 1 is an element of . 

Thus the multiplicative identity for  is 1. 
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1.4. Inverses 

An inverse of an element, say a, is an element of a set, say 

b, which under an operation with a, will return the identity. 

1.4.1. Additive Inverses. 

Since there is no additive identity for , there are no 

elements which will have an additive inverse. 

1.4.2. Multiplicative Inverses. 

For multiplicative inverses in  we require 1ba , where 

ba, . Thus 
a

b
1

= . 

For .b , b = 1 when a = 1. 

Thus the inverse for 1 is 1. No other elements of  have 

multiplicative inverses. 
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Exercise: 

Carefully write down every small step you take when 

simplifying the following expressions without the aid of a 

calculator.  

Can you give reasons for each step? 
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1.5. Properties of Addition and Multiplication 

1.5.1. Commutativity. 

Let ba, . Then: 

 abba   

 abba   

We say  is commutative under addition and multiplication. 

This property allows us to change the order or rearrange 

elements. 

Example: 24422442  and  

1.5.2. Associativity. 

Let cba ,, . Then: 

    cbacba   

    cbacba   

We say  is associative under addition and multiplication. 

This property allows us to omit parenthesis in some 

expressions. 

Example:   243243   
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1.5.3. Distributivity. 

Let cba ,, . Then: 

      cabacba   

      cbcacba   

We say multiplication distributes over addition in . This 

property allows us to expand expressions. 

Example:   )42()32(432   

Note: addition does not distribute over multiplication. That 

is for any cba ,, , )()()( cabacba   

Exercise: 

Let yx, . Simplify the following expression giving 

reasons for each step. 
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1.6. Order Properties. 

Discussion: 

 Given two natural numbers a, b, what are the three 

possible orderings of the two numbers? 

ba   ba   ba   

 What does “ ba  ” mean on a number line? 

a lies to the left of b on the number line 

 

 Write down a definition for “ ba  ”. 

If a, b are natural numbers, ba   if there exists a natural 

number p such that bpa  . 

 Use your definition to prove the following: 

 5 < 20 

We know 20155   and 15p  is a natural number.  

So 205  p , which means 5 < 20. 

 a   b  
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 If tsyx ,,,  with yx <  and ts < , then 

tysx   

yx <  means there is a natural number p, )1(=+ ypx  

ts <  means there is a natural number q, )2(=+ tqs  

Adding (1) and (2), we have tyqpsx +=)+(+)+( , using 

Associative and Commutative Laws  

We know qpr   is a natural number, by closure of 

addition.  

So we have tyrsx +=+)+( . 

Therefore, tysx  . 

 If cyx ,,  with yx < , then cycx <  

yx <  means there is a natural number p, )1(=+ ypx  

Multiplying (1) by c, we have cycpcx =+ , using 

Distributive Laws  

We know cpr   is a natural number, by closure of 

multiplication.  

So we have cyrcx =+ . 

Therefore, cycx < . 
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1.6.1. Law of Trichotomy 

The Natural Numbers, , is a set of numbers with order 

properties. These are more formally expressed as the Law 

of Trichotomy. 

Property: The Law of Trichotomy  

If ba, , then one and only one of the following 

relationships hold: 

 ba   

 ba   

 ba   

 

1.6.2. Transitivity 

If cba ,, . Then: 

 If ba   and cb   then ca   

 If ba   and cb   then ca   

 If ba   and cb   then ca   
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Discussion: 

 Let’s turn our attention for a moment to the real 

numbers, represented by . 

Consider the following sets of real numbers: 

 Write down the smallest and largest elements in 

each set. 

 








2

5
,2,

2

3
,1,

2

1
,0A  Smallest: 0  Largest: 2

5 . 

 }10:{  xxB   No smallest.  Largest: 1. 

 






 ,

5

1
,

4

1
,

3

1
,

2

1
C  No smallest.  Largest: 2

1 . 

 },10,6,2,2,6,10,{  D  

No smallest;   No largest. 

 Consider these sets of natural numbers.  

 What is the smallest element in each set? 

  ,8,6,4,2E  2 

  ,9,7,5,3,1O  1 

  ,11,7,5,3,2P  2 
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 Write down any non-empty subset of .  

One possible:  ,9,6,3T  

 Does it have a smallest element?  Yes 

 Can you give a subset of  that does not have a 

smallest element? 

No, every subset of  has a smallest element. 

 

The last question above demonstrates an important order 

property of the natural numbers. 

 

1.6.3. Well-Ordering Property 

Property: The Well-Ordering Property for . 

If A is any non-empty subset of , then A has a least 

element. 

We say that  is a well-ordered set. 

Definition: Well-Ordered. 

We say a set is well-ordered if every non-empty subset has 

a least element. 
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Exercise: 

Are the following sets well-ordered? 

  10:)1,0[  xx  , the interval of real numbers 

between 0 and 1, including 0. 

Consider     )1,0[10:1,0  xx :  has no least 

element. 

Thus  10:)1,0[  xx   is not well-ordered 

 

 , the set of all real numbers. 

Consider )1,0(  has no least element. 

Thus  is not well-ordered 

 

  ,8,6,4,2E , the set of even natural numbers. 

All subsets will have a least element, thus E is well-ordered 

 

 

The well-ordering property is an important statement about 

. It can sometimes be used to prove an infinite number of 

claims as we shall see in later sections. 
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Section 2. Integers and Real Numbers 

2.1. Integers. 

The Integers consist of all positive and negative “whole” 

numbers and 0. It is given by the set: 

  ,3,2,1,0,1,2,3,  , and is denoted by . 

The integers are represented as points on a straight line, 

called the number line. 

 

 

Discussion: 

 What special element do we now have that was 

lacking in ? 0 

 What relationship is there between  and  

  contains all the elements of . (   ) 

2 1 1 0 2 3 3 
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Discussion: 

 Is 0 an element of ? (notation: 0  ) Yes 

 Is –175964  ? Yes 

 Is 
101010  ? Yes 

 Is there a largest element of ? 

If there is, what is it? If there isn’t, can you prove it? 

There is no largest element. 

Proof:  

Suppose x  is the largest element. 

Then 1x . 

Therefore there is no largest element  

 What is the smallest element of ? 

If there is, what is it? If there isn’t, can you prove it? 

There is no smallest element. 

Proof:  

Suppose x  is the smallest element. 

Then 1x .  

Therefore there is no smallest element  
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 Let },6,4,4,2,0,2,4,6,{  E , that is, the 

even integers. 

What is the largest element of E? 

No largest element 

What is the smallest element of E? 

No smallest element 

 What are the four main operations we can do with the 

elements of ? 

Addition, Subtraction, Multiplication and Division. 

2.2. Operations 

2.2.1. Definition. 

An operation is a rule for combining two elements of a set. 

The main operations on integers are: 

 Addition 

 Subtraction 

 Multiplication 

 Division 
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2.2.2. Closed Operation 

A closed operation is a rule for combining any two 

elements of a set which always produces another element in 

the same set. 

We say the set is closed under the operation 

Exercise: 

Which of these operations are closed operations on ? 

Why, or why not? 

 Addition Closed operation. 

 Subtraction Closed operation. 

 Multiplication Closed operation. 

 Division Not a closed operation.  

 Consider 
2

1
=4÷2  

In this course we will consider only closed operations. 

2.2.3. Addition 

Addition is a closed operation on .  

This means for any   baba ,, . 
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2.2.4. Subtraction 

Subtraction is a closed operation on .  

This means for any ,  baba ,,  

Subtraction may be defined in terms of addition in the 

following manner. )( baba  . 

2.2.5. Multiplication 

Multiplication is a closed operation on . 

This means for any ,.  baba ,,  

2.3. Identities 

An identity, i, is an element of a set which under an 

operation with any member, say a, of a set will return that 

member, a. 

2.3.1. Additive Identity. 

The identity under addition in  is 0. Since aa 0 . 

2.3.2. Multiplicative Identity. 

The identity under multiplication in  is 1, since 

aa =×1 . 
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2.4. Inverses 

An inverse of an element, say a, is an element of a set, say 

b, which under an operation with a, will return the identity. 

2.4.1. Additive Inverses. 

The inverse of a under addition in  is –a. Since 

0=)(+ aa - . 

2.4.2. Multiplicative Inverses. 

For multiplicative inverses in  we require 1ba , where 

ba, . Thus 
a

b
1

= . 

For .b , b = 1 when a = 1, or b = 1 when a = 1. 

Thus the inverse for 1 is 1 and the inverse for 1 is 1. No 

other elements of  have multiplicative inverses. 
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2.5. Properties of Addition and Multiplication 

2.5.1. Commutativity. 

Let ba, . Then: 

 abba   

 abba   

We say  is commutative under addition and 

multiplication. This property allows us to change the order 

or rearrange elements. 

Example: 24422442  and  

Note:  is not commutative under subtraction. 

Example: 5335  .  

However by defining subtraction in terms of addition, 

Commutativity can hold.  

Thus subtraction can be defined as )( baba  , and 

then abbaba  )()(  

Example: 22)4()4(242   
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2.5.2. Associativity. 

Let cba ,, . Then: 

    cbacba   

    cbacba   

We say  is associative under addition and multiplication. 

This property allows us to omit parenthesis in some 

expressions. 

Example:   243243   

Note:  is not associative under subtraction. 

Example: )23(52)35(  .  

However by defining subtraction in terms of addition, 

associativity can hold.  

Thus subtraction can be defined as )( baba  , and 

then )]()[()()]([)( cbacbacba   

Example: )]3()4[(2)3()]4(2[3)42(   
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2.5.3. Distributivity. 

Let cba ,, . Then: 

      cabacba   

      cbcacba   

We say multiplication distributes over addition and 

subtraction in . This property allows us to expand 

expressions. 

Example:   )42()32(432   

Note: addition and subtraction do not distribute over 

multiplication. That is for any ba, , 

)()()( cabacba   
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2.6. Order Properties. 

Discussion: 

 Given two integers a, b, what are the three possible 

orderings of the two numbers? 

ba   ba   ba   

 What does “ ba  ” mean on a number line? 

a lies to the right of b on the number line 

 

 Write down a definition for “ ba  ”. 

If a, b are integers, ba   if there exists an integer p such 

that pba  . 

 b   a  
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2.6.1. Law of Trichotomy 

The Integers, , have the same order properties as the 

natural numbers, . These are more formally expressed as 

the Law of Trichotomy. 

Property: The Law of Trichotomy  

If ba, , then one and only one of the following 

relationships hold: 

 ba   

 ba   

 ba   

2.6.2. Transitivity 

If cba ,, , then: 

 If ba   and cb   then ca   

 If ba   and cb   then ca   

 If ba   and cb   then ca   
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2.6.3. Properties of Inequalities. 

 If dcba ,,, , then: 

 If ba   and dc   then dbca   

 If ba   and 0c  then bcac   

 If ba   and 0c  then bcac   

 The same results apply for “ = ” and “ < ”. 

2.6.4. Well-Ordering Property 

Recall the definition of well-ordered: A set is well-ordered 

if every non-empty subset has a least element. 

The Well-Ordering Property for , does not hold for .  

Consider },6,4,4,2,0,2,4,6,{  E , that is, the 

even integers. It is a non-empty subset of  which does not 

have a least element. Thus the set  is not well-ordered. 

However any non-empty subset of , that is bounded 

below is well ordered. 

Example: },98,99,100{ W is well-ordered since 

all subsets of W will have a least element. 
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2.7. Odd and Even Integers. 

