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Section 1. Graphs 

1.1. Introduction 

Graphs are used in many fields that require analysis of 

routes between locations. These areas include 

communications, computer networks and transportation. 

Diagrammatically a graph is drawn as points representing 

locations and lines or curves which represent connections 

between locations. The points are known as vertices and the 

lines are called edges. 
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Example:  

 

Each of the iv  are vertices and the ie  are the edges. 

In this example, the single point 1v  is called a vertex. 

),( 21 vv  is an edge and is written as ),( 211 vve =  

Further we say 1e  is incident on 1v  and 2v , and also that 1v  

and 2v  are incident on 1e . 

1v  and 2v  are incident on the same edge 1e  so 1v  and 2v  

are said to be adjacent vertices. 

Similarly, 1e  and 2e  are each incident on 2v , and so 1e  and 

2e  are said to be adjacent edges. 
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1.2. Definitions: 

1.2.1. Graph. 

A graph G consists of a pair of non-empty finite sets V and 

E. V is the set of vertices and E is the set of edges of G. The 

elements of E are ‘pairs’ of elements of V. 

Thus to determine a graph a set of vertices and a set of 

edges is required. To determine a set of edges a set of pairs 

of vertices is required 

1.2.2. Parallel Edges. 

If two distinct edges have the same pair of endpoints, then 

the edges are said to be parallel. 

Example: 

In the previous graph, 2e  and 8e  are parallel edges 

1.2.3. Loops. 

An edge which is defined by a single vertex is called a 

loop. A vertex which is the endpoint of a loop is said to be 

adjacent to itself. 

  

1v
1e
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Exercises: 

• Draw a graph which has 4 vertices, 1 loop and one 

pair of parallel edges. Write down one pair of adjacent 

vertices and one pair of adjacent edges. 
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• Write down the set V of vertices and the set E of edges 

for the following graph, 1G . 
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• Is the following graph 2G  the “same” as the previous 

graph 1G ? 

 

Notes: 

∗ There is no ‘vertex of intersection’. In the previous 

graph 1G , where the edges 5e  and 6e  cross is not a vertex. 

∗ The vertices determine the edges. 

∗ Parallel loops are loops incident on the same vertex. 

∗ A vertex without any edges is called an isolated 

vertex. 

∗ A graph need not be connected, that is, it need not 

be in ‘one piece’. 
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Exercises: 

• Draw a graph which has 6 vertices, 1 pair of parallel 

loops, 1 pair of parallel edges, one isolated vertex and 

which is made up of 3 ‘pieces’ or ‘components’. 
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1.2.4. Degree. 

The degree of a vertex v, written )(vδ , is the number of 

edges incident on v. 

Notes: 

∗ If v is a vertex with a single loop as its edge, then 

2)( =vδ . The reason for this convention is that each edge 

other than a loop is incident on 2 vertices. So, for 

consistency, the single vertex of a loop should be thought 

as both starting and ending point for the loop. 

∗ Each loop incident on vertex v will contribute 2 to 

the value of )(vδ . 

Example:  

• What is the degree of 1v  in the following graph? 

 
4)( 1 =vδ  
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2e
1e  

3v
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1v  
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Exercises: 

• Write down the degree of each of the vertices in the 

following graphs: 
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• For each of the above graphs calculate ( )∑
=

k

i
iv

1
δ , where 

4=k  in the first graph and 6=k  in the second 

 

 

 

 

 

Note: 

The first graph was a connected graph and 

( ) edgesofnumber21262
4

1
×==×=∑

=i
ivδ .  

The second graph is disconnected and 

( ) edgesofnumber21262
6

1
×==×=∑

=i
ivδ . 

Is this formula always true? 
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1.3. Euler’s Laws 

1.3.1. Euler’s First Law 

In any graph, the sum of the degrees of the vertices equals 

twice the number of edges. 

Proof: 

Each edge of a graph, including loops by convention, has 

two ends.  Thus each edge contributes 2 to the sum of the 

degrees of the vertices, by adding 1 to each of its endpoints. 

Thus the sum of the degrees of the vertices equals twice the 

number of edges. 

The number ( )∑
∈Vv

vδ  is sometimes called the total degree of 

G. 

Euler's First Law could be summarised ( ) ( ) 2×=∑
∈

Emv
Vv
δ , 

where ( )Em  is the number of edges of the graph. 

Exercises: 

• Draw a graph with 4 vertices having degrees 1, 2, 0 

and 2. 
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1.3.2. Euler’s Second Law 

In any graph, the number of vertices which have odd 

degree is even 

Exercises: 

• Draw some different graphs each with 3 vertices 

having degrees 1, 2 and 3. 

   

 

 

 

 

 

 

 

 

 

 

 

 

• Are these graphs the “same”?  
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1.4. Simple Graphs and Sub-Graphs 

Knowing the number of vertices in a graph and the degree 

of each vertex is not enough information to draw the graph 

in a unique way. 

1.4.1. Simple Graph 

A graph which has neither loops nor parallel edges is called 

a simple graph. 

