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SUMMARY

We investigate the existence of matrices B satisfying
the equation

BBT = rI + sd

where r gmd s are integers, 1 ond J are the identity matrix
and the matrix with every element +1 respectively, and certain
restrictions are made on the elements of B. For example, if B
is a square (1,-1) - matrix of order r and s = 0, then we have
the defining equation of an Hadamard matrix. Other restrictions
yield balanced incomplete block designs and n-type matrices.
Several constructions for matrices are given.

We also discuss Hadamard designs, prove the uniqueness of
certain Hadamard matrices under integer equivalence, and show
that certain matrix equations of the type being considered force

restrictions on the entries of the matrix B under discussion.

* R X X % ¥

This thesis contains no material published elsewhere,
except where reference is made in the text. It is not and has
not been used for the award of any other degree or diploma in

JW

any University.
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INTRODUCTION

Hadamard matrices are historically significant in solving
weighing problems. They, as have other block designs, have
become more important as the study of the design and analysis
of experiments has increased. In the last few years, with the
advent of more sophisticated electrical micro-circuitry, all
these and related matrices have received increasing attertion.

We first became interested in matrices, A, satisfying
equations of the type

AA? =pl -J (p an integer)

vhere A? denotes A transpose, and I is the identity matrix and J
the matrix with every element +1. These were used in the author's
Master's thesis to construct new classes of Hadamard matrices.

Now we continue our study of matrices, B, satisfying equations of
the type

BB = rl + sJ (r and s integers).

Chapter 1 consists of preliminaries.

In Chapter II we give those definitions special to
Combinatorial Theory which we use later. The results of other
authors are not proved but réference is given to proofs. §2.7
and later sections contain some definitions not universally
used which are important in subsequent chapters. In §2.7
m-type matrices, which are not used by anyone but the author, are
defined and two simple lemmas (2.25 and 2.26) are proved. The
tables on page 21 and 22 have been compiled using a result in
the author's M.Sc. thesis. §§2.7, 2.8, 2.9, 2.10 have been
compiled by the author and at the time of writing purport to
be complete lists of known classes of

" gkew-Hadamard matrices
n-type matrices (also called symmetric C -matrices),
symmetric Hadamard matrices,
Hadamard matrices.
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Broadly speaking all the material after Chapter II is
original although we give credit to other authors whenever
we use their work. If credit is not given to another author then

it is our work.

Goethals and Seidek |2] contains a construotion for some
skew - Hadamard matrices. In Chapter IV we have put more
restraints onto the first lines used in their construction and
studied the result. Thiis led to theorem 4.5 and a computer
investigation showed that our more restrictive conditions were
satisfied in every case tried. This gave new eonstructions for
skew -~ Hadamard matrices of orders

12, 20, 28, 36, L4, 52, 60 and 76.

Goethals and Seidel [1], Belovivch [1], and Goldberg [1]
have found constructions for skew - Hadamard matrices and n - type
matrices of the form "power plus one", We have independently
found the results in the first two mentioned papers and this will
be published in J. Wallis [4] and in addition have found
restrictions on these methods as well as extending the results to

the fifth and seventh powers. These results are in J. Wallis [5].

&3 appears in J. Wallis [2], [3], [7] except the main
results of [2] and [7] become corollaries of the more powerful
theorems 4.23 and 4.26. Theorem 4.31 and corollary L.32 are

included in J. Wallis [3].

Goethals and Seidel [1] have published some of the results in

Chapter V. Our results will appear in J. Wallis [4]e
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A result f Goethals and Seidel [1], includes our lemmas
5¢1 and 5.2, Although our results are not as powerful with regard
to the number of Hadamard matrices obtained, they do yield
symmetric Hadamard matrices while those of Goethals and Seidel do
not necessarily do so. Lemma 5.4 was known previouslye. The results

of the remainder of the chapter will appear in J. Wallis [4].

In 6.1 we outline the previous knowledge on Hadamard designs.
86.2 developes the concept of supplementary difference sets and
shuws in theorem 6.3 that this is a valid concept as a method of
construction is given. Szekeres [13 has found constructions for
twin difference sets and the Williamson type constructions in Hall
[1] end Turyn [2] may be interpreted as supplementary difference:
sets. So we have shown that if n~letter Hadamard designs exist the
results of &6.2 may be exploited to obtain new constructions for
Hedamard matrices. $86.3 investigates the existence of n-~letter
designs and proves they can exist only for n = 2, 4 or 8, &6.3

will appear in J. Wallis [9].

In chapter 7 the results are presented that we have
discovered on block designs. &7.1 appears in J. Wallis [8] while

most of the other results appear in J. Wallis [6].

The configurations in &7.1 do not appear to have been given
in the form presented here by other authors. The (45,12,3)
configuration has been found previously by K. Takeuchi (2],
Shrikhande and Singh [1], and also by Ahrens and Szekeres [1].
The (36,15,6) configuration was known to K.Takeuchi [2],

P. Kesava Menon [1], R.Turyn [1] and M. Hall [2]}s Both the



(45,12,3) and (36,15,6) configurations were listed as unknown in

M.Hall [1].

Theorem 7.1 is proved in a strbnger form by a different method
in Ahrens and Szekeres [1] and K.Takeuchi [2]. Their methods are
quite different. We proved our result simultaneously with the
authors of the first mentioned paper. Theorem 7.3 results from
a different proof of theorem 7.1. It is not known whether the

matrices S of page 116 and V of page 120 are isomorphic.

The results of theorems 7.4 and 7.6 were known. Theorem 7.7
has been proved by Van Lint and Seidel [1]s Theorem 7.5 appears
to be genuinely new, and interesting, as it is a means of
oconstructing (b,v,r,k,x) configurations from (v;k,x) configurations:

previously only the converse was readily usable.
Most of chapter VIII will appear in J. Wallis [5].

Appendix A is a table of orders less than four thousand for
which Hadamard and skew-Hadamard matrices are known. Appendix B is
the computer programme used in 4.1 to find skew-Hadamard matrices.
We have used Appendix C so that the proofs of theorem 4.16 and
corollary 417 in the text could be shortened by having the tedious
caloulations removed. A table of n-type matrices of order less
than four thousand is given in appendix D, the first page of which
also indicates those orders less than one thousand which are

positively excluded by theorem 2.9.

We wish to thank Professor G. Szekeres, Dr. R.J.Turyn and Dr.
L.D.Baumert who have read drafts of my papers and this thesis and

made many helpful suggestionse.
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CHAPTER I : PRELIMINARIES

In this chapter we note the results we shall need on quadratic

residues, the Legendre symbol and Kronecker products.

Quadratic Residues

Suppose p is an odd prime. If b 1is a non-zero residue
modulo p, then b is called a quadratic residue if

x2 = b (mod p)
has solutions; otherwise b is called a quadratic non-residue.
(b = 0 is specifically éxcluded from consideration). The
following properties are standard (see, for example, Vinogradov
[1; chapter 5]) :
(a) if b is a quadratic residue then x2 = b has two
solutions (of the form x = ¢ and x = -c);
(b) a reduced system modulo p consists of B=1 quadratic

2

residues which are congruent to the numbers
2
12’ 22, L IR N ) , (L;]-.')

There are thc refore E%l. quadratic non-residues;

(c) if b is a quadratic residue modulo p, then

p-1
b2z1 (mod p)

and if b is a quadratic non-residue modulo p, then

=1
b2 = -1 (mod p)
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§1.2 The Legendre Symbol x(b) = [91 .

p
an
If b is a see residue (mod p), then the Legendre symbol
N
§2 x(v) = [:—)] is defined by
0 if bz 0(rodp)
x{v) = 1 if b is a quadratic residue,

-1 otherwise

Then (see Vinogradov [1] )

p=1
b 2 (mod p), see property (c) of §1.1

(a)‘ x(b)

(v) x(1) = +1

1]

1 if p =1 (mod 4),

() x(-1) = {

-1 if p = 3 (mocd L),

it

x(e) if p = 1 (mod 4),

1]

(a) Al-c) =
‘ {-x(c) if p= 3 (mod 4),

i

(e) x(ab...k) = y(a)y(b)...x(k) so x(ab?) = x(a).

b
Lemma 1.1 : Vinogradov [1; p 192] 1 x(x)x(x+c) = -1
x=]1
for any c¢ satisfying (c,p) = 1,
§1.3 The Kronecker Product.
A%
1.2 :

Definition If M= (m,,) isa mx p matrix and N = (nij)

iJ
is an n x q matrix, then the Kromecker product M x N 1is the

mn x pq matrix given by

— —

Mx N = mllN m12N coee mle
T IR 2R BN ] N
m,, ¥ m,,1 Mp

m N m N .... m N
m} m2 mp
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constitute the set of polynomials belonging to YN wsmile- enliiER
the commutative ring F{x], the addition and the multiplication

being defined in the ordinary way, viz.

n . i n
I ax + Z by X = Z (al + b, )x
i=0 i=0 i=0
n . n
i
'io aix X Eo b. x = aob + (a1bo Ob1)x +

2
+ (a2 o *agby + adbz)x + eees

If in a particular F is the field GF(p), 8gs 845 ee+ Bre
residue classes (mod p), and the polynomial ring wﬂi(/..be denoted by
GFp[x].

It is known that thc number of elements\containedigza.Galoia
field must be of the form pn, where p is a prime intege; and n any
positive intcger. Conversely given a number of the form pn, there
always exists a Galois field with pn elements in it, and any two
Galois fields with the samc number of elcments are isomorphiec.

The Galois field with p= elements is denoted GF(p").

Every element of GF(p") can be expressed in the standard form

a. +a,x + a_x? +...+a

0] 2
42 Hp).
Mzdxwamé mmdu O% ofmyn ?M”Mé/’)

where the a, are integers ranglng from on-zero

element a of GF(p") satisfies

n
ap -1 =1,
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For some of our methods later we will need matrices derived
from finite fields. Let p be an odd prime and n a positive integer.
Now let X(x) be the character defined on GF(pn) by

H0) = 0,
X(X) - { +1 if x is a square,
-1 if x is not a square.
Then, from the properties of finite fields x(xy) = x(x) x(y) in

all cases.

 Lemme 1.3: Hell [1,p208]. g yo)x(b+c) = -1, if o # O.
b
With q = pn, let 8gr 849 ses s aq_1 be the elements of the
field numbered so that
= = == i =1 oo w "'10
24 o, aq—i al i ’ »q
Now put
A = (qu'), qij = x(ai - aj)o

where A is of order q. Here

1y = ey =ay) = -)dey - e,
and since
-1 is a square for q = 1(mod L4),
-1 is a mon-square for q = 3(mod 4)
it follows that A is
symmetric for q = 1(mod 4),
skew-symmetric for q = 3(mod 4).

Lemma 1.4: Hall [1,p209].  AAT = oI - J, AJ = JA = O.

i

With q a prime, define B (bij) by
= i Js i=7,

1x(5-1) i# s,

where y is the Legendre symbole. Then using the results of §1.2

b. .
14

we have B is circulant and
symmetric for q = 1(mod &),
skew-symmetric for q = 3(mod 4).
Further

Lemma 1.5 BBT =ql - J, BJ = JB = O,
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CHAPTER II : BLOCK DESIGNS, DIFFERENCE SETS, CIRCULANT
MATRICES AND HADAMARD MATRICES

in this chapter we give those definitions special to
Combinatorial Theory which will be used subsequently. No
theofemS are proved here but reference is given to the relevant
literature. - $2.7 and the leter seotions,containing lists ef known

crders bave been compiled by the author.

Block Designs - (b,v,r,k,A) ~ configurations

Definition é{l : A balanced incomplete block design is an

arrangement of v distinct objects into b blocks such that
each block contains exactly k distinct objects, each object
occurs in exactly r different dblocks, and every pair of distinct

objJects a;, &, occurs together in exacily A blocks.

J
This is called a BIBD or a (b,v,r,k,A)-eonfiguration.
For example, b =12, v=9, r =4, k=3, A =1 gives the

following blocks

1 2 3 1 7 1 59 1 6 8
b 5 6 2 5 8 2 6 7 3 57
T 89 3 69 3 4 8 3 4 9.
Counting the number of objects in two different ways we see

(1) r(k-1) = A(v-1)

and counting the number of replications of an element, we see each
element is replicated r times but since each block Las k
elements we must have

(2) bk = vr.
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2
Definition 2.2 : The ineidence matriz of a (b,v,r,k,A) -
configuration is a (0,1) ~ matrix of size b x v with aiJ =1

if object J is in block i and aij =0 stherwise,

Notetion : Throughout this thesis, I is the identity matrix
and J is the matrix with every element +1. If the order is notshmn
then it will bé clear from the context. |

Then if 4 = (aij) is the incidence matrix of a (b,¥,7,k,\)
- cenfiguration, A satisfies

(3) AT =K,

T -
(%) ATA = (r"‘)vav * M,

Conversely if A is a (0,1) ~ matrix satisfying (3) and (L) .

then this ensures there is a (b,v,r,k,\) - configuration.

{0
Definition 2.3 : The complement of a (b,v,r,k,A) - configuration

is the configuration whose incidence matrix is obtained from the
incidence matrix of a (b;§,r,k,x) - configuration by replacing
each 1 by O and each b by 1. l
Clearly if b,v,r',k',A' s&are the parameters of the
complementary design of a (b,v,r,k,A) ~ configuration then

if O0< )X and k < v -1 we have

r' = b~r
(5) k' = v-k
A' = b~ 2r+ 2

and since A'(v ~ 1) r'(k'- 1) we have A'(v - 1) =
(b-r)}(v-k-1), so 0< A' and k' <v - 1.

Lemma 2.4 : det[(r = M)I + AJ] =[r + (v - 1)A] (r - A)v-l
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mmetric

2.2 /Block Designs - (v,k,A) - configurations
‘Q&é4“ " oA symmetric (b,v,r,k,A) ~ configuration has b = v and

r = k this is called a (v,k,A) - configuration.

15

Theorem 2.5 : Marshall Hall Jr., [1; p 10k]. If A is the

incidence matrix of a (v,k,A) - configuration then A satisfies

(6) AT =B = (k-A)I + AJ
(7) ATA =B = (k=A)I + AJ
(8) A = kJ
(9) JA = kJ.

For (v,k,A) - configurations, (1) becomes

(10) k(k-1) = A(v-1).

RL

Theorem 2.6 : Bruck - Ryser - Chowla Condition [Ryser,l;p 111)

If v,k, A are integers for which there is a (v,k,A) -
configuration, then
(i) if v is even (k-A) is a square
(ii) if v is odd, then the Diophantine equation
v-1

(11) x2 = (k-k)ﬂz + (~1) 2 Az2

has a solution in the integers not all zero.

Equation (10) and theorem 2.6 give necessary conditions
for the existence of a (v,k,\) - configuration but it is not
known if they are sufficient. Ho case has yet been found where
these two conditions are both satisfied and the corresponding

configuration has been proved not to exist.
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Marshall Hall [1] shows these oconditions are necessary and sufficient
for a rational solution, A, of the incidence equation
sl = (k = A)I + AJ, but nothing has been proved for integer
sélutions.

Let (k- A)' and \' respectively, denote the square free part-

of k- Aand A eand let 4 = ((k~\)',\'); then (11) may be written

as
dx? (k;k) . (= 1)gf(v-1) xv 2
or ax?® + by +cz? = 0.
whire_a,b,c ave s fret ana (a,b,¢c)=1,

This latter is called the Legendre Equatzon and
(3

Theorem 2.7 : Ryser [1, p11hk]. The Legendre equation has solutions

for x,y,z in the integers not all zero if and only if ~bo, -ac,

-ab are quadratic residues of a,b, and ¢ respectively.