2.7.1. Odd Integers. 

Definition: An integer n is defined to be odd if and only if 

there is an integer p such that 12  pn . 

Exercise: 

 Is 301  an odd integer? 

Yes. 1)151(2301   and 151  

 If a , is odd, is 2a  an odd integer? 

Yes.  











ppqq

pp

pp

pa

pa

2212

1)22(2

144

)12(

12

2

2

2

22

 

 Is every integer either even or odd? Yes 

 Write down a definition for an odd natural number. A 

natural number n is defined to be odd if and only if 

there is a natural number p such that 12  pn . 
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2.7.2. Even Integers. 

Definition: An integer n is defined to be even if and only if 

there is an integer p such that pn 2 . 

Exercise: 

 Is 0 an even integer? 

Yes. 020   and 0  

 If ba, , is ba26  an even integer? 

Yes. )3(26 22 baba   and ba23 . 

 Write down a definition for an even natural number. A 

natural number n is defined to be even if and only if 

there is a natural number p such that pn 2 . 

 Write down the definition for an even integer using 

logical connectives. 

n  is even   there is p  such that pn 2 . 



WUCT121 Numbers 31 

Recall that qp   says )()( pqqp  . Since the 

definition for odd and even integers is biconditional it can 

be used in two ways. 

(i) Knowing that an integer n is odd (or even), 

deduce that there is an integer p such that 12  pn  

(or pn 2 ). 

(ii) Knowing that there is an integer p such that 

12  pn  (or pn 2 ), deduce that integer n is odd (or 

even). 
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2.8. Prime and Composite Integers. 

2.8.1. Prime Integers. 

Definition: An integer 1n  is defined to be prime if and 

only if for all positive integers r and s, if srn  , then 

1r  or 1s  

Exercise: 

 Write down the definition for a prime integer using 

logical connectives. 

1n  is prime  sr, , 

)1()1(  srsrn . 

 Write down the first six prime numbers. 

 2, 3, 5, 7, 11, 13. 

 Is 2 the only even prime number?  

 Yes, all other even numbers are divisible by 2.  
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2.9.  Finding Prime Numbers 

2.9.1. Algorithm: The Sieve of Eratosthenes. 

The Sieve of Eratosthenes is a method of finding primes up 

to n as follows. 

A. List all the primes up to  n  

B. Write down all integers from 1 to n, noting the listed 

primes 

C. Delete all multiples of the listed primes 

D. The remaining values are the prime numbers up to n. 

Note: 

 x  is the floor function and is defined as: 

 x  is the greatest integer that is less than or equal to x.  

That is   1,where,  nxnnnx   

Example: 

    1082.10117   

Exercise: 

Find     1414.14200   
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Sieve of Eratosthenes 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   1 2 3 
4 5 6 7 8 9 
10 11 12 13 14 15 
16 17 18 19 20 21 
22 23 24 25 26 27 
28 29 30 31 32 33 
34 35 36 37 38 39 
40 41 42 43 44 45 
46 47 48 49 50 51 
52 53 54 55 56 57 
58 59 60 61 62 63 
64 65 66 67 68 69 
70 71 72 73 74 75 
76 77 78 79 80 81 
82 83 84 85 86 87 
88 89 90 91 92 93 
94 95 96 97 98 99 

100 101 102 103 104 105 
106 107 108 109 110 111 
112 113 114 115 116 117 
118 119 120 121 122 123 
124 125 126 127 128 129 
130 131 132 133 134 135 
136 137 138 139 140 141 
142 143 144 145 146 147 
148 149 150 151 152 153 
154 155 156 157 158 159 
160 161 162 163 164 165 
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Example: 

Find all primes between 1 and 100. 

A.   10100  . Primes to 10 are: 2, 3, 5, 7 

B. List the numbers 1 – 100 noting the primes 2, 3, 5, 7. 

 

 
   1 2 3 
4 5 6 7 8 9 
10 11 12 13 14 15 
16 17 18 19 20 21 
22 23 24 25 26 27 
28 29 30 31 32 33 
34 35 36 37 38 39 
40 41 42 43 44 45 
46 47 48 49 50 51 
52 53 54 55 56 57 
58 59 60 61 62 63 
64 65 66 67 68 69 
70 71 72 73 74 75 
76 77 78 79 80 81 
82 83 84 85 86 87 
88 89 90 91 92 93 
94 95 96 97 98 99 

100      
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C. (i) Delete multiples of 2 

 

 (ii) Delete multiples of 3 

 (iii) Delete multiples of 5 

 (iv) Delete multiples of 7 

D. Primes:  2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 

43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97. 

Exercise: 

Find all primes between 101 and 200. 

A.   14200  . Primes to 14 are: 2, 3, 5, 7, 11 

B. List the numbers 101 – 200. 

C. Delete multiples of 2, 3, 5, 7, 11 

 101 102 103 104 105

106 107 108 109 110 111

112 113 114 115 116 117

118 119 120 121 122 123

124 125 126 127 128 129

130 131 132 133 134 135

136 137 138 139 140 141

142 143 144 145 146 147
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148 149 150 151 152 153

154 155 156 157 158 159

160 161 162 163 164 165

166 167 168 169 170 171

172 173 174 175 176 177

178 179 180 181 182 183

184 185 186 187 188 189

190 191 192 193 194 195

196 197 198 199 200 201

D.  

Primes:  101, 103, 107, 109, 113, 127, 131, 137, 139, 

149, 151, 157, 163, 167, 173, 179, 181, 191, 193, 197, 

199. 
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2.9.2. Definition: Twin Primes. 

If p and 2p  are both prime numbers, then p and 2p  

are called twin primes  

Examples: 

 Find all twin primes between 15 and 50. 

The primes 15 – 50 are: 17, 19, 23, 29, 31, 37, 41, 43, 47 

Hence the twin primes between 1 and 50 are: 

17, 19 29, 31 41, 43 

 Does 97 have a “twin” to form a pair of twin primes? 

No. 

Exercises: 

 Find all twin primes between 101 and 150. 

The primes 101 – 150 are: 101, 103, 107, 109, 113, 127, 

131, 137, 139, 149. 

So the twin primes between 101 and 150 are: 

101, 103 107, 109 137, 139 

 Does 197 have a “twin” to form a pair of twin primes? 

Yes, 199. 
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2.9.3. Composite Integers. 

Definition: An integer 1n  is defined to be composite if 

and only if there exist positive integers r and s, so that 

srn  , then 1r  and 1s . 

Exercise: 

 Is 1 prime or composite? 

 Neither, the definitions excludes it. 

 Write down the definition for a composite integer 

using logical connectives? 

1n  is composite  sr , , 

)1()1(  srsrn . 

 Write down the first six composite numbers. 

 4, 6, 8, 9, 10, 12. 

 Is it true that every integer greater than 1 is prime or 

composite? 

Yes. Note: The definition of a composite number is 

the negation of the definition of a prime number. 
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2.10. Real Numbers. 

The Real numbers consist of all positive and negative 

numbers and 0. It is denoted by  . 

The real numbers are represented as a continuous straight 

line, called the number line. 

2.10.1. Rational Numbers. 

The Rational numbers are real numbers which can be 

written in the form 0,,,  bba
b

a
  and are denoted by  . 

Exercise: 

 Is 3.3 a rational number?

 Yes. 010,10,33,
10

33
3.3    

 Is 4.0   a rational number? 

 Yes. 09,9,4,
9

4
4.0    
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2.10.2. Irrational Numbers. 

The Irrational numbers are real numbers which cannot be 

written in the form 0,,,  bba
b

a
 .  

Exercise: 

 Is 2  an irrational number? Yes.  

 Is   an irrational number? Yes.  

2.10.3. Operations on Real Numbers. 

Exercise: 

Which of these operations are closed operations on ? 

Why, or why not? 

 Addition Closed operation. 

 Subtraction Closed operation. 

 Multiplication Closed operation. 

 Division Not a closed operation.  

Consider 
0

1
01 . By excluding 0, however, 

division becomes a closed operation. 
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2.11. Identities 

An identity, i, is an element of a set which under an 

operation with any member, say a, of a set will return that 

member, a. 

2.11.1. Additive Identity. 

The identity under addition in   is 0. Since aa 0 . 

2.11.2. Multiplicative Identity. 

The identity under multiplication in   is 1, since 

aa =×1 . 
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2.12. Inverses 

An inverse of an element, say a, is an element of a set, say 

b, which under an operation with a, will return the identity. 

2.12.1. Additive Inverses. 

The inverse of a under addition in   is –a. Since 

0=)(+ aa - . 

2.12.2. Multiplicative Inverses. 

For multiplicative inverses in   we require 1ba , 

where ba, . Thus 
a

b
1

= . 

For 0,  ab . . 

Thus the multiplicative inverse for all elements 0a  is 

a
b

1
= . 0 does not have a multiplicative inverse. 
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2.13. Properties of Addition and Multiplication 

The real numbers,  , have the same properties as the 

natural numbers, , and the integers, . 

2.13.1. Commutativity. 

Let ba, . Then: 

 abba   

 abba   

We say   is commutative under addition and 

multiplication. This property allows us to change the order 

or rearrange elements. 

Example: 24422442  and  

Note:   is not commutative under subtraction. 

Example: 5335  .  

However by defining subtraction in terms of addition, 

Commutativity can hold.  

Thus subtraction can be defined as )( baba  , and 

then abbaba  )()(  

Example: 22)4()4(242   
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2.13.2. Associativity. 

Let cba ,, . Then: 

    cbacba   

    cbacba   

We say   is associative under addition and multiplication. 

This property allows us to omit parenthesis in some 

expressions. 

Example:   243243   

Note:   is not associative under subtraction. 

Example: )23(52)35(  .  

However by defining subtraction in terms of addition, 

associativity can hold.  

Thus subtraction can be defined as )( baba  , and 

then )]()[()()]([)( cbacbacba   

Example: )]3()4[(2)3()]4(2[3)42(   
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2.13.3. Distributivity. 

Let cba ,, . Then: 

      cabacba   

      cbcacba   

We say multiplication distributes over addition and 

subtraction in  . This property allows us to expand 

expressions. 

Example:   )42()32(432   

Note: addition and subtraction do not distribute over 

multiplication. That is for any ba, , 

)()()( cabacba   
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2.14. Order Properties. 

Discussion: 

 Given two real numbers a, b, what are the three 

possible orderings of the two numbers? 

ba   ba   ba   

 What does “ ba  ” mean on a number line? 

a lies to the right of b on the number line 

 

 Write down a definition for “ ba  ”. 

If a, b are integers, ba   if there exists an integer p such 

that pba  . 

 b   a  
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2.14.1. Law of Trichotomy 

The Real Numbers ,  , have the same order properties as 

the natural numbers,  and the integers,  . These are more 

formally expressed as the Law of Trichotomy. 

Property: The Law of Trichotomy  

If ba, , then one and only one of the following 

relationships hold: 

 ba   

 ba   

 ba   

2.14.2. Transitivity 

If cba ,, , then: 

 If ba   and cb   then ca   

 If ba   and cb   then ca   

 If ba   and cb   then ca   
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2.14.3. Properties of Inequalities. 

 If dcba ,,, , then: 

 If ba   and dc   then dbca   

 If ba   and 0c  then bcac   

 If ba   and 0c  then bcac   

 The same results apply for “ = ” and “ < ”. 

