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Section 3. Proofs 

3.1. Introduction. 

A proof is a carefully reasoned argument which establishes 

that a given statement is true. Logic is a tool for the 

analysis of proofs. Each statement within a proof is an 

assumption, an axiom, a previously proven theorem, or 

follows from previous statements in the proof by a 

mathematical or logical rules and definitions. 

3.1.1. Assumptions. 

Assumptions are the statements you assume to be true as 

you try to prove the result.  

Example: 

If you want to prove: 

“If ∈x  and ∈n  is even, then 0>nx ” 

Your proof should start with the assumptions that ∈x  

and ∈n  is even. Further, you can use the “definition” of 

an even natural number, and write the assumptions as 

follows: 

Let ∈x , and ∈n  be even, that is, pnp 2, =∈∃  . 
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Assumptions are often thought to be the “given 

information” or information we “know” that can be used in 

our proof. As in the example above, when you are proving 

statements of the form QP ⇒ , then the assumption is the 

statement P. 

Exercise: 

Write the statement to be proven in the previous example 

using logical notation: 

 

 

3.1.2. Axioms. 

Axioms are laws in Mathematics that hold true and require 

no proof.  

Examples: 

• xx =  

• xx =+ 0   

• )()]()([,,, zxzyyxzyx =⇒=∧=∈∀   
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3.1.3. Mathematical Rules. 

Mathematical Rules are known rules that are often used. 

Example: 

)()(,,, zyzxyxzyx +=+⇒=∈∀   

3.1.4. Logical Rules. 

Logical Rules are rules of logic such as Substitution and 

Substitution of Equivalence using the laws introduced 

earlier  

3.2. The Law of Syllogism 

If QP ⇒  and RQ ⇒  are both tautologies, then so is 

RP ⇒ . 

Exercise: 

• Write the Law of Syllogism using logical notation: 
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• Show, using the quick method that the Law of 

Syllogism is a tautology. 

 ((P ⇒  Q) ∧ (Q ⇒  R)) ⇒  ( P ⇒  R) 
Step:  1  3  2  5*  4  
1.            
2.             
3.             
4.             
5.            

 

1.  

2.  

 

3.  

 

4.  

5.  
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Examples: 

• s is a square ⇒  s is a rectangle 

s is a rectangle ⇒  s is a parallelogram 

s is a parallelogram ⇒  s is a quadrilateral 

∴ s is a square ⇒  s is a quadrilateral. 

•  
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Exercise: 

Complete the following using the Law of Syllogism: 

• t is studying WUCT121 ⇒  t is enrolled in a diploma 

 ⇒  t is student at WCA. 

∴   ⇒   . 

•  
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Most results in Mathematics that require proofs are of the 

form QP ⇒ . The Law of Syllogism provides the most 

common method of performing proofs of such statements. 

The Law of Syllogism is a kind of transitivity that can 

apply to ⇒ . 

To use the Law of Syllogism, we set up a sequence of 

statements, QPPPPPPP n ⇒⇒⇒⇒ ,,,, 32211 K . 

Then, by successive applications of the law, we have 

QP ⇒ . 

Example. 

We wish to prove that for ∈n , if n is even, then 2n  is 

even. 

In logic notation, we wish to prove:  

n is even (P) 2n⇒  is even (Q). 

This has the form QP ⇒ and we note that our assumption 

includes ∈n  and P: n is even. 



WUCT121 Logic 91 

Proof: 
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Completing the proof is simply a matter of applying the 

Law of Syllogism three times to get n is even 2n⇒  is 

even. 

The previous proof can be simplified to: 

evenis

2),2(2

4

2,evenis
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pn
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⇒

∈=⇒

=⇒
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The use of Law of Syllogism is a matter of common sense. 

We shall use the Law of Syllogism without direct 

reference. 

Note. The use of the connective ⇒  in the previous proof 

seems a little repetitive, albeit valid. For variety, the 

connective can be replaced by words such as therefore, 

thus, so we have, and hence. 
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3.3. Modus Ponens 

3.3.1. Rule of Modus Ponens: 

If P and QP ⇒  are both tautologies, then so is Q. 