For cur later work we shall repeatedly use the following result:
1]
Theorem 2.8 : J.Wallis [1, p11]. If A is the matrix ootained

fiom the incidence matrix of a (v,k,A)-configuration by every

element O being replaced by ~1, then 4 satisfies

AT = a(k—x)Iv + (v-a(k-x))Jv.

DIFFERENCE SETS

5 \\

Definition 2.9 ; A set of k residues D = {a1, cess ,ak} modulo

v is called a (v,k,\) -~ difference set or a perfect difference
set , it for every d £ O(mod v) there are exactly A\ ordered pairs

(a; ), 8;58; €D such that a;-a; = d(mod v).

For example the numbers 0, 1, 3, 8, 12, 18 modulo 31 form a

(31, 5, 1) - difference set since
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1-0 = 1 12 -1 =M1 8 - 18 = 24
3.1 = 2 12 -0 =12 3~12= 22
. 3-0 = 3 0-18 =13 0-8 =23
12 -8 = ) 1 -18 = 14 1 -8 =24
8~3 = § 18 - 3 = 15 12 - 18 = 25
18-~12= 6 3 ~18 =16 3-8 =26
8~1 = 7 18 - 1 =17 8 - 12 =27
8~-~0 = 8 18 -0 =18 0~3 =28
12 -3 = 9 0-12=19 1 -3 =29
18 -8 = 10 1 -12 =20 0-~1 =30

We now list the known difference sets given in Hall [1,pi41].
Type S 3 (Singer difference sets). These are hyperplanes in

PG(n,q), q = pr. The parameters are

n+1 n n-1
=2 "'1: -9 -1 -9 -1
v k= ’ ANz S—
q..‘] q -~ 1 q..1

3 (mod &)

Type Q‘: (quadratic residues in GF(pr), pr
vep =4t -1, k=26-1, A=+t -1,

Type T : (Brauer's twin primes). Suppose that p and q = p+2

are de#k twin primes. Of the (p-1)(g~1) residues modulo pg

prime to pq, let a,, «es , &, m= (p~1)(q—1)/2 be those for

1

= .
which (E%) = (i%), and also let & 4, «ov 5 & . be 0, 4, 24,

eee » (p1)q. Here, mrp = (pg-1)/2 = k. Then a,, ee0 5 8

form a difference set modulo v, v = pgqe Here the parameters are

pg - 1 pg -
v=pq, k= 5 e A=< 1'_3'

Necessarily, pq = 3(mod 4), and we have v = 4t = 1, k = 2t =1,

A=t -1, This also holds for GF(p") and GF(q°) if q° = p 42,

Type B (biquadratio residues of primes p = 4x* + 1, x od@).

Here,

x* =1

V=P=L|-Xz+1, k=x2, A= l‘. . ”/

Type BO : (biquadratic residues and zero modulo p = ALa + 9,

x odd).



Here v = 4x*+9, k=x*4+3, A= .
64b* + 9 with

Type O : (ootioc residues of primes p = 8a® + 1
a,b odd). Here

v=p, k=a? A=D>b?

Type 0, : (ootic.residues and zero for primes p = 8a® + 49 = 64b*+441,

a odd, b even). Here
Vv = P, k=aa+6,b A=b3+7.

Txpe‘Wk_: (a generalization of type T, developed by Whiteman [1],

which uses biquadratic rather than quadratic residues). Here p
and q are two primes such that (p-1,q-1) = L4, and we write

d = 3(p-1)(g~1). We take g as an appropriate number which is a
primitive root of both p and q. The difference set consists of

| a-1 ;
1, 8 &% v 58 , 0, 4, 29, oo , (p~1)q modulo pq, whera

-1 -
v=pq, k= thzf—-, A= 2373—2 .

We must have q = 3p + 2 and also 23~i1 » an odd square.

CIRCULANT MATRICES

(9
Definition 2.10 : 4 eciroulant matriz A = (a,;) of order n is

one in which a, ., = a, . . , where j-i+1 is reduced modulo n.
iJ 1, §=i+1
For example: 1234 .
L1253
3412
2341

— —

Definition 2.11 : 4 (1,-1) - matrix is a matrix whose only elements

2-0
Definition 2,12 : 4 set D = {x,, Xy eee xk} will be said to

generate a circulant (1,~1) - matrix if

a = +1 x €D,
1x -1 X # D.

21
Lefinition 2.13 : A matrix A = (aij) of order n will be called

back cireulant if 8;; =84 5 s

For example

where 1i+j-1 is reduced modula n.

2L

Temma 2,14 ¢ A back oirculant matrix
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23

Lemma 2.15 : J. Wallis [1;p 15] The product of a back -
circulant matrix with a circulant matrix is symmetric. In

particular if A 1is back - circulant and B is circulant

ABY = BaT

20
Lemma 2.16 : J. Wallis [1;p 16] Any two circulant (hence

back - circulant) matrices of the same order commute.
Lemma 2.16 shows that any two circulant matrices A and B
satisfy AB = BA. Lemma 2.15, on the other hand shows that any
T

circulant matrix A and back circulant matrix B satisfy ABT= BA™.

Both are useful to us but the latter is used most.

Theorem 2.17 : Ryser [1] A perfect difference set D is

equivalent to a (v,k,A) -~ configuration with circulant incidence
matrix.

Table of Matrix Equations satisfied by known Difference Sets ahd

(v,k,A) - configurations_.

In this section we confine our attention to the (1,-1)
mgtrices, A, obtained from the incidence matrices of difference
sets and (v,k,\) - configurations. Table 1 uses theorem 2.8 to
obtain the equations satisfi=1 by these (1,-1) matrices for the
difference sets in {2.3. We note that theorem 2.17 ensures ;ll
these matrices A may be taken as circulant (or back circulant).

Throughout the table p 1is a prime and pr 8 prime power.

We do not vnclusle by awmie ct hao vz 1 {pp0ly) v mors. prormtt anol
RO cam mever be ueﬁéfaqa o oarzclhuéﬁahn? ’ r .
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Table 2 gives those (v,k,k) configurations from Marshall
Hall [1], and Takeuchchi [1] which are not already covered by Table
1 and in which v 1is a prime. All the entries satisfy the
necessary conditions for (vyk,k) configurations given by equation

10 and theorem 2.6.

As for Table 1 the incidence equation is calculated using

the (1,~1) incidence matrix of the configuration.

(v,k,k) configuration | incidence equation | comment
(31,10,3) 28I + 3J exists
(41,16,6) 40T + J unknown
(61,16,4) L8I + 137 unknown
(61,21,7) 561 + 53 unknown
(61,25,10) 60T + J unknown
(71,15,3) 4L8T + 23J unknown
(71,21,6) . 60T + 117 unknown
(79,13,2) LuT + 35J unknown
(157,13,1) ' 48T + 109J unknown

TABLE 2
For our latet comstructions we would need the

configurations of Table 2 to have circulant incidence matrices,
however using the results in Turyn [1] and Baumert [3] we see that

none of these configurations can heve circulant incidence matrices.
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HADAMARD MATRICES

These matrices were first considered as Hadamard determinants.

They were so named because the determinant of an Hadamard matrix
satisfies the equality of Hadamard's determinant theorem, which

states that if X = (xij) is a matrix of order n then

n n
l|det X|* < O 0 |x_.|*%
T oi=1 j:l 1d
He"7h I
Properties of Hadamard Matrices @) B Aé/
- (ot H =077
. . T
(a) every element is +1; o HHT=H H
(b) the scalar product of any two distinct row vectors is
Zero,
(c) an Hadamard matrix of order 4n has determinant :(hp)zn;
(d) if H is an Hadamard matrix of order 4n then H satisfies
T
Cé) Hadamard matrices may be changed into other Hadamard

matrices by permuting rows and columns and by multiplying

2 ... - rows arl columns by ~1. Je call matrices which oan te
obtained from one another by these methods H-equivalent.
Not all Hadamard matrices of the same order are

H~equivalent,

E (x) every Hadamard matrix is H-equivalent to an Hadamard

matrix which has every element of its first row and

column +1 - matrices of this latter form are called

normalized,
<(g) if H is a normalized Hadamard matrix of -orler Lkn, then

every row except the first has 2n minus ones and 2n plus
ones in each row, further n minus ones in any row

overlap with n minus ones in each other row;

()  the order of an Hadamard matrix is 2 or 4n, n integer.
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2.7 SKEW - HADAMARD -MATRICES AND M-TYPE MATRICES

Definition 2.18 ¢ A skew - Hadamard matrix H of order

h = 0(mod 4), has every element +1 or -1, and is of the form

H=S + I where S is skew -~ symmetric.

Lemma 2.19 @ If H=S + 1 is a skew - Hadamard matrix of order h

then
ssT = (b1)I.
Proof : Follows from property (a). Nk

In Appendix A we list by class all the known skew -

Hadamard matrices with order < 4000.

We study skew - Hadamard matrices because the constructions of
Goldberg [1], Johnsen [1], J.Wallis [2], [3], [7], Williamson [1]
and this thesis depend heavily on the existence of these special

matricese.

Definition 2.20 : A skew - type matrix A =T + I has T

skew ~ symmetric.

Definition 2.21 : The core of a skew - Hadamard matrix H of

order h is that matrix W ef order h-1 obtained from H by
first multiplying the columns so that the first row has only +1
e lements and then multiplying the rows so every element in the

first column (bar the first) is =1; then H becomes

0 e
:?T w_

+ I

where e = [1,1, ese ,1] is a 1 x (h~1) matrix.
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Skew - Hadamard matrices are knéwn to exist for the
following orders :

SI 2tﬂki t,ri arg non-negetive integers,
- i, - <
ki p; +1 = 0(mod L) p; & prime;

from Williamson [1; p 6T],

SIT (p~-1)3+1 p the order of a skew-Hadamard matrix;
from Goldberg [1],
SIII 2t(q+1) t 21 an integer, q(prime power)z5(mod 8);
~ from Szekeres [1],
SIV 52 Blatt and Szekeres [1],
sv 36 Goethals and Seidel [1],

SVI pr(pr+l)(m—1) m of type SI, P ' (prime power)z3(mod 4),and
w (W) (m SE':}).&E:L)
W =3} (M- the order of a skew-Hadamard

matrlx, from J.Wallis [3] and coreillary 4.32,

SVII pr(pr-B)(m-l) m of type SI, p* (prime power)=3(mod 4), and
) Ly Lenety - e
Q‘\ \l‘ s (;n__l_uﬁ the order of a skew-Hadamard

matrlx, from J.Wallis [3] and corollary 4.32,

SVIII (p-1)5+1 P the order of a skew-Hadamard matrix;
from J.Wallis [5] and theorem L4.15,

SIX (p-1)7+1 ﬁjl p the order of a skew-Hadamard matrix;

from J.Wallis [5] and theorem 4.19,

SX (p-1)% 1 ol *, - 3a5b7c where p is the order of a skew-
Hadamard metrix and a,b,¢c are non-negative
integers; from J.Wallis [5] and theorem L.«Q,

SXI Lk k £§3,5,7,9,13,15 191}, from theorem 4ok ;

SXI11 q(pr+1) the order of a skew-Hadamard matrix,
p (prime power)=3(mod L); from J. Wllllauson
[1,p67] and theorem k.30,

SXIII 2q q the order of a skew-Hadamard matrix from
theorem b4.29.

Ft.‘,' pes(mod8)y bz a(medy) y AL Whikman + G Sstkist
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Lemma 2.22 ¢ If W of order k-1 is the core of a skew-Hadamard
matrix then W satisfies

Wit = (a=1)I - J, WJ =0, W& =W,

Proof : Let H be the skew-Hadamard matrix of order h of which

W is the core. Then since HHT = hIh we have ( with J of order h~1 ):

T 6] e + Ih 0 =-e + Ih
W = T T T
~€ W_ _e w _
et e R I, = hI
= ¥ h - h.
WeT J+WWT 0 W-vWT_
Since H is skew-Hadamard WT = =¥ and so we have
T . .
We” = O which gives WJ = 0,
and J + WWT w WT I =
+ + + het = hlh_f 9
T
= (h= - *okk
or W = (h 1)Ih_1 Je

Definition 2.23 ¢ Any matrix W of order h~1 with zero

diagonal satisfying
W = (h~1)I -3, Wi=0

will be called a core.

The term core was first used to us by R. Turyn and we

feel that it is particularly descriptive and apt.

Definition 2.24 : M and N will be called m~type matrices if M

is a skew - Hadamerd metrix, N is a symmetric Hadamard matrix and

MNT'-'—" NMT .
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Lemma 2.25 : If M =W + I and N are m—~type matrices then

WNT - NWT.

~ Proof : Since MNT = NMT, we have

M = (W+I)NT = W+ N'= WN 4+ N = MM = N(WT+ I)= NV + N
and so
WNT = NWT. o’k ke

Lemma 2.26 ¢ If s = 2t H(Piri +1) where t is a nom-negative
integer and piri(prime power) = 3(mod 4) then there are m~type

matrices of order s.

Proof : (i) M, = ]_1 } ! and N, = ] : _1 are two suitable

2 2
matrices of order 2.

(11) Let e = (1, eee ,1)be sie vector of q 1's. Further
let A be the matrix of order q defined in §1.4 for h-1 = q = pr

= 3(mod 4). Then the matrix

B = |0 e
-eT A
has the properties
B = - B, BBT = (b~ )Ih.
Here
M = Ih + 3B

is a matrix of +1's and -1's satisfying MMT = hIh and so is a

skew-Hadamard metrix of order h.
Let U be the matrix of order h-1 = p* = q, where
U= (uij), i, = 0y eee 5 g=1, Uy = 15
u, . = 0,

13
otherwise.

i

-
-

L ]

.

.
-
£

1

Y

-

u, . =1, i
1,9-1
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Now define the matrix N by the equation

N = |1 0M=|10] + |1 0] 0e
0 -U_ 0 -U_ 0 -U ||t A
= M 0] + |0 e | e
_0-U_ _eT ~UA _
Since
A = (qij)s i)j = O’ eee q.-1 and qij = X(ai - aj)’
with UA = (cij), then o0 = X(O-aj) and
= bd = - - i= see -1
Gi,j x(aq-i aj) )& ai aj)s i=1, s 4=,
whence in all cases cij = x(-ai - aj) and so UA is symmetric, whence
also N is symmetric: NT = N,
In addition, noting UT = U and U? = 1, we find
wo= |1 oo w1 o] = bT, .
_0-U_ _0~-U_

So N is a symmetric Hadamard matrix. Now

T T,—

T
MY = MM

™ 0] = NM,

1 0

= hIh

So M and N are two suitable matrices of order pr + 1 = 0(mod 4),

r .
P a prime pOweEr.

(iii) Let M =W +I andN be m-type matrices of
order m and Mn = Wn + In and Nn be m-type matrices of order n. Then
M =I xM +W xN
mn il n m n

is a skew - Hadamard matrix of order mn and

Nmn = Nm x Nh

is a symmetric Hadamardi matrix of order mn.
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Now
' T . T
M N = (1m x M +W x Nn)(Nm x Ni)
= N x M N oW N x N N
m nn mm nn
=N xN MT + N'WT x N NT using lemma 2.25
jul nn mm nn

11

T T T
(Nm X Nn)(Im x M+ W x Nn)

So M and N are m=type matrices of order mne.
mn mn
(iv) Combining the results of (i), (ii), and (iii) we have the

lemma for s > 1. But the case s =1 is trivial.
X

n~TYPE MATRICES

Those who are familliar with the work of Belevitch and
Goethals and Seidel will see that our n-type matrices to be
defined below can be easily derived from symmetric C-matrices of
the above writers. We have persisted in our use of n-type in

order to be consistent with our own writings in J.Wallis [4], [5]e

For a discussion of the electrical applications of n-type

matrices see Bzlevitch [1].