Example:  

 

Exercises: 

• Draw a simple graph with 3 vertices having degrees 1, 

2 and 3. 
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1e  

3v

2e

4v  

2v
1v  
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1.4.2. Sub-Graph 

Let },{ GG EVG =  be a graph.  

},{ HH EVH =  is said to be a sub graph of G if 

1. GH VV ⊆  and 

2. GH EE ⊆  

 

That is, H is a sub-graph of G if each of the vertices of H is 

a vertex of G, and each of the edges of H is an edge of G. 

Every graph G is a sub-graph of G. 

1.4.3. Proper Sub-Graph 

Let },{ GG EVG =  be a graph.  

},{ HH EVH =  is said to be a proper sub-graph of G if 

1. GH VV ⊆  and 

2. GH EE ⊆  and  

3. GH ≠  
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Exercises: 

• Let G  be given by  

 
Draw the sub graph }},,{},,,,{{ 6534321 eeevvvvH =  
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1.5. Paths 

Let },{ EVG =  be a graph and let Vvu ∈, . A path from u 

to v is an alternating sequence of vertices and edges of the 

form: veveveu
n

,,,,,,,
2211 αβαβα K . 

Example:  

Consider the graph 

 

Suppose we want to walk from 1v  (the bar) to 3v  (67.107). 

How could we proceed? 

One possible path is 36221 ,,,, vevev . 

But, after an extra long lunch, one might take the following 

“path” 3623442345111 ,,,,,,,,,,,, vevevevevevev . 
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1.5.1. Length of a Path 

Let },{ EVG =  be a graph and let Vvu ∈, . A path of 

length n from u to v is an alternating sequence of vertices 

and edges of the form 

veveveu
n

,,,,,,,
2211 αβαβα K  

If we let 
0βvu =  and 

n
vv β=  then each edge 

i
eα  is 

defined by: ),(
1 iii

vve ββα −
= , for ni K1=  

Example:  

The path 36221 ,,,, vevev  from the previous has length 2 

The path 3623442345111 ,,,,,,,,,,,, vevevevevevev  from 

the previous has length 6 

1.5.2. Open Path 

A path is open if vu ≠ . That is if the path begins and 

finishes at different vertices. 

Example:  

The path 36221 ,,,, vevev  is open since vvvu =≠= 31 . 

The path 3623442345111 ,,,,,,,,,,,, vevevevevevev  is open 

since vvvu =≠= 31 . 
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1.5.3. Closed Path 

A path is closed if vu = . That is if the path begins and 

finishes at the same vertex. 

Example:  

The path 1543221 ,,,,,, vevevev  is closed since vvu == 1 . 

1.5.4. Simple Path 

Let },{ EVG =  be a graph and let Vvu ∈, . A simple path 

from u to v is a path which does not contain a repeated edge 

nor a repeated vertex. 

Examples:  

The path 36221 ,,,, vevev  is simple since no vertices or 

edges are repeated. 

The path 3623442345111 ,,,,,,,,,,,, vevevevevevev  is not 

simple since 3e  is repeated. 
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Exercises: 

Consider the graph 

 

• Write down a simple path from: 

o 31 to vv  

 

 

o 14 to vv  

 

 

o 24 to vv  
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2v  

3e

1e  

2e

3v

4v  
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1.6. Connected Graphs 

1.6.1. Definition 

Let },{ EVG =  be a graph. A pair of vertices Vvu ∈,  are 

said to be connected if there exists a path from u to v.  

The graph G is said to be connected if and only if 

Vvu ∈∀ , , there exists a path from u to v. 

1.6.2. Connected Component 

Let },{ EVG =  be a graph. A sub-graph H of G is said to 

be a connected component of G if 

1. H is connected, and 

2. there is no connected sub-graph of G which has 

H as a proper sub-graph. 

Notes: 

∗ A graph is connected if and only if it has only one 

connected component 

∗ Every graph is the union of its connected 

components. 
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Exercises: 

Consider the graph G. 

 

Which of the following graphs are connected components 

of G? 

 }}{},,,{{ 66541 evvvH =  

 

 }}{},{{ 42 vH =  

 

 }},{},,,{{ 533213 eevvvH =  

 

5e 4e  

6v6e

3e2e  1e  

3v  

2v  
1v

4v

5v  
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Exercises: 

 Draw a connected graph having five vertices of degrees 

1, 1, 2, 2, 2. 

 

 

 

 

 

 

 

 Draw a graph with two connected components, having 

five vertices. 
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 For the following graph:  

 

o Write down the connected components 

{ } { }{ }
{ } { }{ }
{ } { }{ }7873

656542

43213211

,,
,,,,

,,,,,,

evvH
eevvvH

eeeevvvH

=
=
=

 

o Write down two simple paths from 1v  to 3v  and 

one that is not simple. 

Simple: 33221 ,,,, vevev  and 34221 ,,,, vevev  

Not simple: 3322111 ,,,,,, vevevev  

 

o List two pairs of vertices that are not connected. 

2v  and 4v , 6v  and 8v  

2v  

5v  

4e  

1e  
2e

6e  5e  
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7e