In other words, Modus Ponens simply says that if we know 

P to be true, and we know that P implies Q, then Q must 

also be true.  

Exercise: 

• Write the rule of Modus Ponens using logical notation: 
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• Show, using the quick method that the rule of Modus 

Ponens is a tautology. 

 (P ∧  (P ⇒  Q)) ⇒ Q 
Step  2  1  3*  

1.  

 

 

       

2.  

 

 
 

       

3.  

 

 

       

4 
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Examples: 

• If Zak is a cheater, then Zak sits in the back row 

Zak is a cheater 

Therefore Zak sits in the back row. 

• If 2 = 3 then I will eat my hat 

2 = 3 

Therefore I will eat my hat 

Exercise: 

Complete the following using Modus Ponens 

• If Zeus is a God, then   

Zeus is a God 

Therefore Zeus is immortal. 

• If it is sunny then I will go to the beach 

It is sunny 

Therefore   

• If I study hard then I will pass 

  

Therefore I will pass 
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3.3.2. Universal Rule of Modus Ponens: 

If P(x) and Q(x) are predicates, the universal rule of Modus 

Ponens is  )())())()((( aQaPxQxP ⇒∧⇒ . 

This means Modus Ponens can be applied to predicates 

using specific values for the variables in the domain. 

Examples: 

• If x is even [P(x)], then 2x  is even [Q(x)] 

x = 98374 [P(a)] 

Therefore 298374 is even. [Q(a)] 

• The Principle of Mathematical Induction says that 

when you have a statement, Claim(n), that concerns ∈n ,  

If 
⎩
⎨
⎧

∈∀+⇒ kkk
P

),1(Claim)(Claim
)1(Claim

:  then  Claim(n) is 

true for all ∈n  (Q) 

Thus we have QP ⇒ . 
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Exercise: 

According to Modus Ponens, what must we establish so we 

can apply this principle to the following statement and be 

able to say “Claim(n) is true for all ∈n ”? 

• Claim(n): 14 −n  is a multiple of 3. 
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3.4. Modus Tollens 

3.4.1. Rule of Modus Tollens: 

If ~Q and QP ⇒  are both tautologies, then so is ~P. 

In other words, Modus Ponens simply says that if we know 

~Q to be true, and we know that P implies Q, then ~P must 

also be true. Similarly if we know Q to be false, and we 

know that P implies Q, then P must also be false 

Exercise: 

• Write the rule of Modus Ponens using logical notation: 
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• Show, using the quick method that the rule of Modus 

Tollens is a tautology. 

 ((P ⇒ Q) ∧  ~Q ⇒  ~P 
Step:  2  3 1 4* 5 

1. 

 

       

2.  

 

 

 

       

3.  

 

 

       

4.  

 

 

       

 

. 
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Examples: 

• If Zak is a cheater, then Zak sits in the back row 

Zak sits in the front row 

Therefore Zak is not a cheater. 

• If 2 > 3 then Earth is flat 

The Earth is not flat 

Therefore 2 u 3 

Exercise: 

Complete the following using Modus Tollens 

• If Zeus is a God, then   

Zeus is not immortal 

Therefore Zeus is not a God. 

• If I go to the beach then it is sunny 

It is not sunny 

Therefore   

• If I arrive on time then I will be marked present 

  

Therefore I did not arrive on time.  
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3.4.2. Universal Rule of Modus Tollens: 

If P(x) and Q(x) are predicates, the universal rule of Modus 

Tollens is: )(~))(~))()((( aPaQxQxP ⇒∧⇒ . 

This means Modus Tollens can be applied to predicates 

using specific values for the variables in the domain. 

Example: 

• If ∈x , then 
b
axbba =≠∈∃ ,0,,   

2=x  

Therefore ∉2 . 

Exercise: 

Complete the following using the universal rule of Modus 

Tollens 

• If ∈x , then 1≥x  

  

Therefore ∉−1 . 
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3.5. Proving Quantified Statements 

3.5.1. Proving Existential Statements 

A statement of the form ( )xPDx ,∈∃  is true if and only if 

( )xP  is true for at least one Dx ∈ . 