Definition 2.27 : An n-type matrix N of order n = 2(mod 4) has

every element +1 or -1, and is of the form N =R + I where

R is symmetric, RRT = (n—1)I and RJ = O.
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Comparison of definitions 2.27 and 2.19 show that n-type

matrices are analogus to skew - Hadamard matrices.

NII

NIII

NIV

RV

NVI

NVII

n-type matrices are known to exist for the following orders :

p +1 r & positive integer, p a prime, and
1(mod 4); from Paley [1; p 315]

o
1

(h-1)2+ 1 h the order of a skew-Hadamard matrix;from
Belevitch [1] and J.Wallis [L4],and theorem k4.6

(n-1)2+41 n the order of an n-type matrix; from
Belevitch [1] and J.Wallis [4],and theorem k4.6

(n-1)3+1 n the order of an n-type matrix; from
Beleviteh [1] and J.Wallis [4],and theorem 4.10

(n-1)5+1 n the order of an n~-type matrix; from
J.Wallis [5] and theorem k4.1%

(n-1)7+1 n the order of an n-type matrix; from
J.Wallis [5] and theorem 4.18
(n-l)u+l u = QaBbSCTd, a,b,c,d non-negative integers,
nuqvknﬂ’ﬁy n the order of an n-type matrix; from
wu?h’ ®  J.Wallis [5] and theorem 4.20

a.b_c.d

WIII (b-1)%+1  u = 2%3°5%1%, a an integer a > 0, b,c,d

non-negative integers, h the order of a
m‘u)uﬂk w skew-Hadamard matrix; from J.Wallis [5]
s ?“ and theorem 4.21

Analogus to definition 2.21 we now define the core of an

n-tyﬁe matrix.

Definition 2.28 : The core of an n-type matrix N of order n is

that matrix W of order n-1 obtained from N by first

multiplying the rows and columns so that the first row and column

has only +1 elements jthen N becomes

0 e| +1

eT W

vhere e = [1,1, ... , 1] is a 1 x (n-1) metrix.
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Combining the results given in Belevitch [2,p 15],
Griffin [1,p 158], Hall [1,p 114 and p 175], Hardy and Wright
[1,p 299], Raghavarac [1,p 883], and Shrikhande and Singh[1l,p 30]

we have the following theorem:

Theorem 2.29 : A necessary condition for the existence of an

2 (mod 4) is that

n-type matrix of order n
(i) n-1= a2+ b2, where a and b are integers,

(11) the square free part of n-1 must not contain a prime
factor = 3 (mod 4). |

Note that (i) and (ii) are equivalent. bl
Theorem 2.29 tells us immédiately that there are no ;
n-type matrices of orders 22,34,58,70 and 9k.
Appendix D shows the orders < 1000 for which n-type
matrices exist and those orders which are excluded by theorem
2.29. Also in appendix D is a list of those orders between

1000 and 4000 for which n~type matrices do exist.

KNOWN CLASSES OF SYMMETRIC HADAMARD MATRICES

We include this list as our definition of m-type requires
symietric Hedamard matrices and so does the theorem on p 213 of
Marshall Hall [1], which is included in our class HVIII.

The following notation is used below
\

t t 1is a non-megative inteéér,
P P =3 (mod 4) is a prime power,
® ¢®=1 (mod k) is a prime power,

. n nz 2 (mod 4) is the order of an n-type matrix.
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The following are orders of symmetric Hadamard matrices:

+ SHI
SHII
SHIII
SHIV
SHV

- SHVI

+ SHVII

- SHVIII

- SHIX

2t

p+l
2(q®+1)
2n
2n(n-1)
hsa

(n-1)2

By

(2x)?

Ers a nonongaah'vc m'fégu)

pTE 3(mody) 15 @ prime powet’,
755 1{mody) 15 a lpmrk powes,,
J. Wallis [4] and theorem 5.1;

J. Wallis [4] and theorem 5.2;

if strong graphs of order Ls® exist with
eigenvalues p, = 2s ¥1, Py = =28 ¥ 1; or if
pseudo Latin-square graphs Ls(2s) or negative-
Latin-square graphs NLé(2s) exist; from
Goethals and Seidel [3];

if n-2 1is the order of a skew-Hadamerd matrix;
from Goethals and Seidel [3];

h1 the order of an Hadamard matrix; from

Goethals and Seidel [3];

If there exists a (hk2- 1,k(2k-1),2k+1,k,1)
configuration: from Goethals and Seidel [3],
and W.D. Wallis [2];

k 1is a product of orders from the other
classes ©SHI - SHIX,

where nz 3f/mody) ts the order of an n—/;'/oe malri.
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-2.10 KNOWN CLASSES OF HADAMARD MATRICES

In this section we use the following notations

r
Phpi

8
q

u
X

t
hy, hy
h
n

K

r

i

prime powers = 3 (mod L);

prime power

=1 (mod U4);

any prime power;

a non-negative integer;

h,> 1, h

1 2

> 1 are the orders of Hadamard matrices;

is the order of & skew - Hadamard matrix;

is the order of an n-type matrix;

of
{i:i an odd integer, 3 < i ;:29,/& =37 or i = 43}

in all cases the class indexed with an A 1is stronger than the

others classified under the same number. 'Thus HIIA which is

h (pf+ 1)

is p+ 1.

includes the other member of the class HKII which

If we say as in HIIIA that the class is proved

in theorem 5.4 then it means theorem 5.4 of this thesis.

The following classes of Hadamard matrices are known :

HIA

HIIA

HIIIA

2t

h (p"+1)

D+l

hn
2(q®+1)

h (g®+1)
2n

Zt(gw)

Sylvester {1]; v

//Paley [1], Williamson [1,p66]; "'
~ Paley [1,p 315]; ‘
Goethals and Seidel [1,p 1009],

J. Wallis [4,lemma 2] and
theorem 5.k;

Paley {1,p 315];
Williamson [1,p 66];

J. Wallis [4,lemma 1] and theorem
5.1 : the matrix obtained is
symmetric;

g(pnme power )s 5 (mod 8): Siekeres [ [])
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HIVA bk k €K;
[Je/% 20K 92,184 Baurert, Golomb, Hall [1];
g K 116 Hall [1]; U
T 1adle 26 K 112 williamson [1];
gu K
HV 12k kK e K,
156 Baumert, Hall [1]; \l"
HVIA h(h~1) Williamson [1, p 67]); ' .‘f,
p(p+1) Scarpis [1];
hihgp (p"+1) Williamson [2, p 611];
‘h{h-1) if an (h-1,h/2,h/4) configuration

with circulant incidence matrix

exists; J.Wallis [T,corollary 6],
corellary 4 245

HVIIA hyn(n-1) Goethals and Seidel [1,p 1009];
2n{n-1) J.Wallis [4,theorem 3] and theorem 5.2:
the matrix obtained is also symmetric;
hjh,n(n-1) J.Wallis [4,theorem 9] and theorem 5.9;
h;h,q®(q®+1) Williamson [2,p 611];
2q°%(¢5+1) J.Wallis [k4,corollary 4] and
corollary 5.3;
HVIII h(h+3) h+h a symetric Hadamard matrix:
~ L. Hall [1,p 13]; .
h(h+3) an”'(ﬁ-— ,h7£ h/hi cong&rm% ”ﬁ" cotu.-24
with circulant incidence matrix exists:
/J.Wallis [T, corollary T1; d
r r
(p +1)(p"+k) J;¥allis [7, corollary ,7],p*5 #he orofer o

gle+3) g and g+h both of the fo

r
2"Il(pjL +1): Williamson [2,p 610];

HIXA han(n+3) hs > 2 the order of an Hadamard matrix, d
n+l the order of an n-type matrix:
, Goethals and Seidel [1,p 1009];
h h,(q%+1)(q%+h) q®+5 of the form q°+1:Villiamson
[1 Y 613]':
hlhzn(n+3) n+h the order of an n-type matrix :

J.Wallis [L,theorem 9] and theorem 5.9;
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!: Oto/3h

HXA { h? h=n+2) : Goethals and Seidel
n2 n=h+2 {1, p 1008]; “/
‘ x(xP42)+1 Brauer [1] and Whiteman [1];
(n-2)2 g = h-3 : Erlich [1];
CA")“" a_b,c
HXIA (h-1)3+1 ¢e=35T7 a,b,c non~negative

and theorem 4.22;

integers : J.Wallis [5,corollary 3. 31“’,
(h-1)+1 Goldverg [1];

HXIIA m(m+1-hg(wbl)s) W > 2 an integer, g a product of the

r .
form 2%N(p, 141), meltq®+q®%.. 4q"° of
is a prime = 3 (mod 4) or a product
of twin primes : Spence [1,p 60];
e ﬁrgn 7.
Setnte- i iscunl,
% Leleh

vhenever (b-l,u,hﬁp-+u) and

(v-1,v, v-b) configurations with ."

circulant incidence matrices ex1st‘
{ J. Wallis [7,theorem 3];

(b-2)(b-1)(b24b+1)  b2+b+l = 3(mod b), b = q°,

= (b-1)(b-2):J.Wallis{7,corollary5];

»  HXVA 2h(h+1) 2h+3 a prime:J.Wallis [3,theorem 5] W
i and theorem 4.27;
HXVIA mzh " m the order of m-type matrices,
and there exist three matrices X,Y,Z
of order z = (mod L) satisfying “’

(a) XY YZT and ZX all symmetrlc,and

(v) XXt = al +bJ , a,b integerg
v ={2125:29:§} I+ {Shomby g
n-1 z m-1l z

= (z+l)Iz- Jz;

from J.Wallis [3,theorem 1] and
theorem 4.23.Corollaries L.2L
and 4.25 show some cases where
these conditions are sstiefieA:




HXVIIA mzh

HXVIIIA bnm
hq‘n

HXTXA 2nvh1

«../35

= 2 or 4, and there exist four
matrices X, Y Z,W of order z-l(modh)
satisfying

(a) XYT,x2T,3W%, Y22, YW" 20" all

symmetric, and

(b) XX+ YT = 2(z41)I - 27
z Z
™

ZZT={m(z+l-h-a)+a} Iz +
{m(h-1-b)+b} Jz

from J.Wallis [3,theorem 1] and
theorem 4.26. Corollary L4.28 shows
some cases where these conditions
are satisfied;

D and M are symmetric matrices of
order m, satisfying

D2= mI -J M2=(m+l-n)I +(n-1)J ,
m m n n

= DM where D has zero diagonal;
from J.Wallis [4,theorem 5] and
theorem 5.5 of this thesis.
J.Wallis [4,corollary 7] and
corollary 5.7 show some cases

where these conditions are satisfied;

M is a back circulant matrix of
order q, satisfying

M2= (q%+1-n)I+(n-1)J; from J.Wallis
{4,corollary 6] and corollary 5.6

vz1(mod 4) is the order of three
matrices A,B and D satisfying

DDT= vi-J, AAT= al+(v-a) J,

= {2(v-ntl)-a} I+ {-v+2(n-1)+a} J,

where ABT, BDT and ADT are all

symmetric. J.Wallis [h,theorem 8]
and theorem 5.8;

Wi =eI + bJ_, a,b integers \"

Vv
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4g°n q®is the order of three matrices

A,C and D satisfying AA =aI+(q%-a)J,

0CT= [25-2n+2-a ]I+ [-q®+2n-2+a 1,

T s T T T
DD =q 1I-J, where AC™, CD” and AD
are all symmetric and D has zero
diagonal. J.Wallis [k,theorem 10]
and theorem 5.10; J.Wallis [b,.
corollary 11] and corollary 5.}1
give some cases vwhere these coéditions
are satisfied; :

m the product of orders from any . \l"
classes.
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CHAPTER III : MATRIX EQUIVALENCE

5 W cpieeer-TTiiansags: et orEAET e wite: TN

s $3.1 % the results of a paper by W.D.Wallis

and J.Wallis [1 ]o

EQUIVALENCE OF HADAMARD MATRICES OVER THE INTEGERS
Definition 3.1: If A4 and B are matrices over the ring 2
of integers, 4 and B are called equivalent (4 ~B) if there
are Z~matrices P and Q, of determinant + 1, such that

B = PAQ.

This is the same as saying that B can be obtained
from A by performing some sequence of thu following
operations:?

(a) add an integer multiple of one row to another,

(b) negate some row,

‘(¢) reorder the rows, \\\
and the corresponding column operations.

The following theorem is due to Smith [1] and has been
reworded from the theorems and proofs in MacDuffee [1,p41] and
Marcus and Minc [1,ph4].

Lemma 3.2: If 4 is any n x n Z-matrix of rank r, then

there is & unique Z-matrix

D = diag (a1, a2, see ar, 0, ece 0)
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such that A ~ D .and

where the a, are non-negative. The greatest common divisor
of the i x i subdeterminants of A is

813235 LN ] aiO
If A ~ E where

then 8y is the greatest common divisor of the non-zero

elements of F.

The a, are called the invariants of A, and D is

called the Smith normal form of A.

We recall the following properties :

o

(1) +the determinant of an Hadamard matrix of order n is + ’

(ii) the determinant of the incidence matrix of a (v,k,x)

configuration is [k + (v = 1)A]J(k - X)v~1.

the incilence watrix of
Thew, noting that the rank offa (v,k,\) configuration

is v, we have the following theorem:

Theorem 3.3: Marcus and Minc [1,pk6d. The incidence matrix
of a (v,k,k)—configuration is equivalent to a diagonal matrix

with entries

v+1

1 —‘é‘— times,
(k=\) -‘-’%2 times,
k(k-2) once. Rk

where k-3 s square - frer anol (R-2,R)=1.
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We recall that every Hadamard matrix is equivalent to
a normalized Hadamard matrix which has every element in the first

row and column + 1.

Lemma 3.4: If A is an Hademard matrix of order 4m and

A ~D where D = [a1, a s ahm] is diagonal, then a, =1

2, *ee

and 32 = 2.

Proof': There is no loss of generality in assuming that A is

norumalized.

Since every element of 4 is + 1, a, must be 1. Now
subtract the first row from every other row, and then the first

column from every other column. The resulting matrix

“

is equivalent to A4, and every element of K is O or -2

So
a, = 2. ke ok
Lemma 3.5: With A and D as in lemma 3.4 ahm = Lm.
Proof': By definition
a&m = % a1a2 !%! ahm-1 ;

. 2
the numerator is (hm) m, and the denominator is the greatest

common divigsor of the (4m~1)~subdeterminants of A.

Suppose € 1is any (4m~1)-subdeterminant of A. Then
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LA =~ ui 1 + 1 eeee + 1

g

. c

+ 1

~ ~‘..1 1.--01.— = F;

1
. B
1

B is obtained from C by negating rows and columns, so

|B] = = [c].
F is Hadamard, so
T
FF = Amlhm;
but
FFL = —mJ 0 -
. T
o _01 BB + Jmn__1

where Jv is the v x v matrix which has every element + 1.

So

T
BB" = AmIAm—1 - J4m~1 .