2.14.4. Well-Ordering Property 

Recall the definition of well-ordered: A set is well-ordered 

if every non-empty subset has a least element. 

The Well-Ordering Property for , does not hold for  .  

Consider )1,0( , that is, the open interval between 0 and 1. It 

is a non-empty subset of   which does not have a least 

element. Thus the set   is not well-ordered. 
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Section 3. Principle of Mathematical Induction 

3.1. Definition 

Mathematical induction is a technique of proof used to 

check assertions or claims about processes that occur 

repetitively according to a set pattern. It is one of the 

standard techniques of proof in computer science. 

Consider the following example: 

Example: 

 Prove 223  nn for all natural number n. 

(Note, using predicate logic notation, this could be 

written: Prove 22, 3  nnn  ) 

Let Claim(n) be “ 223  nn .” 

For n = 1, Claim(1) is 21213   

LHS = 113  , RHS = 0212   

LHS > RHS, thus Claim(1) is true. 

For n = 2, Claim(2) is 22223   

LHS = 823  , RHS = 2222   

LHS > RHS, thus Claim(2) is true. 
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For n = 3, Claim(3) is 23233   

LHS = 2733  , RHS = 4232   

LHS > RHS, thus Claim(3) is true. 

And so on for n = 4, 5, 6, … 

How do we prove Claim(n) for all other values of n? 

The process above will never prove Claim(n) for ALL 

natural numbers n. 

The Principle of Mathematical Induction (PMI) provides a 

method for proving such claims and results from the well-

ordering property on . 

The PMI provides a method of proof to use when the 

statement to be proved is of the form: )(, nPn  . 
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3.2. Basic Principle 

Theorem: The Principle of Mathematical Induction 

(PMI) 

For all natural numbers n, let Claim(n) be a statement. 

If 

1. Claim(1) is true, and 

2. For all natural numbers 1k , if Claim(k) is true, then 

Claim( 1k ) is also true, then Claim(n) is true for all 

natural numbers n, that is, .n  

Proof : 

Let   false is Claim: ttT  . 

If we can show that T is empty, then Claim(n) is true for all 

.n  

Note: T is a subset of .  

Also, we know the following: 

Claim(1) is true. 

For all natural numbers 1k , if Claim(k) is true, then 

Claim( 1k ) is also true. 

Assume T is not empty. Then T has a least element. [Why?] 

Let this least element be 0t , so Claim( 0t ) is false.   (*) 



WUCT121 Numbers 53 

By statement 1 of the PMI, 10 t , so 10 t  is a natural 

number.  

Also, 10 t  is not in T.  

Therefore, Claim( 10 t ) is true.  

However, by statement 2 of the PMI, Claim( 10 t ) true 

implies Claim( 110 t )  Claim( 0t ) is true.  

This is a contradiction with statement (*). 

So, our assumption that T is not empty must be false. 

Hence, T must be empty. 

Therefore, Claim(n) is true for all .n  

 

Exercise: 

Rewrite the Principle of Mathematical Induction, using 

predicate logic. 

Let P(n) be a predicate, then the PMI is: 

)())]1()(()1([, nPkPkPPn    
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Example: 

Prove 
 

2

1
21




nn
n  for all .n  

Let Claim(n) be “
 

2

1
21




nn
n ”. 

Does the claim satisfy the conditions of the Principle of 

Mathematical Induction ? 

1. Is Claim(1) true? 

Claim(1) is 
 

2

111
1


  

LHS 1 ;   RHS 1
2
2   

Therefore, LHS  RHS and so Claim(1) is true. 
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2. We must show that for 1k , 

Claim(k) true   Claim( 1k ) true. 

Assume Claim(k) is true, that is, 

 
)1(

2

1
21 




kk
k . 

Prove Claim( 1k ) is true, that is, 

    
2

111
121




kk
kk  

 
   

RHS
2

)2)(1(
2

23

2

22

(1)by 1
2

1

121LHS

2

2



















kk

kk

kkk

k
kk

kk

 

Therefore, LHS  RHS. 

Therefore, Claim( 1k )is true. 

So, Claim(n) satisfies all the conditions of the principle of 

Mathematical Induction. 

Therefore, by the Principle of Mathematical Induction, 

Claim(n) is true for all .n  
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Example: 

Returning to our first example, we had Claim(n): 

223  nn . 

1. From earlier work, Claim(1) is true. 

2. Assume Claim(k) is true for 1k ,  

that is, )1(223  kk . 

Prove Claim( 1k ) is true, that is, prove that 

    2121 3  kk . 

Note:  RHS kk 2222  . 

 

 
 

RHS

2

52

1 since13322

(1) hypothesisby 13322

133

1LHS

2

23

3













k

k

kk

kkk

kkk

k

 

Therefore,     2121 3  kk  and so Claim( 1k ) 

is true. 

Therefore, by the Principle of Mathematical Induction, 

Claim(n) is true for all .n  
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In summary: 

To establish an infinite family of claims, (Claim(1), 

Claim(2), Claim(3),…) using the Principle of Mathematical 

Induction, it is sufficient to carry out the following two 

steps: 

Step 1:  Prove that the first claim, Claim(1) is true. 

Step 2: Give a general proof that for each .k , if 

Claim(k) is true, then Claim( 1k ) is also true. 

 

Note: Logic notation can be used alternatively to the word 

“Claim”. 

That is: 

To establish an infinite family of predicates, (P(1), P(2), 

P(3),…) using the Principle of Mathematical Induction, it is 

sufficient to carry out the following two steps: 

Step 1:  Prove that the first predicate, P(1) is true. 

Step 2: Give a general proof that for each .k , if P(k) is 

true, then P( 1k ) is also true. 
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Aside: Notes on Divisibility 

The expression “ ba | ” reads “a divides b”, or, “a is a factor 

of b”, or, “a is a divisor of b”. It means “b is divisible by 

a”, or “b is a multiple of a” or more formally, there is an 

.l  so that alb  . 

Examples: 

12|6  since .2,2612   

  lala 72.,2|7 22    

 6  25 reads “6 does not divide 25”. 

When a proof involves showing ba | , you need to express b 

as a multiple of a, that is, find .l so that alb  . 

Example: 

To prove  14|3 1 k , you need to find an expression for 

.l  so that lk 314 1  . 
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Exercise: 

Prove that  nn 33|6 2   for all .n  

Let P(n) be  nn 33|6 2  . 

Step 1:  P(1) is     1313|6 2  , i.e  6|6 . 

 This is true, therefore P(1) is true. 

Step 2: Assume P(k) is true for k ,  

 that is,  kk 33|6 2  , 

 i.e )1(633, 2 lkkl  ,  

 Prove P( 1k ) is true, that is, prove that  

     1313|6 2  kk . 

 We need to find an expression for m  (using l) 

so that     .61313 2 mkk   

   
   

 
 
m

kl

kl

kkkk

kkkkk

6

16

(1) sisby hypothe666

63333

333631313 Now,
2

22









 

Therefore,     1313|6 2  kk  and so P( 1k ) is true. 

Therefore, by the PMI, P(n) is true for all .n  
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Aside: Notes on Factorial 

The expression “ !n ” reads “ n factorial” and is defined by 

   12321!  nnnn . 

Example: 12012345!5  . 

Exercise: 

Prove   nnn 2!1,   . 

Let P(n) be   nn 2!1  . 

1. P(1) is:   12!11   

LHS   2!2!11  , RHS 221   

Therefore, LHS   RHS and so P(1) is true. 

2. Assume P(k) is true for k , 

that is,   )1(2!1 kk   

Prove P( 1k ) is true, that is, prove that 

   12!11  kk . 
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RHS

2

1 as22

(1) sisby hypothe22

2!1

!2LHS

1











k

k

k

k

k

kk

k

 

Therefore, P( 1k ) is true. 

Therefore, by the Principle of Mathematical Induction, 

P(n) is true for all .n  
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3.3. Sigma notation 

The notation 


n

i
ia

1
 denotes the sum of the numbers 

naaaa ,,, 321 ;  that is, 

 
n

n

i
i aaaaa 


321

1 . 

 

Examples: 

 

       

20

8642

423222122
4

1





i

i

 

 

 

9

1111111111
12

4




i  

 

We will use sigma notation to “shorten” expressions such 

as:    



n

i

in
1

35351272  . 
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It is important that you satisfy yourself that the following 

equalities hold. 

(i) 



n

i
i

n

i
i aaa

2
1

1

 

(ii) n

n

i
i

n

i
i aaa 





1

11

 

(iii) 



n

j
j

n

i
i aa

11

 

Also, it is easy to prove the following statements: 

(i)   mnbaba
n

mi
i

n

mi
i

n

mi
ii  



,  

(ii) mnakka
n

mi
i

n

mi
i  



,  

Exercise: 

True or False?  912
3

1


i
i . False! 

  11132221212
3

1


i
i  

        913212211212
3

1
 

i
i  
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3.4. Generalised Principle 

Example: 

Prove that 122  nn . 

Let Claim(n) be 122  nn  for .n  

Step 1: Claim(1) is   11221  . 

 LHS 2 . RHS 3 . 

 LHS < RHS!!! 

 Thus Claim(1) is false 

The fact is that 122  nn  is true for  nn ,3 . 

Sometimes we would like to prove a claim that only works 

for values greater than some number q, say. 

The Principle of Mathematical Induction can be generalised 

to “accommodate” this type of problem. 
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Theorem: The Generalised Principle of Mathematical 

Induction. 

For all natural numbers n, let Claim(n) be a statement and 

let .q . 

If 

1. Claim(q) is true, and 

2. For all natural numbers qk  , if Claim(k) is true, then 

Claim( 1k ) is also true, then Claim(n) is true for all 

natural numbers qn  . 

 

This general principle is applied in the same way as before, 

except that at step 1, we prove Claim(q) is true and at step 

2, we must note that qk  . 

Exercise: 

Rewrite the Generalised Principle of Mathematical 

Induction, using predicate logic. 

Let P(n) be a predicate, then the PMI is: 

qknPkPkPqPqnn  where),())]1()(()([,,
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Example: 

Prove that 122  nn  for 3n , .n . 

Let Claim(n) be 122  nn . 

Recall that the inequality is not true for 1n  or 2n  ! 

Step 1:  Claim(3) is   13223  . 

 LHS 823      RHS 716   

 LHS > RHS and so Claim(3) is true. 

Step 2: Assume Claim(k) is true for 3k , 

 that is, )1(122  kk  

 Prove Claim( 1k ) is true, that is, prove that  

   321122 1  kkk . 

 

   

RHS

32

13  as   42

222

24

(1) sisby hypothe122

22

2LHS 1












 

k

kk

kk

k

k

k

k

 

Therefore, Claim( 1k ) is true. So, by the PMI, Claim(n) is 

true for all natural numbers 3n . 
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Exercise: 

Prove:   21231 nn    for all .n  

Let Claim(n) be   2

1
12 ni

n

i
 


. 

1: Claim(1) is   21

1
112  

i
i . LHS    1112  ; 

RHS 112  . So LHS = RHS. Thus Claim(1) is true. 

2: Assume that Claim(k) is true for .k  

 that is,   )1(12 2

1
ki

k

i
 


 

 Prove Claim( 1k ) is true; that is, prove that 

    2
1

1
112  




ki

k

i
. 

 

 

    

   RHS1k

(1) thesis   by hypo12

11212

12LHS

2

2
1

1

1





 

 







kk

ki

i

k

i

k

i

 

So Claim( 1k ) is true. Thus, by the PMI, Claim(n) is true 

for all .n  
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Exercise: 

Prove 
11

21

1 






 n

n

i

in

i
 for 2n , .n . 