To prove this kind of statement, we need to find one Dx∈  

that makes ( )xP  true. 

Examples: 

• Prove that there exists an even integer that can be 

written two ways as the sum of two primes. 

The statement is of the form ( )xPDx ,∈∃ , where D is the 

set of even integers and P(x) is the statement “x can be 

written as the sum of two primes” 

Thus we need find only one even integer which satisfies 

P(x). 

Essentially, to find the appropriate number, we have to 

“guess”. 

Consider 7714 +=  (7 is prime);  and 11314 +=  (3 and 11 

are prime). 

Therefore, there exists an even integer that can be written 

two ways as the sum of two primes. 
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• Let ∈sr, . Prove ksrk 21822, =+∈∃   

The statement is of the form ( )kPDk ,∈∃ , where D is the 

set of integers and P(k) is the statement: “ ksr 21822 =+ ”. 

Thus we need find only one integer which satisfies P(k) 

 
∈+==

+=+
srkk

srsr
911where2

)911(21822
 

Exercises: 

• Prove 05, =+∈∃ xx  . 

 

• Prove that if ∈ba, ,then ba 810 +  is divisible by 2 

(i.e., is even). 
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3.5.2. Proving Universal Statements 

A statement of the form ( )xPDx ,∈∀  is true if and only if 

( )xP  is true for at every Dx ∈ . 

To prove this kind of statement, we need prove that for 

every Dx ∈ , ( )xP  is true. 

In order to prove this kind of statement, there are two 

methods: 

Method 1: Method of Exhaustion. 

The method of exhaustion is used when the domain is 

finite.  

Exhaustion cannot be used when the domain is infinite. 

To perform the method of exhaustion, every member of the 

domain is tested to determine if it satisfies the predicate. 
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Example: 

• Prove the following statement: 

Every even number between 2 and 16 can be written as a 

sum of two prime numbers. 

The statement is of the form ( )xPDx ,∈∀ , where 

}14,12,10,8,6,4{=D ,and P(x) is the statement “x can be 

written as the sum of two prime numbers”. 

The domain D is finite so the method of exhaustion can be 

used. 

Thus we must test every number in D to show they can be 

written as the sum of two primes. 

 
7714
538

7512
336

5510
224

+=
+=

+=
+=

+=
+=

 

Thus by the method of exhaustion every even number 

between 2 and 16 can be written as a sum of two prime 

numbers. 
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Exercise: 

• Prove for each integer n with 101 ≤≤ n , 112 +− nn  is 

prime. 

The statement is of the form ( )nPDn ,∈∀ , where 

}10,9,8,7,6,5,4,3,2,1{=D ,and P(n) is the statement 

“ 112 +− nn  is prime”. Thus we must show all numbers in 

D satisfy P(n). 

 

 

 

 

 

 

 

 

 

 

Thus by the method of exhaustion for each integer n with 

101 ≤≤ n , 112 +− nn  is prime. 
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Method 2: Generalised Proof. 

The generalised proof method is used when the domain is 

infinite. 

It is called the method of generalizing from the generic 

particular. 

In order to show that every element of the domain satisfies 

the predicate, a particular but arbitrary element of the 

domain is chosen and shown to satisfy the predicate. 

The method to show the predicate is satisfied will vary 

depending on the form of the predicate.  

Specific techniques of generalized proof will be outlined 

later in this section. 
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Example: 

• Pick any number, add 3, multiply by 4, subtract 6, 

divide by two and subtract twice the original. The result is 

3. 

Proof: 

Choose a particular but arbitrary number, say x, and then 

determine if it satisfies the statement. 

Step Result 

Pick a number x 

Add 3 3+x  

Multiply by 4 1244)3( +=×+ xx  

Subtract 6 646124 +=−+ xx  

Divide by 2 322)64( +=÷+ xx  

Subtract twice the original 3232 ==+ xx  

 

In this example, x is particular in that it represents a single 

quantity, but arbitrarily chosen as it can represent any 

number. 