Now from Ryser [1,p99] we have

[T, + 2] = e GetA )T,
whence, putting v = r = 4m - 1, A = =1,
82 = (ua)*™2
lc] = :(m@zmﬂ

This process is valid for any (4m-1)-subdeterminant, so the .



.../41‘

- . -1 . . .
greatest common divisor is (hm)em , and substituting in

a = + IAL
Lm - a1a2 veee ahm—1

we have
& = L.
Theorem 3.6 If m is odd and square free, then an Hadamard

4 3k 3

matrix 4 of order Lu is equivalent over Z to a diagonal matrix

with invariant factors

1 once,
2 2m-1 times,
2m 21 times,
Lm once.
Proof': From lemmas 3.4 and 3.5 a, = 1, a2 = 2, ahm

Since 2 must divide every invariant but ays write

1 .
\\\\‘ bi = za;, 1> 1.

la] = + (4o)®® = 4 2020

- -

but on the other hand

|a] = + 1 a,
h 4m~1
= + 2" b,
— . l
i=
therefore
Lm~1
o b, = o2,
i=2

If p is any prime factor of m, then p2m~1 is a factor of this
product. p2 does not divide ahm’ so p2 cannot divide any of

the bi. Hence exactly 2m~1 of the bi must have a factor p.
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By the property

SR IR

these must be b2m+1,..., b 4" Hence m divides each of these

L
bi; the rest must 211 be 1.

Corollary 3.7: hny two Hadamard matrices of order 4m, where

m is odd and square-free, are Z-equivalent. HAk

We can partially extend theorem 3.6 to the case where
m 1is even and square-free. If H 1s an Hadamard matrix of
order 2m, then

H H
H -H

is Hadamard of owxder 4m. Now

A 0~ H 0
N
0 -2H
~ |D o ],

where D 1is the diagonal matrix of theorem 3.6 corresponding
to H. (The theorem can be applied, as %m is odd). Thus A
is equivalent to a diagonal matrix with elements

once,
m times,
u=-1  times
m times
m-1 times
once.

N
BfBEBBNO-

¢ This matrix, of course, is not in the Smith normal form.
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There is a (2m)—subdeterminant

1.8 0% = &y

where k 1is odd, and another

-1 -
1,285 o P2,
.o . 2m—1
The greatest common divisor of these is 2 s SO
a a < 22m-1
8.1 2-0.. 2m > .
On the other hand each a; (after a1) is divisible by 2, so
a,a a > 22m-1'
1 200.0 2m 2 s
equality holds, and
8.1 =1, 3.2=8.5=-00-=a2m=2-
Now we find aum_1. From an earlier result
2m—1
a\.,laz....5,1‘,4“:1'__1 = (hm) .

One (hm—2)-subdeterminant is

S 8 = 2(km)?™2,

obtained by deleting the elements 4m and 2m. Every other
(4m-2)~subdeterminant can be obtained from & by replacing one
or two of its terms by 2m or 4m {or both); every term of &

divides every other (4m52)~subdeterminant. Therefore

2m-2
S 2(4m) s
am~1 = 211’1-
Since m is square-free,
omet = Pome2 T vt T Pume2 T 2
Theorem 3.8 If m 1is even and square-free, and if there is

!

an Hadamard matrix of order 2um, then there is an Hadamard matrix

of order 4m of the type in theorem 3.6. A
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However it is possible that there are also matrices

of these orders with other invariants.

Trivial cases. In the trivial cases (n = 1 or 2) the invar-

iants are of the type in theorem 3.6.

A matrix of order 16. Finally we show there is an Hadamard

matrix whose invariants are not in the form of theorem 3.6.

Let H Dbe an Hadamard matrix of order 4. The invariants qf H

are thus {1,2,2,4}. If A is the direct product H x H then
A ~ diag (1,2,2,4) x diag (1,2,2,4).

This is a diagonal matrix with elements

1 once
2 four times
N L six times
8 four times

16 once,

and clearly these are the invariants of A.

As an example of the diagonalizing process, suppose

H is the Hadamard matrix of order 12 given by
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1 4 =1 =11 11

1
-1

1 -1 =1 =1 A
11 =1 =1 -1

1
-1

1 -1 1
1 1 =1 1
-1 -1

T
1 - =1

1
1

1

I Y

1 =1 -1

1
1
-1

1
1
-1

1

-1

1

1
1 =1 =1

4 -

1

1 =1 -1 1

1
1
-1

1
~1

1

1 -1 -1

1 =1 =1 =1

1
1
~1

1

1
1 -1 -1

4 -1 -1

1 -1 -1

1

4 o4 =1 =1
1

1
1
-4

1

1
1
1

1
1 -1 -1

1 -1 -1

1 -1 -1 -+

I R R

1

ﬁ

Then theorem 3.6 tells us that the diagonal matrix-

D equivalent to H has elements

[1 ’2’2’2,2,2’6’6’6’6,6’12]°

D

0 00000 0O OO0O0O

0O 0 00 0 0 O OO0OO

1
1
-1

~1

0 000 00 0 0O

1
1

0 -1
-1
-1

0O 600 0 0 0O
1

0 0~1 -1

1

0 0 0 0 0 0O

1
1
1

PR R

0 -1

0 0 0 0 0O

1

0 0 0 0 O
1

1

0 ~2 -1
o 1 -1-~1 -1
0 0

2 -1
-1

0 0O 0 0 O
1
0 -1

1

0 0+

0 0 0
1
-1

0

0

0

1

0

1

3

4 -1 =1 =

0 0

0 0 -1

0 -1

-1

1

1




/N

1 0 0

1

1 =1 -1

0 0 O 0 ~1

0 -1

1 0~

1 1
6 00 0 0O 0 O

0 0 ~1 -1
b 0 0

1

1 ~1 =1

1

0

0 -1

z
0
1 =2 1

0 0 0 0 O 0 01

1

0
0 -1 -1 -1

S J

0O 0 0 0=~1 -

0 0 0 0 O

0 0 -1 -1

0 01

0 0 0 0 0 0 0 0+

o 1

6 00 00 0 0 0 0-1

0 0000 0 0 0 O0 0-1+1

0O 00 0 0 O 0 0 0 0 0-1

then

D.

PHQ
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CHAPTER IV : CONSTRUCTIONS FOR HADAMARD MATRICES USING
SKEW - HADAMARD MATRICES

COMPUTER CONSTRUCTION OF SKEW ~ HADAMARD MATRICES AND A SIMILAR
SKEW ~ HADAMARD MATRIX OF ORDER 76

Skew ~ Hadamard matrices (belonging to classes SI and SIII
+ -ge€ page 25) have been constructed by the methods »f Paley [1]
and Szekeres [1] for all orders 4m < 100 except 36, 52 and 92,
cf. the table in Johnsen [1]. Blatt and Szekeres [1] have
censtruoted a matrix of order 52 and Goethals and Seidel [2] have
found one of order 36. This section is concerned with the method
in Goethals and Seidel [2] and an extension of their method.

Theorem 4.1 : Joethals and Seidel [2]. If 4,B,C,D are square
circulant matrices ef order m, and R = (rij) is defined by .
=1,1i=1, ¢eee , m, then if A is skew-type, and if

st + 88T+ cct + DD = 4aI,

I .
i,m“l

then

-DR -CTR BTR A

is skew - Hadamard ef erder 4m.

*

Proof : This is easily verified using lemmas 2.15 and 2.16. *ck

Thecrem 4.2 ¢ Goethals and Seidel [2]. There exist skew -
Hadamard matrices of orders 36 and 52.

Proof : Apply theorem 4.1 with the following circulant matrices
of order 9, where the comms denotes the middle of the string :
A

C = 4+ 4+ === ) ==y

+ 4+ 4+~ g =t B = b= td-, -+~
[
2

D = 4+ ++ =+ 49 +~++.
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By inspection the skew - type A and the symmetric B,C,D are seen
to satisfy the hypotheses., Hence a skew ~ Hadamard matrix of
erder 36 is obtained. Next consider the following circulant

matrices of arder 13 :

A = ++++=4+ 4 3 ==d ===
B = 4+ ~4+t ==+ 4+, ++—==+ -
C = D = 4+ 4 -4 ===, =4 ===,

Applying theorem 4.1 to A,B,C,D yields a skew ~ Hadamard matrix

of erder 52. *kk

4s Goethals and Seidel [2] note, this method is similar
to that of Williamson [1]. We now restate theorem 4.1 slightly
differently to obtain the form discussed in the remainder of

tnis section.

Theorem 4.3 : Let A,B,C and D be square matrices of erder m.
Further let A be skew~type and circulant and B,C,D be back-
circulant matrices whose first rows satisfy the following

equations :

1,m+2-j
1,042~
(12) = o 2<j< m
T ,me2-) -
d1,m+2-j
= by = oy = 4y = 4,

where A = (aij) , B = (bij) , C = (cij) , D= (dij) and every
element is +1 or ~1.

Then if
asT + 88T + ccT + DDT = AmI,



H given by
H = | &
-B
~C
~-D

is skew ~ Hadamard of order L4m.

Using the computer programme given in appendix B (except

that the case m = 19 is described below) we have found the

eeo /49

Nk

matrices generated by the following first rows satisfy equations

(12) and the other conditions of theorem L.3.

m=3: A= 1 -1,
B= 1 -1,
c= 1 -1,
D=1 1,
m=5: A= 1 -1
B= 1 -1
c= 1 -1
D=1 -1
m=7: A= 1 -1
B= 1 -1
c=1 -1
D= 1 -1
m=9: A= 1 -1
B= 1 1
c= 1 1
D= 1 1
m=11: A= 1 -1
B= 1 ~1
cC= 1 1
D=1 1

-1
-1

-1

-1
-1
-1

-1
-1

-1
-1
-1

-1
-1

-1
-1
-1



12, 20, 28, 36, L4, 52, 60 and 76.

We notice that our matrices for 36, 52 and 76 are

.../50

m=13: A=1-1-1-1-1 1-1,1-1 1 1 1 1

| B=1-1 11 1-1 1,1-1 1 1 1 -1
cC=1 1-1-1 1-1 1,1-1 1-1-1 1
D=1 11 1-1-1 1,1-1-1 1 1 1

m=15: A=1-1-1-1-1-1 1-1,1-1 1 1 1 1 1
B=1-1 1-1-1 1 1-1,-1 1 1-1-1 1-1
c=1 1-1 1 1 1 1-1,-1 1 1 1 1-1 1
b=111-1-11-1 1,1-1 1-1-1 1 1

m=19: A=1 1-1-1 1 1 1 1-1 1,-1 1-1-1-1-1 1 1-1
B=1 1+~1-1-~-1-1-1 1 1-1,-1 1 1-1-1-1<1-1 1
c=1-111-1 1~-1-1-1-1,~1-~1-1-1 1-1 1 141
b=1~-1=-1-11-11-1-1 1,1-1-~1 1-1 1-1~1-1

S50 we have the theorem :
Theorem 4.4 : There exist skew Hadamard matrices of order

different from those of Coethals and Seidel [2], Blatt and

Szekeres [1] and Szekeres [1].

The matrices A,B,C,D for m

following manner :

= 19 were obtained in the

2 is a primitive root of 19, so we find

the subgroup H,. = {23 ;4

0

group of powers of 2 and its cosets

1,2, ... 6}

1

0

H, =2H, and H

of index 3 in the

2
2 HO.

Ther. choosing A given by the guadratic residues, B,C,D by

HO’ Hl and H2

Theorem 4.3

respectively, we have all the requirements for

The computer was not used to generate & skew - Hadamard

matrix of orders 68 or larger as the time required to find a

set of solutions for 60 was more than 24 hours.

The original

programme was much less efficiert than that in Appendix B and

in an attempt to further reduce the computer time we have

proceeded as in Williamson [1] to analyse the matrices under
the conditions of theorem L.3.
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Let T be the m* m matrix and R be the m x m matrix

T=1610...0 ,7=I, R=70...00T
001...0 n 0 ...010

(13) e e e e . e e
000 ...1 0...000

100...0 1...000

Polynomials in T commute with each other. 8o consider

- = -1
{ A = allI + alZT + ...t alme s
| -1
J B o= (b1 +b,T+ ... +b T R,
(1) < |
C = (c,.I+ ¢, T+ +c Tm_l)R
11 12 T 1m ?
v = -1
D (@) 1+, T+ «on # dlme R ,
where aqys bli’ cli’ dli are given by equations (12).
Then provided
T T T T _
(15) AAT + BB™ + CC™ + DD” = hmlm

we have all the conditions of theorem 4.3 satisfied and so
we would have a skew - Hadamard matrix of order km.
Now let us consider equation (15) further .
Write
(16) A = P -N
with Pl the sum of the terms witn positive coefficient in A and

-N. the sum of the terms with negative eoefficient in A, whence

1
N = j-l = - - ._l = -
(17) - Pl ) ale » 8 +1 , Nl Zale& > By 1.
J J
In the same way write
(18) B = P,-N,, C = P,-N;, D = P -TN.
S ince &, = +1 and by (12) 14 T "8 nepey 2<J<m,
there are
m+ 1 _
(19) 5— = By

positive terms in A, so the number of terms in Pl is an

odd number if m = l(modk) and an even number if m = 3(modk).
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Since by (12) b, = +1 and blj =% T 2 <) <m,
o - -
the positive terms oceur in pairs, so Py the number of

positive terms in P

o is an odd number. Similarly p3xand B,

are odd numbers.

We now write

. ]
(20) T o= I1+T+m 4+ ...t = (I+T+T ... 7T )R,
Then

(21) P,+N. = J , i=1,2,3, b,

so (15) becomes

i

2AT + T2 + 2 + D2 hmIm
and by (16), (17), (18) this becomes
B 2 2
(2P ~3)(2P;-3)" + (2P,~3)? + (2P3~J)* + (2By=~J)° = hmI ,
that is (2P ~J)(~2P; +J+21)+(2Py=J)2+(2P3-3)2+(2Py-J)? = bal ,
since A is skew - type. Eo = have since P.J = p.J and J2 =

(22) h(~P§+P§+P§+Pi+P?+h(p1—pz—p3~pu)J + (2m-2)J = hmlm.

Now from (19)
hpl +2m -2 = Im

s0 {22) becomes
(23) (-P2 + P2 + P2 + P2 + P|) = —(m - p, - Py -py)J + nl_.
odd then since L
If m is /'pz, py and p, are all odd, we have the coefficients
of J are all even.
New we notice B,C,D are polynomials in TJR sO

P, = (3 eleJ—l)R
J

for 1 = 2,3,4 and ey = blj’ ¢y 40 dlj respectively, also
P, = P7 so
i i _
2 _ T _ J=1\.,T k=1, _ n
P = PiPi = (zel,T JRR (ZelkT ) i T,

J J k n
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that is Pf, P%, P§, Pﬁ and P1 may all be regarded as

polynomials in T.

For each t =1, ... , wl, there is a unique s such

thet (2°)? = . In P? = {z Tk)z, k in a subset of 1,2, ... , m,

we have

Pg = 3 T2k (mod?2).

Then since the coefficient of J in (23) is always even we

have shown :

Theorem 4.5 : If m is odd, T is given by (13), P;,P,,P;,P,
ositive coefficients
with /;p

are the terms of A,B,C,D as defined by (1k),

respectively, and if

an" + 38" + o’ + D07 = hnT
sas 2 _ i 2 2 2 i
then writing P1 + P1 z fiT and P2 + P3 + ?4 = g gfrl'h

i
: 140 . 140
we have g, = fi(mod 2) when 140.
! FH%

7h.2 Constructions for skew -~ Hadamard and n ~ type matrices of

the form "power plus one".