Let P(n) be 
11

21

1 






 n

n

i

in

i
. 

 Step 1:  P(2) is 
12

2

1

212

1 






i i

i
. 

 LHS 
2

1

11

1

1

1

1





i i

i
    RHS 

3

4

12

22



 

 LHS < RHS and so P(2) is true. 

Step 2: Assume P(k) is true for 2k , 

 that is, )1(
11

21

1 






 k

k

i

ik

i
 

 Prove P( 1k ) is true, that is, prove that  

 
2

)1(

111

)1(

1

2

1

211

1 











 



 k

k

i

i

k

k

i

i k

i

k

i
 

Note RHS = 

2

1

2

1)2(

2

12

2

)1( 22
















k
k

k

kk

k

kk

k

k
 



WUCT121 Numbers 69 

 

RHSLHS

RHS
2

1

1

)1(

)1(sisby hypothe
11

11

1
LHS

2

1

1

1




































k
k

k
k

kk
k

k

k

k

k

k

i

i

i

i

k

i

k

i

 

Therefore, P( 1k ) is true. So, by the PMI, P(n) is true for 

all natural numbers 2n . 
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3.5. Recursive Definitions 

Sequences of numbers are defined recursively if each 

number depends on previous values. 

Example: 

Let nuuu ,,, 21   be real numbers defined recursively by: 

,65 21   nnn uuu   for 3n  and 21 u , 42 u . 

Find 3u  and 4u : 

 

 

8

2645

365 123




 nuuu

 

 

 

16

4685

465 234




 nuuu
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The numbers, nu , can often be defined directly. 

Example: 

Show n
nu 2  in the previous example. 

For n = 1, 221
1 u , for n = 2, 422

2 u . 

Now 2
2

1
1 2,2,2 




  n
n

n
n

n
n uuu  

LHS

2

22

2325

2625

65RHS

1

11

21
21



















n

n

n

nn

nn
nn

u

uu
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Exercise: 

Let naaa ,,, 21   be real numbers defined by: ,7 1 kk aa  

for 2k  and 31 a . 

Find 2a  and 3a : 

 

 

21

37

27 12




 kaa

 

 

 

147

217

37 23




 kaa

 

Exercise: 

Show 173  k
ka  in the previous exercise. 

For k = 1, 373 0
1 a . 

Now 2
1

1 73,73 


  k
k

k
k aa  

LHS

73

737

7RHS

1

2
1













k

k

k
k

a

a
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3.6. The Strong Principle of Mathematical 

Induction 

Theorem: The Strong Principle of Mathematical 

Induction. 

For all natural numbers n, let Claim(n) be a statement and 

let .q . 

If 

1. Claim(1), Claim(2),…, Claim(q) are all true, and 

2. For all natural numbers qk  , if Claim(k), 

Claim( 1k ), …, Claim(1) are all true, then 

Claim( 1k ) is also true, then Claim(n) is true for all 

natural numbers n. 

 

This general principle is applied in the same way as before, 

except that at step 1, we prove Claim(1), Claim(2),…, 

Claim(q) are true and at step 2, we must note that qk   

and assume Claim(k), Claim( 1k ), …, Claim(1) are true. 
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Condition 2 of the Strong principle of Mathematical 

Induction allows more than one assumption to prove 

Claim( 1k ). 

Therefore, when we are applying this principle, we can 

assume the Claim to be true for more values. 

 

Exercise: 

Rewrite the Strong Principle of Mathematical Induction, 

using predicate logic. 

Let P(n) be a predicate, then the PMI is: 

 

)(

)),1()]1()1()(([

)()2()1(

,

nP

qkkPPkPkP

qPPP

n
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Example: 

Let nuuu ,,, 21   be real numbers defined by: 

)1(3for,65 21   nuuu nnn  and )2(4,2 21  uu . 

Prove, by induction, that n
nu 2  for all .n  

Let Claim(n) be n
nu 2 . 

Step 1: Claim(1) is 221
1 u . By (2), this is true. 

 Claim(2) is 422
2 u . This is also true, by (2). 

Step 2: Assume Claim(k), Claim( 1k ), …, Claim(1) are 

all true, for some 2k . 

 That is, )3(2...,,2,2 1
1

1
1  

 uuu k
k

k
k  

 Prove Claim( 1k ) is true, i.e. prove  1
1 2 
  k

ku .

 

   
   
 

1

1
11

2

22

2325

(3)by 2625

by(1)65
















k

k

kk

kk
kkk uuu

 

Therefore, Claim( 1k ) is true.  Therefore, by the Strong 

Principle of Mathematical Induction, Claim(n) is true. 
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Exercise: 

Let nuuu ,...,, 21  be real numbers such that 

)1(3for,32 21   nuuu nnn  

and )2(221  uu .  

Prove that 2nu  for all .n  

Let P(n) be 2nu . 

Step 1: P(1) is 21 u . By (2), this is true. 

 P(2) is 22 u . By (2), this is true. 

Step 2: Assume P(k), P( 1k ), …, P(1) are all true, for 

some 2k . That is, )3(2...1  kk uu  

Prove P( 1k ) is true, that is, prove that 21 ku . 

 
   

RHS2

64

(3)     by 2322

     by(1)32 11





  kkk uuu

 

Therefore, P( 1k ) is true. 

Therefore, by the Strong Principle of Mathematical 

Induction, P(n) is true for all .n  
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Exercise: 

Let nvvv ,...,, 21  be real numbers defined recursively by: 

3for23 21   kvvv kkk  

and 3,2 21  vv  

Fill in the values for nv  and n2  in the table: 

n nv n2  

1 2 2 

2 3 4 

3 5 8 

4 9 16 

5 17 32 

6 33 64 

Study the table then guess a simple formula for nv . 

12 1  n
nv  for all .n  

Prove, using Strong Mathematical Induction, that your 

guess is correct. 
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We are given: 

)1(3for23 21   kvvv kkk  

)2(3,2 21  vv  

Let Claim(n) be 12 1  n
nv . 

Step 1: Claim(1) is 120
1 v . 

 

trueis)1(Claim

RHSLHS

21112RHS

)2(by2LHS
0
1






 v

 

 Claim(2) is 121
2 v . 

 

trueis)2(Claim

RHSLHS

31212RHS

)2(by3LHS
1
2






 v

 

Step 2: Assume Claim(k), CLAIM( 1k ), …,Claim(1) are 

all true, for some 2k . 

That is,  

)3(12,12,12 0
1

2
1

1  


 uuu k
k

k
k   
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 Prove Claim( 1k ) is true; that is prove that  

 1212 11
1  


kk
kv . 

 

   

 

RHS12

122

1132

12223

222323

(3)by   122123

(1)by             23

1

1

21

21

21
1

1





























k

k

k

kk

kk

kk
kk

k

vv

vLHS

 

 So Claim( 1k ) is true. 

Thus by the Strong Principle of Mathematical Induction, 

Claim(n) is true for all .n  
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Section 4. Number Theory 

4.1. Introduction 

This section demonstrates some different techniques of 

proving some general statements. 

Examples: 

 Prove that the sum of any two odd numbers is even. 

Firstly you should check a few examples to confirm (for 

yourself) that the statement is true. 

853  ; 1679  ; 18117   

Write down what you are asked to prove in “mathematical 

language” (if it is not already). 

evenisodd are,,, bababa    

Next, write down everything you know [related to the 

problem] and what they mean. 

Note that this also includes what you can assume – such as 

Claim(k) in Mathematical Induction. 

 
)2(12,odd is

)1(12,odd is




lblb

kaka
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Write down what you are trying to prove, and what that 

means (i.e. what you have to “get to”). 

Prove that ba   is even, that is sbas 2,    

What you do at this point varies from proof to proof. 

Whenever you have an equality, it is often best to start with 

the LHS and work to the RHS. 

   

 

evenis

RHS

12

vityDistributi12

222

(2) (1),by1212

LHS

ba

klss

kl

kl

lk

ba
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 Prove that 2 is the only even prime. 

Clearly, 2 is an even number and a prime number. 

To prove that 2 is the only even prime requires a proof by 

contradiction. 

We must suppose the opposite of what we are proving, then 

follow the logical arguments to arrive at a contradictory 

statement. 

Suppose there exists another even prime, n, such that 2n . 

Then, knk 2,   . 

Now, 02   and 12  . 

Also, 0k  (as 2n ) and 1k . 

[If k were equal to 1, then 2n . However, we know that 

2n .] 

Therefore, we have positive numbers 2 and k where kn 2  

and 1k , 12  . 

Thus, by definition, n is composite. 

This is a contradiction, as we said n is prime. 

Therefore, there does not exist an even prime n such that 

2n , and so 2 is the only even prime. 
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Exercise: 

Determine if the following statements are true or false. In 

each case prove your answer 

 oddis primeis, nnn    

The statement is false. 

Counterexample: 

Let  2n .  

Then n is prime, but n is even. 

 bababa  22,,   

The statement is false. 

Counterexample: 

Let 1a  and 1b . 

Then 122  ba , but ba  . 

Note: You MUST give a counterexample. A “general 

disproof” doesn’t work as the values 0 ba  are a 

counterexample to the “disproof”. 
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4.2. Divisibility 

4.2.1. Definition: Divisibility 

If n and d are integers and 0d , then n is divisible by d if 

and only if kdn   for some k . 

We write nd |  and say that “d is a divisor of n.” 

Alternative expressions include: 

 “d is a factor of n.” 

 “d divides n.” 

 “n is a multiple of d.” 

 “n is divisible by d.” 

When n is not divisible by d we write nd |  

Exercise: 

Write the definition of divisibility using logic notation. 

dknkndddn  ,|0,   

 
d

n
dknkndddn ,|0,
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Examples: 

 Is 16  a divisor of 32? 

Yes.   2),2(1632 . 

 If l and 0l , does 0|l  ? 

Yes.   0,00 l . 

 Find all values of a  such that 1|a . 

We need to show 
k

aakk
1

1,   . 

Need 1
1

1
  giving  1

1



 ak

k
 . 

 What is the relationship between a and b if ba |  and 

ab | , for ba, ? 

   
   
   

ba

balk

balk

lklkkl

klbl
k

b

bla
k

b
aakb













1

1

111

1
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Exercises: 

 If ba, , is ba 33   divisible by 3? 

Yes.  baba  333  and    ba . 

 

 Let yxcba ,,,, . If ab |  and cb | , does 

 cyaxb | ?  Why? 

Yes. 

blcbkalk  ,,   

So,  lykxbblybkxcyax   

and    lykx  by closure. 

 

 ba, , is it true that ba |  implies ba  ? 

Yes, it’s true. 

ba

kakbba


 ,|

 

 

 Does 15|4 ? 

No . 15|4
4

15
  



WUCT121 Numbers 87 

4.2.2. Definition: Transitivity of Divisibility 

For all integers a, b and c, if ba |  and cb | , then ca | . 

Exercise: 

Write the definition of transitivity of divisibility using logic 

notation. 

 cacbbacba |)||(,,,    

Proof: 

We know: 

  1,| kabkba    

  2,| blclcb    

Show that ca | , that is, find m  such that mac  . 

Now, 

 

ca

klmma

akl

lka

blc

|

where

itycommutativandityassociativby)(

)1(by)(

)2(by
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4.2.3. Theorem: Divisibility by a Prime 

Every integer 1n  is divisible by some prime number. 