The following theorem was proved independently by
J. Wallis [4] and Belevitch [1] for W +the core of an n - type
matrix and by J. Wallis [4] and Goethals and Seidel [1,p.1008]
for W the core of a skew ~ Hadamerd matrix :

Theorem L.6 : If h is the order of (i) an n - type matrix

(ii) a skew — Hadamard matrix then there is an n - type matrix of
order (h ~ 1)2 + 1,

Proof : Let W be the core of the matrix of order h.

Define A by

+ I

A= J X -1

a N . xJ .+ WXxXW
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then
T .
AA"=(n-1)g xI G+I o« (n~1)J +[(o-1)I -3 K[(n-1)T -7 ]
-2Jn-l 8 Jn--l
-~ - 2 -
(n l) I(n_l)g J(n_l)z .
Now AT =A if WX W = W x WT, but this is true for W

from either n - type or skew Hadamard matrices and so

M = ?- 1 a e l—+I(n-l)2+l
A
1

is an n - type matrix of order (n-1)% + 1. %%

The line of proof of lemma 4.8 and theorem 4.9 are due to
W.D. Wallis; we include these theorems as they greatly simplify

our proofs later in this section.

Definition 4,7 : Let A = [aij] and C = [ciJ] be two matrices
of order n. The Hadamard product A % C of A and C is given by

A#*C = [aij ciJ].

Lemma 4.8 : When A,B,C,D are matrices of the same order:

(A *C)x (B#*D).

(A x B) *» (¢ x D)

Proof : (A x B) # (C x D) [aijB] * [cijD]

[aijciJ B *D]

(A% C) x (B#*D). *rE
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Theorem 4.9 : Suppose I, J and W are of order h, where W

is a matrix with zero diagonal and +1 or -1 elsewhere. Suppose

A 1is a matrix of order q = nY which is of the form

A = Bl + B2 + .00t Bk

where each Bi is a Kronecger product of p terms I, J or W
in some order, such that (a) each Bi contains at least one term W,
(b) for any two summands Bi and Bj there
is a position r such that one of the
summands has I in the rth position
and the other has W in that position,
and suppose A satisfies
T
AAT = qu - Jq’

Then A has zero diagonal and +1 or -1 in every other place.

Proof : Clearly
WxI = IxgW = 0
so, by part (b) of the hypothesis and lemma 4.8
Bi*Bj = Bj*Bi = 0
whenever i f J.
Hence no two Bi have non-zero elements in the same position,
so each non-zero element of A comes from exactly one of the Bi;

since each Bi is a (0,1,~-1) matrix it follows that A is a

(0,1,-1) matrix. But

AA?

I

QI - J _,
q
soifA=( )

E 13 = q-=-1

[N

fer any i: therefore at most enc element in any row of A 1is zere.

W appears in each B, 42 and W has zere diagonal, so each B - and

iiﬂiﬁﬁﬁeﬁtiﬂ é ~ has zero diagonale 50 we have the result. >
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The next theorem was proved independently by J. Jallis [4]

and Belevitch [1] for n - type matrices.

Theorem 4.10 : Let n be the order of an n - type matrix then

there is an n - type matrix of order (n-1)3+ 1.

Proof : Let W be the core of the n - type matrix of order n,
then with W, J and I all of order n-l we define

A = IxWxJ 4+ IxIxW + Wx JIxI + Wx Wx W,
Now WI =0, so A(Jx Jx J)=0,andas W =W, A" = A. If we

B

1, 29 35
T

B.B, = 0
19

call the terms B B Bu we see

o sls s ] £ 3
for itj, since for wvery pair Bi and-B'j %here is an r suchn tha

occocurs in the rth place in one of the Bi’ Bj and W ocours in the rth
place of the other; Also B

JWT = WJ = 0. For example for B1 and 32

(I xWx J)(J x I x WT) =T x Wx JW = 0

and for B3 and Eﬁ

(w x J x IN(I x WT x J) = W x JWT x J = 0.
So T ‘\4 T
AA” = ¢ B.B.
. 11
i=1

Ix [(n-1)I - J}x(n-2)J + (n~-1)F x I x [(n-1)I - J]

+[ (n=1)I-J]x(n=-1)IxI + [(n-1)I-J]x[(n-1)I-T1x[(n=1)I-J]

= (n-1)2IxIxJ - (n-1)IxIxJ + (n-1)2IxIxI - (n=1)JIxIxJ
+{n-1)2IxJIxI - (n-1)JIxJIxI
+(n-1)3IxIxI - (n-1)2IxIxJ = (n-1)2IxIxI + (n-1)IxIxJ

+

=(n=-1)2IxIxI + (n-1)IxIxJ + (n-1)IxIxI = IxIxJ

=(n-1)3 I xIxI - JxJxJ.

X
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s

Hence A satisfies all the equations necessary for the core of an
n-type matrix of order (n-1)3+ 1. It remains to show that A has
zero diagonal and +1 or -1 elsewhere.

By inspection A satisfies all the conditions of theorem
k.9 and so we have the result. R

The following theorem of Goldberg [1] is proved in J.Wallis [L]
and here in & slightly different manner,and is almost identical with
the previous theorem.

Theorem 4.11 : If h is the order of a skew - Hadamard matrix then

there is a skew - Hadamard matrix of order (h-1)3+ 1.
Proof : Let 37 of order h-1 be the core of the skew - Hadamard
matrix, then with I and J of order h-l1 we define

B = IXWXJ + WxJIxTI + IJxIxW + WxWxHW,

Since WJ = 0 and W' = - we see B(J x J x J) = 0 and BY = -B.

Now for each pair of terms therc is an r such that J occurs in the rth
place of one of the terms and W occurs in the rth place of the other

term so

T o IxWWTxI2 + WWHExI2xT + J2XIXWWE + WWOXHWEXWW~

BB

Ix[(h=-1)I-T7]x(h-1)J + [(h-1)I-J]x(h-1)JxI

+(h=-1)IxIx[ (h-1)I-3] + [(p-1)I-TIx{(h-1)I-JIx[(h=-1)1-T]

1

(h-1)3 I xIxI ~ JxJxJ.
as B satisfies the conditions of theorem 4.9 so we see B has
.zero diagonal and all other elements of B are +1 or -l.
So B is the core of a skew-Hadamard matrix of order (h-1)3+ 1

and we have the result. *EN
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Corollary 4.12 : L2t W of order h-~l be the core of a skew =

Hadamerd matrix then
B = WxWxW + IXJIxW + ‘J XWxTIT + WxIXJ
is the core of a skew - Hadamard matrix of order (h-1)3+1. Lk
Theorem 4.11 and corollary 4.12 show us that the construction
formulae are not unique.

The next theorems are also found in J.Wallis [5] but the proofs

we give here are much more complete.

Theorem 4.13 : If I,J,W are of order h and W is a core then B

given by
B=WxWxWxWxW +32} IxJIx[WxW+1IxdJdlxWw,

where Il is defined in §1.3, is a core of order h3.
Proof : Since WI =0, B(JxJxJxJxJ) =0, We now exhibit
iB in full so we may check that there is a W in every term

corresponding to a J in each other term. This ensures that in BBT

transpose

there is no contribution from term (1).term (2) as

cevree W tevees OF evveee W ovunn always occurs.

B = IXJIXWXWXW + IXIXIXIXW + WxXWxXWXWxW
JXWXWXWXT  JXIXJIXWXI
WXWXWXIXJ  IXIXWXI*XJ
WxWxIxdxW  IxWxIxJIxI
WxIxIxWxW: WxIxIxIxd
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1/ 2)3)1 415161 7181 9] 10] 11] Formule
n’|  IITIiI
B -n' | II11J
W -n' | II1JI
N nd | 11133
n' -nt | 1III
13 33 | nd | 11917
_p3 nd | 11391
h? -n? | 11333
~ -t | 1g7II
03 lnd B3 nd | 13115
3 3 3 nd | 13191
p2 12 —n? -n? | 13133
3 p | 13511
% n? 2 -n* | 13913
12 -p? | 13931
h n 13333
o~ -nt | JrIiz
-h3 nd | JII1J
13 -n3 h3 nd® | J1191
n2 -h? | JIIJJ
-n3 -n3 n3 nd | JIJII
h? h? -k? |-n? | JIJ1J
hn? b’ -h2 -b¢ | JI3JI
-h h J1333
13 nd | gormI
12 -n? | 33113
) 12 ~n2 -h? | JI13I
-h h JJIIT
2 -n%* | JIs1I
-h h JIIII
-h h J3III
_ -1 JII33

T..0LE 3
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then BB = IxJ2XWWoXWW XWH. ' + IxI2xIxJ2XWWE ®
T2 XUW X WH X WW X T : J2xIx J2XWW-X T
WH X WW X WX T 2 : Tx I2XWW X Tx J2 °
WS X Ix T2 T2 IXT2XT
T T2 - W Ixg2xIxg?

11
b XX W X WKW

vhere the number indicates the number of the ter. in the expansion.
The table 3 shows the contribution of each ter: to BBT :
and using table 3 we have

BB® = bS I* - J%
vhere I* and J*¥ are of order h°. B has zero diagonel as every
term of the expansion for B contains a W and so B is a core of
order h°. ekl

Theorem 4,14 : If n is the order of an n-type matrix then there is

an n-type matrix of order (n-1)°5+ 1.

Proof : Using theorem 4.13 we see that if W is the core of an n-type
matrix then B- = B and BJ(n—l)s = 0. So provided B+ I is a (1,-1)
matrix, B is the core of an n~type matrix of order (n-1)%+ 1, but
this follows immediately from the definition of B in theorem 4.13

and theorem L4.9. LA

| Theorem L.15 : If h is the order of a skew - Hadamard matrix

then there is a skew - Hadamard matrix of order (h-1)%+ 1.

Proof Using theorem 4.13 we see that if W is the core of a
(h=1)5 = 0, From the

definition of B in theorem 4.13 we see B satisfies the conditions

skew ~ Hadamard matrix then BT = «B and BJ

.of theorem 4.9 and B is the core of a skew - Hadamard matrix of
order (h-1)5 + 1; so we have the result. L

Theorem 4,16 : If I,J,W are of order h and W is a core then

B given by
B = WXWXWXWxWxWxW + I'IxIx[WxW + IxJ]x[WxW + IxJ]xW

‘is a core of order h7 .
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Proof : B 1is the sum of twenty nine separate terms : write

29

B= sk By

We write out the summands of B fully and the number after the term
will be callgd the term number and indicates the Bi to which the
ternm belongs.; For example

Bg = WXWXWXIXJXWXW,

B = WxWxWxWxWxWxW !
+ IxIxWxWxWxWxW

] + JIxWxWxWxWxWxI
| + WXWXHXWXWXIXT
+ WXWXWXWXIXIXW 13
+ WXWXWXIXIXWXW IxIXWXIXIXWXW "
+ WXWxXIXIXWXWxW. IXWxIx IXWxWxT ls
+ WxIXIXWxWXWxW +  WXIXJIXWxWXIXJ
+ IxXIXIXIXWXWXW e IXIxIxIxIXJIXW 23
+ IxIxXIXWXxWxWxT IXIxIXIXJIXWx T
+ IxIxWxWxWxIxJ IxIxIxIxWxIxJ
+ IXWxWXWxIxJIxL IxIxIxWxIxIxI
+ IxIxWxIxIxIxJ
+
+

IxIxWxWxIxIxW ’
IxWxWx IxIxWxI i?
WXWXIXJxWxIxJ 12
Wx IXIXWXIXIXW

o] N o w F£oow V]
+ + + + + +

——

17 24
25
26

27

18
19
20
28
29

WxWxWxIxIxIxJ
21
IxWxIxIxIxJIxI

WxWxIxIxIxJIxW
WxIxIxIxJIxWxW WxIxIxIxIxIxJ

22

+ + + + o+ o+ o+

We see that each Bi has a W in its formula and so each Bi’
and consequently B, has zero diagonal. By inspection we see that if
there is a J in the r th position of Bi then there is a W in that

for some r, that is, since JWT =Wl =0

§1051t10n of Bj
BiBjT = 0 for every J # i.
Henc
ence T 29 T
BB = I B,B,
i7i

i=1

l and from J2 = hJ, WWT = hI - J and the table of appendix C we have

if BBY = gI ~J

g g
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where g=h . NowB(JX Ix Ix Ix Jx Jx J) =0 since each B,

contains a W in its formula and so B is a core of order h’. xx#

Corollary 4.17 : If I,J,W are of order h and W is a core then B

given by B = WXWxWxWxWxWxW + I 'IxIx[WxW+IxJ]xWxWxW
+ 5N IxWxIxIx [ W IxW+IxIxI]

is a core of order Hh7.

Proof : We proceed exactly as in theorem 4.16 except that B is now

given by

B=Wx Wx Wx Wx WxWx W

+ Ix Ix Wx Wx Wx Wx W2t I xJxIxdxWyxWyxW

+ I XWX WX WxWx Wx I3+ IxIxJIxWxWxWxWLS

+WX WX WXxWx WX IxJI¥+ IxJIxWxWxWxIxd?

FWX WX Wx WxIxJIx W+ IxWxWxWxIxdxIl0

+WX WX WxIxTxWx W+ WxWx Wx IxdJdxIxJll

FWX WX IXxJIXWxWx W + Wx WxIxJIxIxdx W2

+ WX IXxJTIX Wx Wx Wx W8+ Wx IxTIxTIxdxWx W3
+ I X Wx IxJIx WxIxW0 4 TxWx IxJIxdIxTIx I26
+Wx IxJIx Wx IxWxJ2l 4+ Wx IxJIxJIxIxTIx J29
+Ix Ix Wx IxWx Ix W7+ IxIxJIxIxIxdx Wk
+ I X Wx IxWx Ix Wx I19 4+ JIx Ix Ix IxJx Wx 127
+ Wx IxWx IJx Wx Ix J22 4+ JIx ITxIxJIx Wx Ix J28
+IXx WX Ix Wx IxJIx W64 ITxIxJIx WxIxJx J25
+Wx Ix Wx IxIxWx I8+ IxJIx Wx IxJx Jx 123

Now proceeding as in theorem 4.16 and using the other table of
appendix C we have the result. b
We see that theorem 4.16 and corollary 4.17 imply that
DiDeOx [WxWHIx T Ix XX W = & "IxWxIxJIx [WxIxW+IxIxI]
that is

D' Ix I [WW I+IxIxI] = T 'IxWxIxIx [WxIxW+IxIxI].
This latter implies that there might possibly be more formulae with

the square bracket replaced by permutations of the letters inside.
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Theorem 4,16 and Corollary 4.17 show us that the formula

for obtaining the core of order h’/ is not unique.

Theorem 4.18 : If n is the order of an n-type matrix then

there is an n-type matrix of order (n-1)"+ 1.

Proof : Using theorem 4.16 we see that if W 1is the core of
an n-type matrix then BT = B and BJ(n—1)7 = 0. So provided
B+ I is a (1,~1) matrix, B is the core of an n-type matrix
of order (n-1)7 + 1, but clearly B satisfies the conditions

of theorem 4.9 and so we have the result. L

Theorem 4.19 : If h is the order of a skew - Hademard matrix

then there is a skew - Hadamard matrix of order (h-1)7 + 1.

Proof : Using theorem 4.16 we see that if W is the core of a
skew - Hadamard matrix then BT = -B and BJ(h—l)7 = 0. Now the

definition of B and theorem 4.9 show B + I 1is & (1,-1) matrix,

so B is the core of a skew - Hedamard matrix of order (h-1)7+ 1.