Exercise: 

Write the theorem of divisibility by a prime using logic 

notation. 

 )|,numberprimea1(, nppnn    

Proof: 

We need to show: 

 )|,numberprimea1(, nppnn    

Let 1,  nn  . 

Then there are two possibilities: 

A. If n is prime, let np  . 

Then np |  and the result follows. 

B. If n is not prime, then 

nsnrsr  1111 1and1,,   

11 srn  . 
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Consider 11 r , again there are two possibilities: 

A. If 1r  is prime, let 1rp  . 

Then 1| rp  and nr |1  so np |  by transitivity of 

divisibility 

B. If 1r  is not prime, then 

121222 1and1,, rsrrsr    

221 srr  . 

Consider 12 r , again there are two possibilities 

A. If 2r  is prime, let 2rp  . 

Then 2| rp  and 12| rr  and nr |1  so np |  by 

transitivity of divisibility. 

B. If 2r  is not prime, then we factorise as with 1r  

and n.  

We continue in this way until we find a prime factor. 

This process will finish after a finite number of steps 

because each new factor is less than the previous one and 

greater than 1. 
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Thus, we obtain the list krrrr ,,321   where 

krrrrn  321  and each nri | .  

The list ends when kr  is prime.  

Therefore, let krp  , then np |  and the result follows. 

Example: 

Find a prime factor of 693. 

3

primeis3339

9

primenotare77and9779693

1







pLet

rLet
 

Exercise: 

Find a prime factor of 48. 

2

prime bothare 3and 2326

6

primenotare8and68648

1







pLet

rLet
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4.2.4. Theorem: Infinite Number of Primes 

The number of primes is infinite. 

Proof: 

Suppose there is a finite number of primes; that is, we can 

list all prime numbers as follows:  nppp ,,3,2 21   

Therefore, np  is the largest prime number. 

Consider 1321  nppppX  . 

Clearly npX  . 

Since np  is the largest prime, X must be composite so, by 

the Theorem of Divisibility by a Prime, X is divisible by a 

prime. 

Consider: 

 
1

32
1

1

p
ppp

p

X
n   . 

1

1

p
, so Xp |1   

 
2

31
2

1

p
ppp

p

X
n   . 

2

1

p
, so Xp |2   

Similarly, Xp |3  . Xp |4  , …, Xpn | . 

Therefore, no prime number divides X. 

This is a contradiction, so our assumption must be 

incorrect. Therefore, since the number of primes is not 

finite, it must be infinite. 
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4.3. Quotient Remainder Theorem 

Exercise: 

Evaluate the following division without using decimals. 

(Nor a calculator!) 

 

3

8

2
114

 

We can express the previous division as 32411  . 

Note that the remainder, 3, is less than 4. 

4.3.1. Theorem: The Quotient-Remainder 

Theorem. 

If n and 0d  are both integers, then there exist unique 

integers q and r such that rdqn   and dr 0 . 

Proof: 

We know that ,, dn and 0d . 

The proof of this theorem involves proving two main 

things: 
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A. Existence: 

Prove that: drrdqnrq  0,,,  . 

Let   kdkndknS ,0: . 

We want to show S is nonempty. 

If 0n , we can select 0k : 

 
Sdn

ndn




0

00
 

If 0n , we can select nk  : 

 
 
Sdnn

dndndnn


 01and    0  since  ,01

 

Therefore S is nonempty. 

Note that 0⊆S  and that 0  is well-ordered. 

Therefore by the well-ordering principle, S contains a 

least element r. 

Then for some specific integer qk =   

 
rdqn

rdqn
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We prove dr <  by contradiction. 

Suppose dr ≥ . 

 

0

)1(





dr

ddqnqdn

 

Since rdqn  ,   1 qdn  would be a nonnegative 

integer in S that would be smaller than r. 

But r is the smallest integer in S. 

We have a contradiction. 

Therefore our assumption, dr ≥ ,  was wrong, and so 

dr  . 

B. Uniqueness: 

Prove that for qrrdqn and  ,  are unique. 

Suppose that: 

 

rrqqd

rrqqd

rrqqrdqn

rdqn








11

11

1111

)(

)2()1()(0

)2(,

)1(

 

 Now 1,qq  and qq 1 . 

 11  qq . 
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 )3(since 11 rrdrr   

 

drr

drrd

dr

rd

dr










1

1

1

i.e.

0and   

0

0

 

 This contradicts (3), so our assumption is wrong. 

 rrqq  11 ,  

 Therefore for qrrdqn and  ,  are unique. 

Summary of Proof: 

The proof of this theorem involved proving two main 

things: 

Existence: 

drrdqnrq  0,,,   

Let   kdkndknS and 0: . 

Apply well-ordering to get a least value r with 

corresponding qk  , so that rdqn  . 

 Prove that dr   by assuming dr   and  showing that 

this gives a smaller element of S, which  contradicts the 

fact that r is the least element of S. 
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Uniqueness: 

For rdqn  , r and q are unique. (i.e. the only ones). 

Assume that there are two values each for q and r, and 

prove by contradiction that the values are really the 

same. 

 

The Quotient-Remainder Theorem says that when we 

divide any integer n by any positive integer d, there will 

be a quotient q and a remainder r, where dr 0 . 

Example: 

Find values for drrdqnrq  0,thatsuch,,  , for 

the following: 

  

2,13

213454

4,54





rq

dn

 

  

4,4

4)4(932

9,32






rq

dn

 



WUCT121 Numbers 97 

Exercises: 

Find values for drrdqnrq  0,thatsuch,,  , for 

the following: 

  

2,14

2)14(454

4,54






rq

dn

 

  

54,0

5407054

70,54





rq

dn
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4.3.2. Result: Even or Odd 

Every integer is either even or odd. 

Proof: 

We must prove the statement  

 

)12,()2,(,

i.e.

oddisevenis,





lnlknkn

nnn





 

 

Let n .  

Now, n and 02   are integers, so we apply the Quotient-

Remainder Theorem to get: 

 20,2,,  rrqnrq  . 

For 20  r  to be true, 0r  or 1r . 

Therefore, qqn 202   or 12  qn  and the result 

follows. 
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4.4. The Fundamental Theorem of Arithmetic 

4.4.1. Theorem: The Fundamental Theorem of 

Arithmetic 

If 1and  aa   then a can be factorised in a unique way 

in the form 

 k
kppppa  ...321

321  

where kppp ,,2,1   are each prime numbers and i  

for each ki ,,2,1  . 

Example: 

Write the following numbers in terms of their prime 

factors. 

 32 

 32     
      
2  16    
      
 2  8   
      
  2  4  
      
   2  2

 
5232   
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 924 

 924     
      
2  462    
      
 2  231   
      
  3  77  
      
   7  11

 11732924 2   

Exercises: 

Write the following numbers in terms of their prime 

factors. 

 1300 

 1300     
      
2  650    
      
 2  325   
      
  5  65  
      
   5  13

 13521300 22   
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 2772 

 2772      
       
2  1386     
       
 2  693    
       
  3  231   
       
   3  77  
       
    7  11 

 117322772 22   

 50193 

 50193      
       
3  16731     
       
 3  5577    
       
  3  1859   
       
   11  169  
       
    13  13 

 23 1311350193   
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4.5. Greatest Common Divisor 

4.5.1. Definition: Greatest Common Divisor 

Let 0or0with,,  baba  . 

The greatest common divisor of a and b, denoted gcd(a, b), 

is a natural number c with the following properties: 

A. c is a common divisor of both a and b. 

That is ac |  and bc |  

B. For all natural numbers d, if d is a common divisor of 

a and b, then cd  . 

That is cdbdadd |)||(,    

Exercise: 

Write the definition of greatest common divisor using logic 

notation. 

Let c  

]|)||(,[]||[),gcd( cdbdaddbcacbac  
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Examples: 

Evaluate: 

 gcd(18, 12) 

Factors of 18: 1, 2, 3, 6, 9, 18 

Factors of 12: 1, 2, 3, 4, 6, 12 

6)12,18gcd(   

 gcd(18, –12) 

Factors of 18: 1, 2, 3, 6, 9, 18 

Factors of –12: 1, 2, 3, 4, 6, 12 

6)12,18gcd(   

Note: need only consider positive factors since gcd is 

a natural number 

Exercises: 

 Evaluate gcd(45, 75) 

Factors of 45: 1, 3, 5, 9, 15, 45 

Factors of 75: 1, 3, 5, 15, 25, 75 6)75,45gcd(   

 Evaluate gcd(7, 11) 

Factors of 7: 1, 7 

Factors of 11: 1, 11 1)11,7gcd(   
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If k
kppppa  ...321

321  and 

k
kppppb  ...321

321 , then 

),min(),min(
2

),min(
1 ...1),gcd( 2211 kk

kpppba   

where 00  ii and   

Example: 

 gcd(3220, 1155) 

35

751)1155,3220gcd(

117531155

237523220 2







 

 gcd(35100, 6975) 

225

531)6975,35100gcd(

31536975

1353235100

2

22

232
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Exercises: 

 Evaluate gcd(2772, 2310). 

462

117321)2310,2772gcd(

1175322310

117322772 22






 

 Evaluate gcd(6615, 1352). 

1)2310,2772gcd(

1321352

7536615
23

23






 

 If cba ),gcd( , what 

are ),gcd(),,gcd(),,gcd( bababa  ?They are all c. 

 For 0or0with,,  baba  , does gcd(a, b) 

always exist? Is it unique? 

Yes, it always exists – at least 1 – and it is unique. 

 gcd(0, 0) is not defined. Why? 

gcd(0, 0) is the largest natural number that divides 0 

and 0. Every natural number divides 0 and there is no 

largest natural number. 

  If gcd(a, b) = 1, then a and b are relative primes. 
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4.6. Least Common Multiple 

4.6.1. Definition: Least Common Multiple 

Let 0or0with,,  baba  . 

The least common multiple of a and b, denoted lcm(a, b), is 

a natural number c with the following properties: 

A. c is a common multiple of both a and b. 

That is ca |  and cb |  

B. For all natural numbers d, if d is a common multiple 

of a and b, then dc  . 

That is dcdbdad |)||(,    

Exercise: 

Write the definition of least common multiple using logic 

notation. 

Let c  

]|)||(,[]||[),(lcm dcdbdadcbcabac  
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Example: 

Evaluate: 

 lcm(9, 15) 

Multiples of 9: 9, 18, 27, 36, 45,….  

Multiples of 15: 15, 30, 45…. 

45)15,9(lcm   

 lcm(32, –24) 

Multiples of 32: 32, 64, 96, 128,….  

Multiples of –24: 24, 48, 72, 96,…. 

96)24,32(lcm   

Note: Need only consider positive multiples since lcm 

is a natural number 

Exercise: 

 Evaluate lcm(45, 75) 

Multiples of 45: 45, 90, 135, 180, 225, … 

Multiples of 75: 75, 150, 225, … 225)75,45(lcm   

 Evaluate lcm(7, –11) 

Multiples of 7: 7, 14, 21, 28, 35, 49, 56, 63, 70, 77,…  

Multiples of –11: 11, 22, 33, 44, 55, 66, 77,…

 77)11,7(lcm   
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If k
kppppa  ...321

321  and 

k
kppppb  ...321

321 , then 

),max(),max(
2

),max(
1 ...),(lcm 2211 kk

kpppba  . 

Example: 

Evaluate: 

 lcm(3220, 1155) 

106260

23117532)2310,2772(lcm

117531155

237523220

2

2







 

 lcm(35100, 6975) 

362700

11731532)6975,35100(lcm

31536975

1353235100

222

22

232
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Exercise: 

 Evaluate lcm(2772, 2310). 

13860

117532)2310,2772(lcm

1175322310

117322772

22

22







 

 Evaluate lcm(6615, 1352). 

8943480

137532)2310,2772(lcm

1321352

7536615

2233

23

23








 

 If cba ),(lcm , what are 

),(lcm),,(lcm),,(lcm bababa  ? 

They are all c. 

 For 0or0with,,  baba  , does lcm(a, b) 

always exist? Is it unique? 

Yes, it always exists and it is unique. 
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4.7. The Euclidean Algorithm 

The Euclidean Algorithm is an efficient process for finding 

the greatest common divisor of two integers. It uses the 

Quotient-Remainder Theorem and the following lemmas: 

Lemma 1: rr )0,gcd(  

If r is a positive integer, then rr )0,gcd( . 

Proof: 

Let 0,  rr  , and let .rc   

Clearly, rc |  and 0|c . 

Obviously, any other divisor of r (all of which also divide 

0) must divide c as .rc   

That is cddrdd |)0||(,    

rcr  )0,gcd( . 
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Lemma 2: ),gcd(),gcd( rbbarbqa   

If  0,,  bba   and rq,  that rqba  , then 

),gcd(),gcd( rbba  . 

Proof: 

The proof of this lemma has two parts: 

A. Prove that ),gcd(|),gcd( rbba ; and 

B. Prove that ),gcd(|),gcd( barb . 

Once we have shown these two results and noting that the 

greatest common divisor is always positive, we can 

conclude that ),gcd(),gcd( rbba  . 

A. Prove that ),gcd(|),gcd( rbba . 

Let  kba ),gcd( . 

Then ak |  and bk | ; that is, 

  )1(,, knbkmanm   . 

We are given that )2(0,  rrqba , 

Substituting (1) into (2), we have 

 nqmkr

rknqkmrknqkm
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Clearly,  nqm  and so rk | . 

Therefore, k is a common divisor of b and r. 

So  rbk ,gcd| , that is, ),gcd(|),gcd( rbba . 

B. Prove that ),gcd(|),gcd( barb . 

Let  lrb ),gcd( . 

Then bl |  and rl | ; that is, 

  )3(,, lnrlmbnm   . 

We are given that )4(0,  rrqba . 

Substituting, (3) into (4), we have 

 nmqlalmqa  ln . 

Clearly,  nmq  and so al | . 

 Therefore, l is a common divisor of a and  b.  

So  bal ,gcd| , that is, ),gcd(|),gcd( barb . 

Therefore, by A. and B. ),gcd(),gcd( rbba  . 
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4.7.1. Process: The Euclidean Algorithm 

The Euclidean Algorithm is used to find gcd(a, b) and can 

be described as follows: 

1. Let 0||||with,,  baba  . 

2. If b = 0, then aba ),gcd(  (by Lemma 1). 

If 0b , apply the quotient remainder theorem to get 

brrbqa  0where, , then, (by Lemma 2) 

),gcd(),gcd( rbba  . 

Repeat the process in step 2, to find ),gcd( rb  

(i.e. let a = b and b = r). 

The process is guaranteed to terminate eventually with 

0r  because each new remainder is less than the 

preceding one and all are nonnegative. 

Note if a < 0 or b < 0 then let |||,| bbaa   in the above 

algorithm 
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Examples: 

Find the greatest common divisor of the following pairs of 

numbers using the Euclidean Algorithm: 

 2772 and 2310 

462

)0,462gcd(

)462,2310gcd()2310,2772gcd(Therefore

462

)0,462gcd()462,2310gcd(Hence

054622310

:findto462by2310Divide

)462,2310gcd()2310,2772gcd(Hence

462123102772

:findto2310by2772Divide
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 –243 and 223 

1

)0,1gcd(

)1,2gcd(

)2,3gcd(

)3,20gcd(

)20,223gcd(

)223,243gcd()223,243gcd(Therefore

1

)0,1gcd()1,2gcd(Hence

0212

:findto1by2Divide

)1,2gcd()2,3gcd(Hence

1123

:findto2by3Divide

)2,3gcd()3,20gcd(Hence

26320

:findto3by20Divide

)3,20gcd()20,223gcd(Hence

31120223

:findto20by223Divide

)20,223gcd()223,243gcd(Hence

201223243

:findto223by243Divide

3)gcd(243,22)223,243gcd(
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Exercises: 

Find the greatest common divisor of the following pairs of 

numbers using the Euclidean Algorithm: 

 15 and 10 

5

)0,5gcd(

)5,10gcd()10,15gcd(Therefore

5

)0,5gcd()5,10gcd(Hence

02510

:findto5by10Divide

)5,10gcd()10,15gcd(Hence

511015

:findto10by15Divide












 

 5 and 9 

1)5,9gcd(Therefore

1

)0,1gcd()1,4gcd(Hence

0414

)1,4gcd()4,5gcd(Hence

1145

)4,5gcd()5,9gcd(Hence

4159
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 90 and –54  

18

)0,18gcd(

)18,36gcd(

)36,54gcd(

)54,90gcd()54,90gcd(So

18

)0,18gcd()18,36gcd(So

021836

)18,36gcd()36,54gcd(So

1813654

)36,54gcd()54,90gcd(So

3615490

gcd(90,54))54,90gcd(


















 

 24 and 63  

3

)0,3gcd()24,63gcd(So

0236

3169

61915

911524

1522463
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4.7.2. Definition: Relatively Prime 

If 1),gcd(and,  baba   then a and b are relatively 

prime. 

Example: 

  19,17gcd  , therefore 17 and 9 are relatively prime 

Exercises: 

 Which of these pairs are relatively prime? 

 3, 8 Yes, since   13,8gcd   

 27, 32  Yes, since   127,32gcd   

 81, 33  No, since   333,81gcd   

 72, 139  Yes, since   1139,72gcd   

 True or False? If true, what is y? If false, give a 

counterexample 

 1),gcd(,,  yxyx   True.Let 1y . 

 Let p be prime, n . What are the two possibilities 

for  np,gcd ? p or 1 
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4.7.3. Theorem: Linear Combination of gcd 

If ba,  and not both equal zero, then  ba,gcd  exists 

and there exist nm,  such that   nbmaba ,gcd . 

Note. 

The theorem says two things: 

  ba,gcd  always exists (as long as a and b are not both 

zero) 

and 

  ba,gcd  can be written as a linear combination of a 

and b. 

Corollary 1: 

If a and b are relatively prime,   1,gcd ba . 

Thus  nm,  such that   nbmaba  1,gcd . 

Corollary 2: 

 cba ,, , if   1,gcd ba  and bca | , then ca | . 
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Proof: 

We must prove that: 

  )|)|1,((gcd,,, cabcabacba   . 

We know: 

  1,gcd ba  that is  nm,  such that 

)1(1 nbma   

and  

bca | , that is k  such that )2(kabc  . 

We must prove that ca | , that is, we must find l   such 

that lac  . 

Multiplying (1) by c we have )3(nbcmacc  . 

Substituting (2) into (3) 

 

ca

nqmclla

anqmc

nqamacc

|

where
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4.7.4. Linear Combination of gcd 

Using the values found in the Euclidean Algorithm, we can 

perform a “backwards” process to find the values for m and 

n required for the linear combination of the gcd. 

 

Examples: 

 Find nm,  such that 

  nm 231027722310,2772gcd   

Previously we found   4622310,2772gcd   

Using the equations from the Euclidean Algorithm and 

rearranging to make the remainder the subject: 

1,1

123102772462462123102772




nm
 

Note: when finding gcd of two positive numbers, ONE of  

m or n will be negative. 
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 Find nm,  such that 

  nm 223)243(223,243gcd   

Previously we found   1223,243gcd   

Using the equations from the Euclidean Algorithm and 

rearranging to make the remainder the subject: 

)4(

)3(

)2(

)1(

1231

63202

11202233

122324320

1123

26320

31120223

201223243
















 

Working our way backwards, starting from equation (4), 

substituting for the remainder, 

85,78

8522378243

7824385223

78)1223243(7223)1(in  sub

78207223

1207)1120223()2(in  sub

12073

1)6320(31)4(into)3(













nm
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Exercises: 

 Find nm,  such that   nm 101510,15gcd   

Previously we found   510,15gcd   

1,1

110155511015




nm
 

 

 

 

 Find nm,  such that   nm 595,9gcd   

Previously we found   15,9gcd   

)2(

)1(

1451

1594

1145

4159








  

2,1

25)1(9

1)159(51)1(into)2(





nm
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 Find nm,  such that   nm )54(9054,90gcd   

Previously we found   1854,90gcd   

)2(13654181813654

)1(15490363615490




 

2,1

)2()54()1(90

254)1(90

1)15490(5418)2(into)1(







nm

 

 Find nm,  such that   nm 246324,63gcd   

Previously we found   324,63gcd   

)4(

)3(

)2(

)1(

1693

19156

115249

2246315

3169

61915

911524

1522463
















 

8,3

824)3(63

363824

3)22463(224)1(in sub

315224

1152)11524()2(in sub

11529

1)1915(93)4(into)3(













nm
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4.8. The Pigeonhole Principle 

4.8.1. Definition: The Pigeonhole Principle 

If n pigeons fly into k pigeonholes and nk  , then some 

pigeonhole contains at least two pigeons. 

 

Proof:  

(By contradiction) 

Suppose each hole contains at most one pigeon. Since there 

are k pigeonholes then we have at most k pigeons in holes. 

This contradicts that we know that n pigeons have flown 

into the holes and k is strictly bigger than n. 

Examples: 

 For any 8 people there is a day of the week when at 

least two people have birthdays. 

In this case the people are pigeons so 8n  and the days of 

the week are the pigeonholes (so 7k ). 

Since kn  , by the pigeonhole principle, there is at least 

two pigeons (people) with their birthday on the same day 

(pigeonhole). 
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 If there are 5 spiders and 4 spider webs, must there be 

one web with at least two spiders on it? 

Here spiders are the pigeons so n = 5 and webs are the 

pigeonholes k = 4. 

Since kn  , by the pigeonhole principle, there must be at 

least two spiders on one of the webs. 

 

5 

Spider Webs 

1 

2 

3 

4 

Spiders 

 4 

 3 

 1 

 2 
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Exercises: 

 Four cards are selected out of a standard pack of 52 

cards. 

Must there be at least two from the same suit? 

What if 5 cards are selected? 

4 cards: No. There could be one from each suit. 

5 cards: Yes. Suits  holes  4; cards  pigeons  5. 45   

so a suit (hole) has 2 or more cards (pigeons). 

 Ten people have first names Alex, Barry and Chris 

and last names Lee, Miller and Nelson. 

Must there be at least two people with the same first 

and last names? 

There are 9 possible first and last name combinations for 

the 10 people.  

Here people are the pigeons so n = 10 and name 

combinations are the pigeonholes so k = 9. 

Since kn  , by the pigeonhole principle, there must be at 

least two people with the same first and last name 

combination. 
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Some Equivalent Mathematical Statements of the 

Pigeonhole Principle: 

1. Let A be a set containing n elements. If A is partitioned 

into k pair-wise disjoint subsets, where nk  , then at least 

one of the subsets of the partition contains more than one 

element. 