Since the core obtained in corollary L.1l7 also satisfies the
conditions of theorem 4.9 we see that our n-type and skew -
Hadamard matrices of theorems 4.18 and 4.19 are not unique.
Corollary 4.20 : If n is the order of an n-type matrix then

b d
there is an n-type matrix of order (n-1)"+ 1 where u = 2%3°5%7

and a,b,c,d are non-negative integers.

Proof: This result follows by combining the results of theorems

4.6, 4,10, 4.1L4 and k.18. *EX

e ok
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Corollary 4.21 ¢ If h is the order of a skew-Hadamard matrix

then there is an n~type matrix cf order (h—l)u+ 1 where

u = 2a3b5c7d and b,c,d are non-negative integers while a is
a positive integer.

Proof : This result follows by combining the results of theorems

4e6, 4.10, 4.1, and 4.18. *hk

Corellary 4.22 ¢ If h dis the erder of a skew-Hadamard matrix

then there is a skew-Hadamard matrix ef crder (h—l)u+ 1 where
u = 3b5c7d and b,c,d are non-negative integers.
Proof : This result fellews by combining the results of theorems

Le1l, 4.15 and 4.19. Rk

NEW CLASSES OF HADAZMARD MATRICES.

411 the work in this section is wriginal. Itlalso appears
in J. Wallis [2], [3], [7], except that the main results ef [2]
and [7] become corollaries of themore pewerful theerems 4.23
end 4.26. Theorems 4.23, 4.24 and 4.25 use (v,k,A)-~configuratiens
with v = 3(med 4) while theorems 4.26 and 4.28 use v = 1(mod 4).

Theorem 4.23 ¢ If there exists

(i) a skew~Hadamard matrix H = U + I ef erder h,

(i1) m—type(matr%ces M =W+Tand N =K ef order m, and
1’—1
(111) three/hatrices X,Y,2 ef order x =3 (med 4) satisfying

(a) XYT, vzl and ZX° all symmetric, and

T
(b) XX al, + bJ_

i

T _ (m+mx-mh-a mh-m—b
= { -1 I T+ { m-1 } J
T
227 = (x+1) I_ -~ J
x x
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then
H = Ux Nx.Z+ L xWx Y+I xI xX
is an Hadamard matrix of order mxh.
Proof : Since H is skew - Hadamard U = U ana UUT = (h-l)Ih.
M = W+ I and N being m~type means W o= -W, Wi = (m—l)Im,

T
MNT = NMT, MMT = NN =.mIm and NT = N.- Now lemma 2.25 shows WNTzNWT,

-7
HH = T.T T T T T

(UxNxz+Ihxwa+Ithmxx)(U xN"xZ +Ihxw xY +Ithmxx )
T T

wl x mT x 72T + I x WW x e o+ I, x I_x Xt

+ U x WNE x YZT 4 U x NWE x ZYT + UT x NT x XZT + UxBxZX'

+ I x W ox XYT + I x W x vx©

uut x NNT x z2T + I x WE x YYT + I x I x XX

T x YZT + (UT+ U)xN x ZXT + Ihx(W4WT) x XYT

+(U + UT) x WN

(h - l)Ih x mImx {(x + 1) Ix— Jx}

+ Ih x Imx {(m+mx—mh—a)Ix+(mh—m—b)Jx} + Ihx Imx {aIx+ be}

In x{[m(h-1)(x+1) + m + mx - mthx-[m(h—l)-mh +my g

= mthmxh .
Which completes the proof. o

Let H of order x + 1 be any Hadamard matrix written in

the form
eee 1

=
i
ol
]

=

(24)

L

-

Then FFL = (x + 1) I - J and if

(25) E =FG

T
where G 1is the back diagonal matrix, then FET= FGTFT= FGFT= EF.
-
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Then using theorem L4.23 we have

Corollary L4L.24 : If x + 1 is the order of any Hadamard matrix

and m is the order of m-type matrices then if there is a skew -
Hadamard matrix of order

(1) (xl)(m-1) (1) E=BUm=1) 0 Gidy xe1,  (iv) x-3.

m ? m

then there is an Hadamard matrix of order

(1) x(x+1)(m~1), (ii) =(x-3)(m~-1), (iii) =x(x+1), (iv) x(x-3)

Proof : The proof follows from theorem 4.23 with F and E as in (24)
and (25) and (i) X =F,Y¥Y=J,2=E; (ii) X=F, Y =K, Z = E;
(iii) X=J,Y=F, Z=Eendm=1; (iv) X=J-2I, Y =F, Z2 =23

and. mn=1 . (iii) and (iv) were.given in J.7allis [7]. *H%

Corollary 4.25 : If there is a skew - Hadamard matrix of order

(1) mla=3)bn) (1) mlich™h) v u(ePh)
m = -

where m is the order of m-type matrices, q a pyime power, and y and

n—l+

y+2 ¢l prines,X = qg+ q .+ q+tl = 3 (mod 4), and x =y or .

or x = y(y+2) then there is an Hadamerd matrix of order

- .. -1 n-1
(1) [m(x-3)-4(¢"1-1) 1x (11)  [m(arl-bg® H)+k(q"-1) ]x
respectively.
Proof : If P is the circulant matrix generated by an
x+l x+1

(x, = —E—) configuration and @ is back circulant (from table 1)
then the proof follows with (i) X =Q, Y = J-2I, 2 = P,

(ii) X = J-2I, Y =Q, 2 = P 1in theorem 4.23 *x%
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Until the end of this section p is a prime or prime power
=1 (mod ll-)o
If F is a symmetric matrix of oredr p satisfying
FJ = JF = 0, FFT =pl ~-J
then writing X =F + Ip, Y=F ~ Ip we have

T

T T T T
X¥* = (F+I_J(F-I ) =FF I = (F-I NF4+I ) =71YX da
(1)1 = = (51 () an

xx* + o= (FFT + 2F + Ip) + (FFT - OF + Ip) = 2(p+1)Ip - ZJP.

For the remainder of this section if

(1) P is a prime power choose F to be the symmetric matrix A of
§1 . l}-- So

(26) X=4+T, Y=4-1;
(11) p is prime, choose F to be the circulant symmetric matrix
B Of §1 . l{-- So

2 X=B+1 Y=B=1I,
( 7) + P’ D .
In both cases XYT = YXT and XXT +YY = 2(p+1)Ip - 2Jp.

Theorem 4.26 : If there exist

(i) a skew-Hadamard matrix of order h,

(ii) four (+1,-1) matrices X,Y,Z,¥ of order p = 1(mod 4), satisfying

(a) XYT, sz, wa, YZT, YWT, a1l symmetric and
(v) X5 + YYT = 2(p+1)Ip - 2Jp
WWT = al_+ bd
° P P
27" =

fm(p+1-h-a) + a}Ip + fm(h-1-b) + b}Jp

where m = 2 or 4, then there is an Hadamard matrix of order mph.
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Proof If m =2 use
_ |z W X X
M = I:W.Z and N = ] fﬁ‘
for m =4 use
M=|"2 W w W end N=1|X Y X Y
-W Z ~-W W Y -X Y -X
-W W Z -W X Y =X Y
W -W W Z Y-x-y x
. T T .
Then since ZW  and XY are symmetric
MNT = NMT
and
T
MM = m(p+l-h)I_ + m(h-1)J x I
P ) P (h-1) . "
e = m(p+l)I - mJ x I .
P P o
. T T
Now H is Hadamard so HH = hIh = U~ + Ih and
—:: X N + X
H=U=xZ}N Ih M
is the required Hadamard matrix of order mph since
' — T
HE= (UxN+I, M) (uT x §T o+ I, MY)
m
= UUT x NND 4+ UT x MNT 4 U x WML + I, it

#

(h—l)Ih x {m(p+1 )Ip— me} x Im

+ I

n > {m(p+1-h)1p + m(h-l)Jp} x Im

mphImph .

Which completes the proof. Rux

Theorem 4,27 ¢+ If h =0 (mod 4) is the order of a skew-Hadamard

matrix and 2h + 3 1is & prime then there is an Hadamard matrix of

order 2h(h+l).

Proof : Szekeres' [1] construction for primes = 3 (mod 4) gives

two complementery difference sets of order h+l.
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Use one of these two sets to generate a circulant matrix, X, and
the other to generate a back circulant matrix, Y. Then with Z = J,
W=J-2I, p=h+tl and m = 2, theorem 4.26 gives the result. ke

We now investigate when the conditions of theoeem L4.26 are

satisfied. X and Y will always mean those circulant symmetric

matrices defined by (27), W{', caaet (1) elonr ovlaee Xant)

mw,..' ,aég 26).
) r . -
Corollary 4.28 : Let p ©be a prime power = 1 (mod 4), q Dbe a

prime power (may be a power of 2), x and a odd, and m = 2 or 4,
then if there is a skew-Hadamard matrix of order

n-1
(i) p° - 13 (ii)p+1-5‘%£—~;where p =+ e v g,

n-1
n & positive integer; (iii) p+ 1 = hqé—l+ &gg—- , with p as in (ii);

n-1
(iv) p+1 - “qn—l+‘ﬁi%;—4:;L), with p as in (ii);

n-1 2
(v) g ~3 - ELQTEJLQL), with p as in (ii); (vi) 21{-E*-;—;-,'where

2 : 2
p = bx%+ 1; (vii) léﬁﬂz_é., vhere p = hxP+ 1; (viii) IX z L

2
ix) 5x + 11

5 , where p = hx2+ 9;

where p = bx 2+ 1;
2 2 L2
(x) 2(25b"+ 3), where p =8a"+ 1 =64b"+ G, b odd

(xi) 2(25b2 + 173), where p = 8a2+ 4o = 6lbo+ Lhi, b even;

(xii) S7b2+ 391, where p and b are as in (x); (xiii) h3b2+ 297,
where p and b are as in (x); then there is an Hadamard matrix

of order

(1) 205(5F - 1)5 (11) [m(p + 1)-4a® Ip , (411) [m(p + 1 = bg" o

(iv) [m(p + 1 = 4g™1) + 4(™ - 1)Ip 5 (v) [mlp = 3)-4( " -D)Ip ,
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(vi) (5x+ 3)(a®* 1); (vii) (13x%- 5) (i 1);
(vii1) (Tx%* 1)(hx+ 13 (5x) (5x5% 11)(4x+ 9);
(x) B(25b%+ 3)(6hb%+ 9); (x1) L(256%+ 173)(6b2+ Wb1);
(xii) B(STb+ 301)(6kb+ W1); (xiii) W(L3b + 297)(6hb+ Whl);
respectively.
Proof : We use the notation of Table 1, and each matrix for 2
and W if it is not J or J-2I 1is back circulant. In cases (ii)
(iii), (iv) and (v) m is not evaluated as q may be a power of 2.

The corollary follows with the following substitutions in theorem

L.26 :

i) m=2,2=J-2I, W=J; (ii) z=8, W=J; (iii) 2z =J,
W=8; (iv) 2=J-2I,W=8; (v)2=8, W=J-2T; (vi)m= 2,
Z=B, W=J; (vii)m=DL4, 2 =8, W=J-2I; (viii)m = k4, Z = J-21I,
W=3B; (ix)m=2,2= B, W=J; (x) m=2, W= J-2I, Z = O;

(xi)m=2,2 =‘OO, W

(xiii) m=L4, 2 = J-2I, W = Oo'

J; (xii)m= 1L, Z = 0,s W= J-2I;

The result in (i) comes from J. Wellis [2].

This corollery gives no new orders less than LOOO but it

new
appears highly likely that/higher order matrices may be obtained.
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&..4 NEW CLASSES OF SKEW-HADAMARD MATRICES

For completeness we include theorems 4.29 and 4.30 but
theorem 4.31 and corollary 4.32 are original and are included in

J.Wallis [3].

Theorem 4.29 : If h is the order of any skew~Hadamard matrix

then there is a skew-Hadamard matrix of order 2h.
Proof ¢ Let H =T + R be the skew~Hadamard matrix of order h,

then RT = - R and

— -— -— —

I x 1 + R x T
=1 1 1 -1
is the required skew~Hadamard matrix of order 2h. il

Theorem 4.30 3 If h 1is the order of any skew-Hadamard matrix

and pr is a . prime power = 3(mod %) then there is a

skew-Hadamard matrix of order h(p® + 1).

Proof : VWrite q = pr. Then with M and N defined in part

(ii) of the proof of lemma 2,26 we have

.

MMT T

=
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Now if H =1 + U 1is a skew-Hadamard matrix of order h

T T R T
then HH =hIh=Ih+UU. Write M = IofeV where V° = -V
and'consider
K = IxM+UxN = Ih X Ih + Ih xV+UxN
K? = Ih X Ih + Ih x =V 4+ ~U x N
so K is skew-type and
KK = (1, x M + U x N)(I, x o+ U x )

n

Ih X MMT + U x NM? + UT X MNT + UUT X NNT

I, x qu + (h—l)Ih x qu

[t}

il

thhqf
where q = pr + 1. This completes the proof that K is skew~
Hadamard of erder h(pr + 1) ok k

Theorem 4.31 ¢ If all the conditions of theorem 4.23 are = .

satisfied and in addition X is skew-type and Y,Z are symmetric
thenlﬁlis skew-Hadamard.

Proef ¢ The Hadamard property has been proved in theorem 4.23.
To prove the skew~type property let X = R + I where RT = ~=R,
Then \

H

i

UxNxZ + Ihx WxY + Ihx Imx R + Ihx Imx Ix= Q+1I

and

T

it

T T T T
UT x NT X & + Ihg W xY + Ihx Imx R" + Ihx Imx Ix

it

~UxNx2Z + Ihx W xY + Ihx Imx -R + Ihx Imx Ix

it

“Q+Io
Whioh completes the proof. *xx
We now investigate when the conditions of theorem 4.31

are satisfied.
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Let M and N be m~type matrices of order gq+1. Then

writing M and N in the form

(28) Moo= 1e and N = | 1. °
T T )
: _~e P_ _e )
. . T T
where e = (1, o.s ,1) is of order 1 x q, we have, since MV = NM ,
MNT _ 1T e % eT - g+1 g
e P || e D 0 B3
- —q+1 o
_ 0 DRy
- _1T e 1T —;_ - NMT
_e D i|l_e P _

and so PDT = DPT.

Corollary L.32 Let m and m' be the orders of m~type matrices

then if there 1s a skew-Hadamard matrix of order

(1) (m—;)m' (31) (m-1)im'-h)

then there is a skew-Hadamard matrix of order
(1) o'(m'-1)(m-1) (i1)  (m'=1){(m'=4)(m~1)

respectively.

Proof: With ,P and D defined in (28) of order m'-1 the proof
follows with
(1) X%=P, Y=J and Z=D (ii) X=P, Y=K and Z=D,

in theorem 4.31. Aok

With m=2, m'=24 and (i) of corollary L4.32, we find a skew-

Madamard matrix of order 552, which was not previously known.
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CHAPTER V : CONSTRUCTIONS FOR HADAMARD MATRICES USING n~TYPE

MATRICES

Theré is some overlap between the work in this chapter
and that of Goethals and Seidel [1] but our results were obtained
independently. Most of the material in this chapter is to be

published in J.Wallis [4]e

CONSTRUCTIONS FOR SYMMETRIC HADAMARD MATRICES

Lemma 5.1°¢ If there is an n~type matrix of order n then there

is a symmetric Hadamard matrix of order 2n.