2. A function from one finite set to a smaller finite set 

cannot be one-to-one. That is there must be at least 2 

elements mapped to the same point. 

 

Examples: 

 In a group of 700 people must there be two whose 

family names have the same first and last letter? Why? 

Method 1: 

26 possibilities for first letter and 26 for last letter. 

Thus, 6762626   possibilities for first/last combination. 

676 holes and 700 pigeons means at least one possibility 

has 2 people. 
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Method 2: 

Set A of 700 people. 

Partition into subsets with same first/last letter 

combination. 

This gives 676 subsets (some may be empty) which are 

disjoint. 

Since 700 > 676 one of the subsets must have more than 

one element (people). 

 

Method 3: 

Define a function f: people  letter pairs by: 

f (person)  (first letter of name, last letter of name). 

First set has 700 members and the second has 676 members 

and so is smaller. 

Then 2 elements (people) are mapped to the same point, 

that is, 2 people have the same first and last letters. 
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Examples: 

 Five different numbers are selected from the set 

 8,7,6,5,4,3,2,1A . 

Show that two of the selected numbers sum to 9. 

There are 4 pairs that sum to 9, namely, 

)}5,4(),6,3(),7,2(),8,1{(S .  

Each number in A belongs to exactly one of the pairs in S. 

Define a function SAf :  by: 

)(if  pair containing i which sums to 9. 

So ),7,2()2(),8,1()1(  ff  

Now when we make our selection of 5 numbers we have a 

function from the 5 selections to the 4 pairs. 

By the principle above two of the selections must be 

mapped to the same pair. 

That is both elements of the pair are amongst our 

selections. 
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 We number 151 CSCI subjects using the numbers 1 to 

300. Show that at least two of the subjects must have 

consecutive numbers. 

Let course numbers be 15121 ,,, ccc   (151 different 

numbers). 

Add in the numbers 1,,1,1 15121  ccc   giving 302 

numbers all together. 

They are all in the range 1 to 301. 

There must be at least two which coincide. 

Of these, one is in 15121 ,,, ccc   and the other in 

1,,1,1 15121  ccc  . 

That is, 1 ji cc  and so ic  and jc  are consecutive. 

or 

300 numbers can be grouped into 150 pairs of consecutive 

numbers,    ,4,3,2,1  

These are 150 pigeonholes. 

If there were 150 subjects, they could each go into one of 

the 150 pigeonholes, and none need be consecutively 

numbered, e.g. 1, 3, 5, etc. 

But there are 151 numbers (pigeons). 

Therefore, by the pigeonhole principle, at least one 
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pigeonhole (pair of consecutive numbers) must have two 

pigeons (numbers). 

Therefore, at least two of the subjects must have 

consecutive numbers. 

 

Exercises: 

 How many integers must you pick in order to be sure 

that at least two of them have the same remainder 

when divided by 15? 

There are 15 possible remainders (0, …, 14).(pigeonholes) 

Choose 15 numbers.(pigeons) 

They could each have a different remainder. 

Choose 16 numbers.(pigeons) 

Then 15 possible remainders (holes) are filled with 16 

numbers (pigeons). 

At least two of the numbers must have the same remainder. 
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 How many integers between 100 and 999 must you 

pick in order to be sure that at least two of them have a 

digit in common? (For example 256 and 530 have the 

common digit 5.) 

9 numbers is not enough, e.g. 111, 222, 333, …, 999 have 

nothing in common. 

Choose 10 numbers (pigeons). 

There are 9 possibilities for a digit (1 to 9) (pigeonholes). 

So at least two of the ten numbers have a common digit. 

 A restaurant serves 3 different salads, 6 different main 

meals and 4 different desserts. 

How many people must eat at the restaurant to ensure 

at least two of them have the same 3 course meal 

combination? 

There are 72463   meal combinations. (pigeonholes) 

So must have 73 people to ensure at least two of them have 

the same meal combination 
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4.8.2. The Generalised Pigeonhole Principle 

If n pigeons fly into k pigeonholes and for some number m, 

kmn  , then some pigeonhole contains at least 1m  

pigeons. 

 

Alternatively: 

If n pigeons fly into k pigeonholes, then at least one 

pigeonhole contains at least 




k

n
 pigeons. 

 

Note:  x  denotes the ceiling function. and is defined as: 

 x  is the least integer that is greater than or equal to x.  

That is   nxnnnx  1,where,   

Example: 

    1182.10117   

Exercise: 

Find     1514.14200   
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Examples: 

 Show that in a group of 85 people the last name of at 

least 4 must start with the same letter. 

n = 85 people (pigeons), k = 26 letters (holes). 

We required the largest m such that kmn  . 

Now 7832685  . That is, 26,85  kn  and 3m . 

Then same letter has at least 41 m  people. 

Or 4
26

85




 . 

Exercises: 

 Find the minimum number of students in a class to be 

sure that three of them are born in the same month. 

Here 12k  months and 31 m , so 2m . 

Hence among any 24 kmn  students (pigeons) there 

will be three born in the same month. 

So the minimum number of students in a class to ensure 

three born in the same month is 25. 

Or  3
12

25




 . 

We required the minimum n such that 253
12





 n

n
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 We want to assign 70 students to 11 classes so that no 

class has more than 15 people.  

 Show that there must be at least 3 classes with 5 or 

more. (Hint: Try contradiction.) 

Here n = 70 students (pigeons), k  = 11 classes (holes) 

Since 6661170   by the generalised principle there is 

at least one class with at least 7 students. 

Suppose there are only 2 classes with 5 or more. 

These two have at most 15 students each (i.e. 30 students) 

and the remaining 9 classes have at most 4 each (i.e. 

4936   students). 

At most 663630   students are in classes. 

This is a contradiction as we have 70 students. 

Therefore, there must be at least 3 classes with 5 or more. 

Or:  

Fill 2 classes to maximum size. This allocates 30 students.  

There are now n = 40 students (pigeons), to fill k = 9 

classes (holes). Since )4(364940  m  by the 

generalised principle there is at least one class with m +1 = 

5 students. Therefore, there must be at least 2+1 = 3 classes 

with 5 or more students. 
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 Suppose naaa ,,, 21  are real numbers and 

 


n

i
i ba

1
. 

Show that there is a least one ia  with 
n

b
ai  . 

 

Suppose 
n

b
ai   for all ni ,,2,1  . 

Then 

  

b
n

b
n

n

b

n

b

n

b

aaaa
n

i
ni







 





1

21

 

This is a contradiction. 

Therefore, there is a least one ia  with 
n

b
ai  . 
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Section 5. Congruence Arithmetic 

A number of computer languages have built-in functions 

that compute the quotient and remainder of division. 

Definition: div  

Let 0,   dn . We define dndiv  as the least integer 

quotient obtained when n is divided by d. That is if 

rdqn  , then qdn div . 

Alternatively: 




d

n
dndiv  

Examples. Find dndiv  for the following: 

  

134div54

213454

4,54



 dn

 

  

49div32

4)4(932

9,32




 dn

 

Exercises: Find dndiv  for the following: 

  

144div45

2)14(454

4,54




 dn

 

  

070div54

5407054

70,54



 dn
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Definition: mod  

Let 0,   dn . We define dn mod  as  the integer 

remainder obtained when n is divided by d. That is if 

rdqn  , then rdn mod  

Examples. Find dn mod  for the following: 

  

24mod54

213454

4,54



 dn

 

  

49mod32

4)4(932

9,32




 dn

 

Exercises: Find dn mod  for the following: 

  

24mod45

2)14(454

4,54




 dn

 

  

5470mod54

5407054

70,54



 dn

 

 For ,n  for 5modn  

0, 1, 2, 3, 4. 

 

Congruence Arithmetic centres around a relation based on 

the idea of “ mod  ”. 
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5.1. Definition: Congruence modulo n. 

Let n . We will define a relation on  called 

congruence modulo n (denoted ) by: 

)(|)(mod(,, bannbaba   . 

 

Notes: 

 “ )(mod nba  ” reads “a is congruent to b modulo n.” 

 The definition says that )(mod nba   if and only if n 

divides the difference between a and b 

 Another way to think about congruence modulo n is in 

terms of remainders: 

)(mod nba   if and only if )(mod)(mod nbna  , that 

is, if a and b have the same remainder after being 

divided by n 
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Examples: 

 )6(mod238   because 36238   and 36|6 . 

also 2)6(mod38   and 2)6(mod2   

 Find z  such that )5(mod12 z  

Require z such that )12(|5 z . 

That is need  kkz ,512 . 

Set 0k , gives 12012  zz  

Set 1k , gives 7512  zz  

Set 2k , gives 21012  zz  

Hence,  ,12,7,2,3,z  

Exercises: 

 Find possible values for m  in each case. 

 )8(mod14 m  

Require m  such that )14(|8 m . 

That is need  kkm ,814 . 

,22,14,6m  

 )7(mod13 m  

,19,13,6m  
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 1),(mod)1(  nnmn  

Require m  such that )1(| mnn  . 

That is need  knnkmn ,1,1 . 

0,1,1

,1,1)1(1








pnnpm

knknmn
 

 Determine whether each of the following is true or 

false. 

 )8(mod97   

True.   97|8  . 

 )11(mod82   

False.  82|11  . 

 )5(mod111   

False.  111|5  . 

 Find values for x  in each case. 

 )7(mod1x  

Require x  such that )1(|7 x . 

That is need  kkx ,71  

,20,13,6 x  
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 )5(mod3x  

Require x  such that )3(|5 x . That is need 

 kkx ,53  ,13,8,3 x  

 )9(mod4x  

Require x  such that )4(|9 x .That is need 

 kkx ,95  ,23,14,5 x  

 If )2(mod0m , what can you say about m? 

m is even. 

 If )2(mod1n , what can you say about n? 

n is odd. 

 Fill in the spaces with the smallest possible non-

negative number. 

 )4(mod121   

 )4(mod218   
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5.2. Congruence Arithmetic 

5.2.1. Theorem: Congruence Addition 

Let n , and dcba ,,,  

If )(mod nba   and )(mod ndc  , 

then ))(mod()( ndbca  . 

Proof: 

We know; 

)1(,)(mod npbapnba    

)2(,)(mod nqdcqndc    

We must show : ))(mod()( ndbca  , that is 

nrdbcar  )()(,  

Adding (1) and (2) gives 





qprnr

qpndbca

nqnpdcba

)()()(

)()(

 

))(mod()(

)]()[(|

ndbca

dbcan
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Examples: 

 )4(mod121  , )4(mod218   

)4(mod3391821   

 )5(mod212  , )5(mod1101   

)5(mod311310112    

Exercises: 

 By considering )24(mod18 x  and )24(mod73 y , 

determine what time of day it will be 73 hours after 

6pm on Sunday. 

)24(mod618  , )24(mod173   

)24(mod77318  . Thus it will be 7pm. 

 

 By considering )60(mod15 x  and )60(mod135 y , 

determine where the minute hand on an analogue 

clock will be located 135 minutes after 11:15. 

)60(mod1515  , )60(mod15135   

)60(mod3013515  . 

Thus the minute hand will lie at 30minutes. 
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5.2.2. Theorem: Congruence Multiplication 

Let n , and dcba ,,,  

If )(mod nba   and )(mod ndc  , 

then )(mod nbdac  . 

Exercises: 

Complete the proof for congruence multiplication 

We know; 

)1(,)(mod npbapnba    

)2(,)(mod nqdcqndc    

We must show : )(mod nbdac  , that is 

)2(, nrbdacr    

Multiplying (1) by c gives: )3(npcbcac   

Multiplying (2) by b gives: )4(nqbdbcb   

Adding (3) and (4) gives 





qbpcrnr

qbpcnbdac

nqbnpcdbcbbcac

)(

)()(

 

)(mod

)(|

nbdac

bdacn
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Examples: 

 )4(mod121  , )4(mod218   

)4(mod23781821   

 Find x such that )5(mod39 x , 50  x . 

3

)5(mod33

)5(mod3)5(mod8

)5(mod8)5(mod42333

)5(mod4)5(mod22333

)5(mod23

)5(mod2)5(mod12

)5(mod12)5(mod43933

)5(mod493

)5(mod33

9

639

336

3

3

2


















x
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Exercises: 

 Find the remainder when 77  is divided by 16. 

Need to find x such that  16mod77 x  and 

160  x  

 
     

 
   

 16mod167

16mod716mod11127272767

16mod127

16mod116mod4916mod774927

16mod77









 

Thus the remainder when 76 is1. 

 Find x such that )15(mod89 x , 150  x . 

6
)15(mod689

)15(mod6)15(mod36)15(mod66494989

)15(mod649

)15(mod6)15(mod36)15(mod66292949

)15(mod68129

)15(mod99














x
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5.2.3. Theorem: Cancellation Law 

Let n , and cba ,,  

If 1),gcd( na  and )(mod nacab  , 

then )(mod ncb   

Proof: 

We know; 

1),gcd( na  and )(mod nacab   

Now, by the definition of congruence modulo n, we have 

 
 

 
)(mod

 notesee|

|

|

ncb

cbn

cban

acabn







 

Note: Recall if 1),gcd( ba  and bca | , then ca |  

Examples: 

 1)4,5gcd(   and )4(mod2565  , [that is 

)4(mod1030  ] 

)4(mod26   
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 3)3,6gcd(   and )3(mod2616   

[that is, )3(mod126  ].  

However, )3(mod21   

Exercises: 

 Given )9(mod3210904   

Find x such that )9(mod1363 x , 90  x . 

4

)9(mod41363

1)9,8gcd(

)9(mod4813638

)9(mod3210904









x

 

 Simplify )10(mod366   

)10(mod122

1)10,3gcd(

)10(mod12323

)10(mod366







 

Note: 

)10(mod61

2)10,6gcd(

)10(mod6616

)10(mod366







 and 

)10(mod183

2)10,2gcd(

)10(mod18232

)10(mod366
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5.3. Congruence Classes Modulo n 

Lemma: 

Let n . If x , then x  is congruent (modulo n) to 

exactly one element in  1,,2,1,0 n . 

This lemma is important as it allows us to group integers 

according to their remainder after dividing by 

a given number n . 

5.3.1. Definition: Equivalence Class 

Let n . The equivalence class determined by s , 

denoted [s], is defined as )}(mod:{][ nsxxs   . 

Examples: 

 The following are equivalence classes when 3n  

o   ,12,9,6,3,0,3,6,9,12,]0[   

o   ,7,4,1,2,5,8,]1[   

o   ,8,5,2,1,4,7,]2[   

o   ,12,9,6,3,0,3,6,9,12,]3[   
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Exercises: 

 Write down 10 elements in the following equivalence 

classes if 4n . 

o   ,20,16,12,8,4,0,4,8,12,16,]0[ 

 

o   ,21,17,13,9,5,1,3,7,11,15,]1[   

 

o   ,22,18,14,10,6,2,2,6,10,14,]2[   

 

o   ,23,19,15,11,7,3,1,5,9,13,]3[   

 

o    0,24,20,16,12,8,4,0,4,8,12,]4[    

 

o    1,25,21,17,13,9,5,1,3,7,11,]5[    

 How many distinct (i.e., different) equivalence classes 

(mod 4) do you expect there to be? 

Four. 
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Lemma: If n , then there are exactly n distinct 

equivalence classes determined by n, namely 

[0], [1], [2], … ,  1n . 

Proof:  

By previous Lemma, every x  is congruent to exactly 

one of the numbers 0, 1, 2, … , 1n . 

Therefore, x is congruent to one of [0], [1], [2], …, ]1[ n . 

Hence, we have n classes. 

To prove the equivalence classes are distinct (disjoint), we 

must show that for ji  ,  ][][ ji . 

Let 10  nji . 

Suppose that  ][][ ji ; that is, there exists x  such 

that ][ix  and ][ jx . 

Then, we have 

)(mod][ nixix   and )(mod][ njxjx   

However, this contradicts the lemma that x is congruent 

modulo n to exactly one of 0, 1, 2, … , 1n ., so our 

assumption that  ][][ ji is false, so  ][][ ji  and 

the result follows. 
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5.4. Definition: Set of Residues n 

For all n , let   ]1[,],2[],1[],0[  nn   

and say that n  is the complete set of residues modulo n. 

Exercises: 

 What are 3 , 218  and 1 ? 

 ]2[],1[],0[3   

 ]217[,],2[],1[],0[218   

 ]0[1   

 In 3 , what are the sets ]40[],7[],2[],4[   usually 

expressed as? 

[1] 

 How many “names" are there for [3] in 10 ? List 

three. 

An infinite number of names.  [13], [23], [33]. 

 In n , 

 ]1[]2[]1[]0[ n  and  

 ]1[]2[]1[]0[ n . 



WUCT121 Numbers 155 

As seen above, n  is a set of elements, each of which has 

an infinite number of names. 

Aside: 

Consider, the set of all rational numbers. 

For all x , x has an infinite number of names. 

Example:  


200

100

6

3

4

2

2

1
 

How have we defined addition of rational numbers? 

Example:  

14

13

14

67

7

3

2

1



 . 

Why couldn't we define addition as follows? 

9

4

72

31

7

3

2

1





  

 

When we define + and  on n , we must make sure our 

definitions do NOT depend on the name of the equivalence 

class. We can then say that + and  on n  are well-defined 

or consistent. 
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5.4.1. Definition: Addition on n 

Addition on n  is defined as follows: 

 ][][][,][],[ bababa n   . 

To prove that addition is consistent relies on the following 

property )(mod][][ nbaba   

Proof: Let ][][ ca   and ][][ db   in n .  

We must prove that ][][ dcba  . 

)1()(mod][][ ncaca   and 

)2()(mod][][ ndbdb   

Adding (1) and (2) using congruence addition gives  

][][

))(mod()(

dcba

ndcba




 

Therefore, addition on n  is consistent. 

Example:  

In 3 , we know ]4[]1[   and ]5[]2[  . 

We want ]5[]4[]2[]1[   

Now, ]3[]21[]2[]1[   and 

]3[]9[]54[]5[]4[    

Therefore, ]5[]4[]2[]1[  . 
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5.4.2. Definition: Multiplication on n 

Multiplication on n  is defined as follows: 

 ][][][,][],[ bababa n   . 

Proof: Let ][][ ca   and ][][ db   in n .  

We must prove that ][][ dcba  . 

)1()(mod][][ ncaca   and 

)2()(mod][][ ndbdb   

Adding (1) and (2) using congruence multiplication gives  

][][

))(mod()(

dcba

ndcba




 

Therefore, multiplication on n  is consistent. 

Example: 

In 3 , we know ]4[]1[   and ]5[]2[  . 

We want ]5[]4[]2[]1[   

Now, ]2[]21[]2[]1[   and 

]2[]20[]54[]5[]4[    

Therefore, ]5[]4[]2[]1[  . 
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Exercises: 

 Write out the addition and multiplication tables for 

3 .  

+ [0] [1] [2] 

[0] [0] [1] [2] 

[1] [1] [2] [0] 

[2] [2] [0] [1] 

 

 [0] [1] [2] 

[0] [0] [0] [0] 

[1] [0] [1] [2] 

[2] [0] [2] [1] 

 

 Are addition and multiplication closed operations on 

3 ? Yes 

 Solve these equations for x in 3 . 

o ]0[]2[ x  ]1[x  

o ]1[]2[ x  ]2[x  

o ]1[]0[ x  No Solution 

o ]2[]0[ x  ]2[x  

 Is 3  commutative under addition or multiplication?

 Yes 
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 Is 3  associative under addition or multiplication?

 Yes 

 Does it have the distributive property? Yes 

 How would you prove or disprove your answers? 

Commutativity:

][][

][

][][][and

][][

][

][][][

][],[ 3

xy

xy

yxyx

xy

xy

yxyx

yx









 

 

Associativity: 

])([][

][][

)]([

])[(

][][][])[]([

and

])[]([][

][][

)]([

])[(

][][][])[]([

][],[],[ 3

zyx

zyx

zyx

zyx

zyxzyx

zyx

zyx

zyx

zyx

zyxzyx

zyx
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Distributivity: 

][][][][

][][

)]()[(

])[(

][][][])[]([

and

][][][][

][][

)][

)]([

][][])[]([][

][],[],[ 3

zyzx

zyzx

zyzx

zyx

zyxzyx

zxyx

zxyx

zxyx

zyx

zyxzyx

zyx















 

 

 Does 3  have an identity under addition or 

multiplication? 

Yes. [0] is the identity under addition; [1] is the 

identity under multiplication. 

 Does each element of 3  have an inverse under 

addition? What are they? 

Yes. [0] is the inverse of [0]; [2] is the inverse of [1]; 

[1] is the inverse of [2]. 
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 Does each element of 3  have an inverse under 

multiplication? What are they? 

No. [0] has no inverse; [1] is the inverse of [1]; [2] is 

the inverse of [2]. 

Exercises: 

 Write out the multiplication table for 4  

 [0] [1] [2] [3]

[0] [0] [0] [0] [0]

[1] [0] [1] [2] [3]

[2] [0] [2] [0] [2]

[3] [0] [3] [2] [1]

 Is multiplication a closed operation on 4 ? Yes 

 Solve these equations for x in 4 . 

o ]2[]2[ x  ]3[],1[x  

o ]0[]2[ x  ]2[],0[x  

o ]1[]2[ x  No Solution 

o ]1[]3[ x  ]3[x  
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 Is 4  commutative or associative under 

multiplication? Yes, both 

 

 Does 4  have an identity under multiplication? 

 Yes. [1] 

 

 Does each element of 4  (except [0]) have an inverse 

under multiplication? 

 No. [2] does not have an inverse. 
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Properties of : Properties of n : 

Addition and multiplication 

are closed operations 

Addition and multiplication 

are closed operations 

Commutative under 

addition and multiplication 

Commutative under addition 

and multiplication  

Associative under addition 

and multiplication 

Associative under addition 

and multiplication 

Distributive Distributive 

Identities: 

0 under addition; 

1 under multiplication 

Identities: 

[0] under addition; 

[1] under multiplication 

Inverses: 

Addition: a  is the inverse 

of a 

Multiplication: only 1 

have inverses 

 

Inverses: 

Addition: In n , each 

element has an additive 

inverse: [ a ] (or [ an  ]) 

Multiplication: For certain 

values of n, each element, 

other than [0], has an inverse. 

 



WUCT121 Numbers 164 

Notes: 

All non-zero elements in n  have multiplicative inverses 

only for certain values of n. 

In 3 , every non-zero element has a multiplicative inverse. 

In 4 , [2] has no multiplicative inverse. 

What do you think might be the condition on n for all non-

zero elements in n  to have multiplicative inverses? 

n must be prime. 