Proof: et N =TI + P be the n~type matrix of order n. Then

P? = (n—1)In and PT P. Now choose

X= | -P-I P-I
— _ P-I P+I_
then X? = X and XXT = 2n12n. So X is the required symmetric
Hadamard matrix. *okok

Since there are skew-Hadamard matrices of orders 16, 36
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and 40, we see, using class NII, that.there are m~type matrices
of order 226, 1226 and 1522, Then using the above lemma there

are symmetric Hadamard matrices of orders 452, 2452 and 30LlL.

-

Theorem 5.2: If N=1I + R is an n~type matrix of order n then

there is ansymmetric Hadamard matrix of order 2n(n-1).

Proof: Let D be the core of N above then DT =D and

"

T
D* = (n-1)I_, ~ J__,+ Further R" = R, R* = (n~1)I_ and JD = 0.

So if J is of'eorder n-1 let

"D+I DI
DI ~D-I_

-
I =

X = and Y

it

then X* = X, Y° = ¥, XX© = 2(n=1)3__, % I, Ty = (2n1__ =27 XI,,

and XYT + YXT = Q.

Then if
H = I xX + RxY,
n

H is symmetric and since

T T

HH In b%4 XXT + R x (YXT + XYT) + RR™ x YY

it

I ox2(@e1)3 xI, + (o=1)I, x (2nI

2 _2Jnr1) X I2

1

Il

2n(n~1)12n(n~1),

H is Hadamard. *h%
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Corollary 5.3: Ir pr = 1 (mod L) is a prime power then there

is a symmetric Hadamard matrix of order 2pr(pr+1).

Proofs This follows putting n equal to orders from class NI ¥**

*
This corollary is important as it means class VII of Marshall

Hall [1,p207] may be partially rewritten. The construction

gives an Hadamard matrix of order 612.
§5.2 OTHER CLASSES OF HADAMARD MATRICES

Lemma 5.4.: If there is an n-type matrix of order n and an
Hadamard matrix of order h then there is an Hadamard matrix of

order hn.

Proof': Let H be an Hadamard matrix and define K = HS where

(29) ~1

~1

—

is of order h then SSIl = I, and ST = - 8o

h
HK = HS'HY = -HSHT = ~KH® and hI, HH® = mSsTHE = ms(us)t = K.

n
|

Then if N

I + R is an n-type matrix of order n,
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R? = (n—1)In and R® = R so if

L

i

In xH + RxK,

then

ot IanHT + Rx K& + R® x HK® + RR® x KK©

H

11

I x hI + (nr1)In x hI

n h h
= nhInh.
So L is the required Hadamard matrix of order nh. Rk
Theorem 5.5¢ If N=1I4+ R is an n-type matrix of order m,

srclee M
then if there are symmetric matrices D and M/Satisfying‘ ¥ 4

ey L
D? = ol ~J , M? = (n:témm-)»ln + (m-1 )Jn and MD = DM where D

has zero diagonal, there is an H adamard matrix of order 4mn.

Proof': Choose
X = | M M M|and¥ = | D+I «D~I D=I =D+I
M M -N M «D=I =~D=I D-I D-I
M ~M M M ~D+I ~D+I =D~I =D-I
MM M =M _ D~I ~D+I ~D-I D+I_

.
then XYT + YXT = 0, XX' = [4(nttmn)T, + 4(2=1)7 ] x I, end
s Gl [b(ns1)I_ - 23 ]I x I,, so if
- n n L.
H = I xX + RxY
m .

then
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HHY = I x X+ R x (XYT + YXT) + R? x YYT
M-
= Im X [ln»(d'x+1—m-)1n + L (m=1 )Jn] x Ib-
+ (m-1)1m X [L(n—1)1n =4I 1x I,
= hnthnm.
So H is an Hadamard matrix of order 4nm. . HAok

The matrix

y - | D#T -D-T -D+I DI
-D-I -D-I D-I D-I
D~-I -D+I D+I -D-IT

-D+I ~D+I -D-I -D-I_

would also suffice in theorem 5.5.
For the rest of this chapter if

D is required to be of prime power order then choose D to be the

symmetric matrix A defined in &1.4;

D is required to be of prime order then choose D to be the

circulant symmetric matrix B defined in &1.4.

Corollary 5.6: If m is the order of an n-type matrix then if

there is a back-circulant matrix M of order p = 1(mod 4), a prime,
satisfying M® = (p+1—m)I + (m~1)J then there is an Hadamerd matrix

of order Lpm.

Proof': This follows with the n of theorem 5.5 of class NI
and D defined to be the circulant symmetric matrix B given in

§1 .ll-.
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sl
Da= p‘I“'Jl

By lemma 2.15 a circulant D and a back-circulant M satisfy
T T . . cas
MD™ = DM" and since M and D are both symmetric the conditions

of the theorems are satisfied. kR

Gorollary 5.7: If there is an n~type matrix of order

(i) pr~3; (ii) pr~4qn~1+1, where pr=qn+qF~1+...+1, n integer;
(i11) q-=3q+2, where p =ql+q+1; (iv) x'+1, where p =hx*+1;
(v) x*+1, where p =4x*+9; (vi) 36b*+6, where p =8a3+1=64b%+9, b odd
(vii) 36b%+250, where p =8a%+49 = 64b® + 441, b even;
4 fdm(.
r T
with p- =1 (mod 4), p and g prime powersﬁ(and x and a odd,
then there are Hadamard matrices of orders
. T, T N, (s n n~1 n , n~1 n~2 a .
(1) s (p=3); (31) 4(a+q  #eeet?)(q =3¢ +q + eq?+q+2);
(131) 4(g~1)(g-2)(q?+a+1); (iv) a(x?+1)(ux+1);
(v) u(x*+1)(ax2+9); (vi) 24(6b2+1)(6402+9);

(vii) 8(1802+125)(6hb 2 +4h1);

respectively.
Proof's In each case M of the corollary is a back~circulant

matrix generated by a difference set, the notation we use for

these difference sets is that of Marshall Hall [1,pi41]. The

proof fallows with M given by (i) J=-2I; (ii) S; (iii) S with n=3; .
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(iv) B; (v)‘Bo; (vi) 0; (vii) 0,3 respectively in theorem 5.5.

Theorem 5.8 If h > 1 is the order of an Hadamard matrix,
n is the order of an n~type matrix and v = 1 (mod 4) the order
of three matrices A, B and D which satisfy DDT = vl ~J,
T T
AT = al + (v=a)J, BB® = [2(v-nt1) = a]l + [~v + 2(n~1) + a}J,
T

and ABT, BD", and ADT all symmetric where D has zero diagonal

then there is an Hadamard matrix of order 2nvh.

Proof: Let In+R be the n-type matrix, H the Hadamard matrix

and K = HS be as defined in the proof of lemma 5.4. Now choose

T D+I D-I
_~D+I  D+I_

A B.— and Y =

B =A

—

then XYT =YX . So

W

]

In x HxX + RxKx¥Y

"is the required matrix.

In the construction of Williamson shown in Marshall
Hell [1,p214-216] m and n are defined as being of the form p +1
where p° = 1 (mod 4) is a prime power, if we read instead that
m and n are th¢ orders of n~type matrices then the same proqfs

give us the theorem

e ok

. 31
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Theorem 5.9: If Hadamard matrices of orders h1 and h2 exist
h, >1, h, >1 and (i) n; (ii) n and n+4, are the orders of n~type

1 2

matrices, then there exist Hadamard matrices of erders
(1) h1h2n(n~1); (11) h1h2n(n+3)

respectively.

We note that the similar theorems of Goethals and

Seidel [1] are stronger than @ theorem 5.9,

Theorem 5.10: If there is an n~type matrix of order n and

q=1 (mod 4), a prime power, the order of three matrices A, C
. . T T
and D satisfying AA™ = al + (q~a)J, CC™ = (2qr2n+2~a)I +
T T T T .
(~g+2n~2+a)J, DD” = qI - J, and AC", CD” and AD" all symmetric

where D has zero diagonal, then there is an Hadamard matrix of

order 4qn.
+ Proof': Define
M = |4 A CC| and P = | ~D-I D+I D-=I =D4I
A =4 C ~C D+I D+I =D+I =-D+I
C C-A-A ~D+I D-I ~D-I D+I
L0 -C -4 4 _D-I D-I D+I D+I_
then since ACT, CDT and ADT are all symmetric MPT + PMT = Q.
Also w® = f4(qen+1)T. + 4(n=1)J 1 x I
q q 4
T
PP° = {4(q+1)1q—uq} x I,

ak %
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/
So if N=1I + R is the n~type matrix, RT = R and R?* = (n~1)In.

Now consider

H = I xMM + RxP,
n

then
HE = I x Wi + Rx (P 4 PC} + R? x BPT
= I_x {[4(q~n~1)+4(q+1)(n~1)JIq
+ [a(n~1)~a(n~1)JJq§ x I,
= hqnlhqn. |
So H is the required Hadamard matrix. k%

Corollary 5.11: If there is an n—-type matrix of order

. el - -1 .
(1) qn~qn +qn 2+...+q’+q+2, where pr = qn+qn_1+.r.+q+1,+n,integer;.'

. 1 a_
(13) =q""4q" Phuuitaq, 1 as in (1); (4i1) 5x2 1, where

a 5x+7 2 2
p = 4x*+1;  (iv) <=5, where p = 4x%49; (v) 5002+8, where
p = Ba+1 = €4b*+9, b 0dd; (vi) 50b24346, where p =8a?+49=64b*+441,

p/nhwe
. r r .
b even; with p =1 (mod 4), p and q prime powers%’and x. and

a odd, then there are Hadamard matrices of orders

(2) 4(g% ™ et ) (P e P s qteqe2);
(ii)_h(qn+qn~1+...+1)(qn-qn"1+qn~2+...+q'+q);

(ii1) 2(5x*1)(ux*+1);  (iv) 2(5x%+7)(4x*+9); (v) 8(250%+4)(64b%+9);

(vi) 8(25p2+173)(6ub2+4l1),
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Proof: In each case C of the theorem is a back-circulant
matrix generated by a difference set, we again use the notation
of Marshall Hall [1,pi41]. The proof follows with
(1) 4=J,C =38, q powers of 2; (ii) A=J = 2I, C = 8§,
q=3(mod 4); (1) A=J-2I,C=B; (iv) A=J - 2I, C=B;

(v) 4=7J,0=0; (vi)A=J,C=O°. *hE
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CHAPTER VI : HADAMARD DESIGNS

A1l the material in &6.2 and §6.3 is original. &6.3 will
appear in J.Wallis [9]e The result of theorem 6.11 has also
s
been found by Jan Folkman in his paper "A nonexistence theorem for

. . . it
Hadamard matrices in many variables .

There are four main types of Hadamard designs, those of
Williamson [1], Baumert~Hall [1], those of our previous chapters
which have the blocks repeated an unequal number of times, and
those of this chapter which have blocks repeated an equal number

of times.

square
Definition 6.1 : An Hadamard design is a ‘array of letters such

that if the letters commute in pairs then the scalar product of

any two rows considered as vectors is zero.

Definition 6.2 : An Hadamard design on n letters or an n~letter

design has n distinct letters.
THE HADAMARD DESIGNS OF WILLIAMSON AND BAUMERT-HALL

Williamson's design from Williamson [1] is a four-letter

design with each letter repeated once. It is
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This design was used to generate the Hadamard matrices of orders

92, 116, and 172.

LS
A
i

B
F2Y

This design has been used to

order 156.

A
~A
-B

B
4b

The Baumert-Hall design is a four-letter design with

A
B
—-A

A

B

~i

)

a k&

-B

-G

each letter repeated three times. It is

~C =D B ¢ ~D ~D .
D -C -B ~D ~C =C
-B B -¢c D € =C
D C C -B ~-B =C
c -C B ~C B
—~4 -D C B -B
-4 A B ¢ D =D
—A =4 ~-D B -B -B
C ~D A a & D
B -D A =~ D -A
~D -B 4 =D -4 &4
B B D 4 ~A -4

generate the Hadamard matrix of

This is the total that has been published on

n-letter Hadamard designs.

§6.2 DIFFERENCE SETS WHICH COULD BE USED IN n~LETTER HADAMARD DESIGNS

We have already used the twin difference sets of

Szekeres [1] in chapter 4 and have noted in §4.1 that the

subgroup of index 3 in the group ef powers of a primitive root
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of 19 is useful in finding a 4~letter skew-Hadamard design.
We now turn our attention to supplementary difference sets which

yield results that could be useful in n-letter Hadamard designs.

4 (v,k,\) difference set D = {a,, dpy wev s d.k} is

said to generate a circulant (1,~1)—matrix A = (aij) if

— { :
a1j = ) +1 J eD
( -1 otherwise
a,, = a, .. where Jj-i+1 is reduced
ij 1, g~i+1

modulo V.
Then from theorem 2.8
Y = bk~ NI+ fv o= bk = N0

and hence we have

Theorem 6.3 ¢ Let D = {d1, d2, o dk} be a (v,k,\)
difference set. Further let D, =D - {di} generate the
circulant (1,-1)matrix Ai (using a similar process to that

outlined above). Then

k 7
2 AAT = vkI - 4A(v -k + 1)J.
. 1 A
1=1
Proof : Define

+1 z €D

]

e(z)
-1 otherwise

then

It

g 8(z)8(z+c) v - 4(k = ) (c,v) § 0.

z=1

is the scalar product of any two distinct row vectors of A.
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Now define

Wi(z) = -1 z =4,
e(z) otherwise
then
v
) Wi(z)wi(z+c) c # 0,

z=1

is the scalar product of any two distinct row vectors of Ai.A

Now

k v
£ 2o (2)y, (z40) c 0

i=1 z=1

M

= - 1{ %16(z)6(z+0) + Wi(di)‘vi(di"'c)

+ wi(di~o)¢i(di) - e(di)e(di+c)
-~ e(di~c)e(di) }

if z = di then wi(di+o) = e(di+c)

k

1l
[ae]

‘=1{v - 4(k - \) - 28(di+c) - 26(di~c) }:

Now ¢ = da - db for exactly - A different pairs of da and db.

Si e(di+o) = e(ai + da - db) for exactly A\ different db. In
z G(di+c) di runs through all the elements of D and so
i=1

e(di+c) = +1 exactly N\ times, that is

k
R e(di+c)
i=1

1

+1(\ times) + ~1(kx - A times)

2)\"‘ k.

1l
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So
k v _
Iz (2, (z+c) c$0
ij=1 z=1 * t
k
= {v - 4(k ~ X)}- k(2 ~ k)
i=1
* = vk - Lk(k-\) - 4(2)-k)
= vk -~ Ak(v—k+1) using k(v~1)=k(k&1).
Also
k v (
22 ¥.(2v(z) = vk
i=1 z=1 T 7
50
k T
S AA = vkI ~ 4A(v - k + 1)J. *xk
i=1 12

So we may call these subsets of difference sets

. whwn»uc&&é$6uﬁrﬁ&‘4%z°"”“”oaé
fupplementary difference sets as i : ! €
rach E :W g{%mé%wwafxﬂ
nuumibor g bomao s Hhe Jolididy.

Using theorem 6.3 we see we have a collection of k
matrices which could be used as the block matrices replacing
the letters in an n—letter design if n > k. So now we

investigate n-letter designs.
§6.3 DESIGNS USING n DIFFERENT BLOCKS, n > 4.

We have already seen that there is an Hadamard caesign
with four different letters each repeated once. We would like
to know if there is an Hadamard design with each letter repeated

once in each row and in each column with the number of distinct
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letters, n, greater that four. ©So we shall try to construct

such a design.

Suppose there is an Hadamard design on the letters

ay By C, D, wes , whose first two rows are

-_l:A tB _'tC iD o o o

+B + 4 +D 4+ 0 o o o

(clearly any design can be put in this form by suitable
relabelling ¢! the signs of the elements are not important at
the moment). There will be a row whose first element is +C;
 reorder the rows so as to make this the third row. + C is in
the (3,1) position, so + A must eccur in the (3,3) position.

On the other hand the C element of row 3 occurs under the + B
element of row 2, so there must be a + B in the (3,4) position,
and similarly the (3,2) element must be + D. So the first
&three rows are

+ a +B D e o.»

I+
Q
i+

+B +4 +D 4+ 0 e o 0.

+C D

I+
v

+ B s s o. o

In the same way, if we move the row whose first
element is + D into the position of row 4, we find the design

can be put in the form
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iB i‘h iD iC « o
+ C + D + A+ B o &
+ D + C + B + A . o ¥

. 3 . .

by interchanging rows and columns.

Write down the four-~letter design and repeat one letter of
this design in the (5,5) position, then the letters in the (t,5)
positions 1 <t < 4 must be all different from each other and

from the first mentioned four letters.

So n = 8 is the next smallest pdssible order for an Hadamard

design on n letters with each repeated once.

By repeating the above method, assuming the existence of
an B8-letter design we see that this implies n = 16 is the next
possible order for an Hadamard design on n-letters each repeated

once. Continuing we see

Lemma 6.4 : An Hedamard design on n letters each repeated once

. . 5 Cy s .
can exist only if n = 27, s a positive integer. i

. 2 Now we

note, there are eight possible ways of combining two letters

into an Hadamard design
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X Y £ Y X ~Y X -y
=Y X Y -X Y X =Y =X
-X Y -X Y ~X Y ~X -Y
-Y =X Y X Y -X -Y X

;but of these only two

X Y X Y
-Y X Y -X

are distinct as the other six may be obtained from these two by

substituting " X for + X and " Y for + Y. We note

Proposition 6.5 : The Hadamard property of a 2-letter design is

not altered by replacing any letter by its negative throughout.. ***

Since any Hadamard design on n letters is an array of

2~letter Hadamard designs interwoven we have

Proposition 6.6 : The Hadamard property of a design on n letters

with each letter repeated once per row and column is not altered

by replacing any letter by its negative throughout. *okk

Another obvious property is

Proposition 6.7 : The Hadamard property of an n-letter design

is not altered by multiplying through any row or any column by -1, ***

So a single letter may be chosen (altering rows and
columns by transposition if necessary) in the diagonal positions

and always with positive sign.



ees /92

Every element in the first row may be chosen with a
positive sign, for if -X occurs it may be removed by using

proposition 6.6.

ilso we may choose the (4t+1,4t+1), (4t+1,4t+2),
(4t+1,4t+3), (ut+1,4t+4) elements with positive sign, t = 1,2,¢44
Suppose one of these, the (4t+1,s) element has negative sign.
Then using proposition 6.7 we may multiply the s th column by
~1 and so the (s,s) element and the (1,s) element, both
formerly with positive sign acquire a negative sign, but our
element (4t+1,s) has the required sign. Proposition 6.7 is now
used to multiply the s th row by =1 so the diagonal element
again has a positive sign, and finally proposition 6.6 is used

to replace the (1,s) th element by its negative throughout.

Finally, it is clear that the rows and columns may be
interchanged so that the (4t+1,4t+k) element = (1,k) element for

k=1, 2, 3,1+0
s So we have shown

Proposition 6.8 : Any Hadamard design on n letters where each

letter must occur only once in any row or column is equivalent
under the operations

(a) interchange of rows or columns,

(b) nultiplying rows and columns by -1

(¢) replacing any letter by its negative throughout the design
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to an Hadamard design with the properties
(i) every element of the first row has positive sign,
(ii) the diagonal element is constant and has positive sign,

(1ii) the elements (4t+1,4t+k) = (1,k) for k = 1,2,3,4,

0<tx< ok ,
x = = 4
(iv) the elements (ht+1,4t+k) k=1,2,3,4, O <t < Eiﬁ

occur with positive sign.

Notation 6.9 : Call an Hadamard design satisfying conditions

(1), (i1), (4ii), (iv) of proposition 6.8 a normalized design.

Constructing the normalized 4~letter design on the
letters A,B,C,D we have the fnllowing first row and diagonal

A B C D.
A

i
Then depending on whether we make the (2,3) element +D or ~D

we see

Proposition 6.10 : There are two normalized 4-~letter Hadamard

designs on the letters 4,B,C,D which are

A& B 6 D and A B C

-8B A4 D -C -B A ~D C
- -D A B -c D 4 =B
-0 ¢ ~-B A -D -C B &

but these are equivalent under properties (b) ana (c¢) of

proposition 6.8.
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We now use this first mentioned four-letter design
to construct an 8-letter design on the letters 4,B,C,D;E,F,G,H.
Then using proposition 6.8 we must have

4 B ¢ D E F G H .

in a normalized 8-letter designe. Then immediately by considering
the (1,k), (1,k+4) and (5,k+}4) elements for k = 1,2,3,4 we see

the (5,k) elements must be -E, -F, -G, —H respectively.

Now considering the (2,k), (5,k) and (5,k+:) elements
we see the (2,k+4) elements must be F, ~E, -H, G respectively.
Similarly the (3,k:l) elements must be G, H, -E, ~F respectively

and the (4,k+4) elements must be H, -G, F, -E respectively. So

we have

A B C D E T G H .
B A -C F -E -H G
-C =D A G H ~E ~F
-D C -B 4 H -G F =E
~E -F =G -H A B € D
A
A
L&
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Consideration of the (k,6), (6,6) and (k,k) elements
shows the (6,k) elements must be -F, E, -H, G respectively.
Similarly the (7,k) elements must be ~G, H, E, ~F respectively

;and the (8,k) elements ~H, ~G, F, E respectively. The (5,5),
(5,m) and (m,m) elements for m = 6,7,8 show us the (m,5) elements

must be -B, ~C, =D respectively. So now we have

4 B C D E F G H .
B & ~C F -E -H &
- D 4 B | G H -E -F
D C -B A | H -6 F -E
-E ~F -G -H 4 B C D
~F E -H G B A

-6 H E -F ~C A

-H -¢ F E -D A

Finally the (2,s), (6,s) and (2,4+s) elements for s = 3,4 show
the (6,4+s) elements must be -D, C respectively, The (4,1),
‘(7,1) and (4,6) elements show the (7,6) element must be D; the
(%,3), (7,3) ana (4,8) elements show the (7,8) element must be
-B; and the (4,t), (8,t) and (4,4+t) elements for t = 2,3 show
%he (8,4+t) elements must be ~C, B respectively. So we have the

8~letter design

L B G D E F G H .
-B 4 D ~C F - -H G

- D 4 G H -E ~F

-D  C =-B H -G ~B

~E -F -G ~H 4 B C

- E -H G -B 4 ~-D €

- H E ~F - D 4 -B

-H -G F E ~-D -C B 4
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We note that using one of the L-letter designs to
form an 8-letters design forced the other L4-lettersdesign into -
the B-letter design. So, in an 8-letter design both 4-letter

designs must appears.

s Proposition 6.11 : There are two normalized 8-letter Hadamard

designs but they are equivalent under proposition 6.8. If the
8-letter design is written in the form
T, X

where X1 is one four—letter design thun.XZ st be thecother L=

letter design. kR

Obviously if we start with four letters within an
n~letter design in normalized form and put them into the upper
left hand block using our equivalence relations, then they must

form & L4-letter design within themselves.

In proving proposition 6.11, we have also shown that
if A4,B,C,D form a normalized 4~letter design and 4,B,C,D,E,F,G,
H,I,J, «.. are the letters of an n-letter normalized design

then we may write them in the form 3
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4 B G D E F G H I J e s e e
A
A
-E A B C D
-F A
(29) -G A

~H Py
- I A B e o o o

but then the letters 4,B,C,D,E,F,G,H in the top left hand

corner of (30) form within themselves an 8-letter normalized
design. Now there are only two normalized 4-letter designs,
call thenm X1 and X2 respectively. If we denote the L-letter

designs in (30) on E,F,G,H by Y1 and Y, we have (30) is

2
X1 Y1 Z1 *0 e .
) Y X U see
(31) 2 2 1
Zy U2 Xl

Now because (31) is an n-letter Hadamard design all
the letters comprising Zr are distinct from the letters in Xj
and Ym. Similarly the letters in US are- distinct from the

letters in Z2_, X., Y o
r 7j m

If (31) were rewritten as
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X1 Z1 Y1 - “ie
(32) Z2 Xi U2 R
Y5 Yy X,

by the admissable equivalence relation of interchanging rows

and columns. We see (32) is still normalized and so by the

above reasoning the block

x1|z1
zzlxi

must form an 8-letter normalized design and so Xi = Xz.

Now rewrite (31) as

X2 U1 Y2 ce e

U X, Z ces
(53) 2 i 2

Y, 2, X1

by interchanging rows and columns. (33) may not be normalized

as some of the letters of the first row of U1, Y2, ess mAY
have negative signs, but using the equivalence relation which

permits the replacing of any letter by its negative throughout

the design we may normalize (33) to

* *
X2 U1 Y2 AN

. U * X' z a0 e
(31) 2 L 2

Y1* Z1 X1
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We note that (34) is now normalized and that X , X. were

2° 75

unaffected by the change.

Then, by the reasoning above, the block

2 1

%
U2 Xi

X‘U*

3

must form an 8-letter normalized design so Xi = X1. But

this is a contradiction, so we have

Theorem 6.11 ¢ There is no n-letter Hadamard design with each

letter repeated only once for n > 8. Ak

Corollary 6.12 ¢ There are n-letter Hademard designs with each

letter repeated only once forn = 2, 4, and 8, and for no other

Ila Aok
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CHAPTER VII : CONSTRUCTIONS FOR BLOCK DESIGNS

In this chapter we present the results we have found on block
designs. Many of these results appear in J.Wallis [6] and &7.1

appears in J.Wallis [8]e

SOME BLOCK DESIGNS

In this section we use the following notation ¢

i 00 [0 1 © o o017 T 1 7
I=/01 0, L=J0 01, M=1{1 0 o0 , J=|1 1 1,
0 0 1 1 oo 910 112
-
e=[1,1,1] and & = |1},
1

al]l blank blocks contain all zeros.

The inéidence matrix of a (1 5,7,3) configuration may be written

as

=

1}
I H ey
Z2HHGH
S HH
Ho e
G H =

o

This configuration is of course well known.
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Another formulation of the well known (25,9,3) configuration is

e e e
e e e
e e e
e e e
I 1 I J-I J-T J-1
€ € £ 1 I I I I I
€ € e I M L I M L
e € €€ I L M I L M
I J-I I J-I J-I I
I J-IJ-T I I J-1
I J-1 J-I I I J-I

Although M.Hall [1] 1lists as unknown the (45,12,3) configuration
it had in fact been found by K.Takeuchi [2], Shrikhande and
Singh [1,p 28], assnkes. . enesedmeeely” ond Ahrens and
Szekeres [1]. An incidence matrix for the (45,12,3)

configuration is

J III III III
J LLL MMM IITI
J MMM LLL IITI
J ILMY IML ILM
J LMI MLI ILM
MIL LIM ILM
ILM IML J IML
LMI MLI J IML
MIL LIM J IML
IML ILM IML J
MLI LMI IML J
LIM MIL IML J
LM
I11 111 IML J
MMM LLL IML J
LLL MMM IML J_
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Also wefound the following incidence matrix for the

(36,15,6) configuration

TJJ 11T ITI III
J J LLL MMM IITI
JJ MMM LLL TIIT
IML JJ ILM IML
IML § J LMI LI
IMNL JJ MIL LIM
ILM IML J ILM
ILM MLI J J LMI
ILM LIM JJ MIL
IIT ILM IML JJ
III LMI MLI J J
III MIL LIM JJ

This configuration is listed as unknown in M.Hall [1], but has

been found by K.Takeuchi [2], P.Kesava Menon [1], R.Turyn [1] and (SN

M. Hall [2].
Using — —— —_——
_ 111 A _Joz
J—!_l__l_l’ I"g; and K l;_gl
we also found
000J IIII
00J0 IKIK
0JOO0 IIKK
JOOO IKKTI
IIII 000J
IKIK 00J0
IIKK 0J00
IKKI JOOO

wiaich is the incidence matrix of a (16,6,2) configuration.
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87.2 THE SYMMETRIC BLOCK DESIGN ng(q+2),q(q+1),q).

The theorem of this section has been proved in a stronger

form by K.Takeuchi [2] and Ahrens and Szekeres [1]. W

;:=;4%ﬁ::z;E?;éa‘:z2E=g:g%ZHII=f!II|l-i-III:wlIillhalll-r

SRR ~oubisnns -su=vandtesspuiy EEE SERe- HEr ST
Theorem 7.3 is another formulation of the class of

configurations of theorem T7.1l.

Firstly I show there exist (0,1) matrices Ri,O < i< g-1, Q and

P of order q2 and Q¥ which is kq X q , where k 1is an integer

less than q, which satisfy the following conditions

[ (1) PR? = Jxg
(ii) . RiR§ =JxXJ i%j
q-'l T
(iii) IRR, = PPIXI+g(J-TI)xJ
i=0
37y | () P = IxJ, PPL = qIxd
(v) Q' = QI xI+(J-1I)xJ
. T
[ ek - -
(vi) Q¥*Q quq + (J ~1I) % Iy
. % o i
(vii) quQ kJ

| (viii) Q*qu = qJ*,

In formula (37)’unless subscripted otherwise, I is the
identity matrix of order g, J, unless subscripted otherwise,
is the matrix of order q with every element +1 and J¥ is the

kq x q2 matrix with every element +1.
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Define T +to be the circulant matrix of order gq given by

(38)

T = o1 0 .
0 01
lo oo .
i1 0 0 .

and I , J to be of order q.

THE CASE FOR q PRIME.

0<21ix

and let

g - 1 of order q> with T

1 Tl T21

pleli 0 i

Tl T21 T31
I I I

I T T2

I T2 T2°2 .

Choose ¢

-

tlock matrices Ri s

as in (38) above, thus

T

T(q--l)l

T(q-e)i

(q-1)(q-1)

(msr)i)

= (T rm

1 (i-1)(5-1)
=(p /4 )ij

"
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and
Q¢ = |1 1 I e I
I T 7 .. g3l
- 22 T(q-l)2
1o 2k plaml)k

We now verify that these matrices satisfy the conditions (37).
Note that JT" = J for all k so (i),(vii) and (viii) are

immediate.

g-1 .
(ii) R,RT = (Z T(m—s)lT(n—m)j)
i m=0 S,n

]

(qfl p(i-§)+ng-siy

m=0

0

now i,j,s and n are fixed so, if J is of order q and J* is the(+l)

matrix of order q2,
-1
= (L T)_ _ = (J)__ = J% fori# .
r=0 S, sS,n

g-1 : .
(1i1) RR; = (£ p{m-s)ig(n-m)i,

n=0 S,Nn
- (kT(n-s)i)
b
= qRi.
g-1 - -
Now z Ry =fal J ... J|=qlxI+ (J-1) x J,
= J gl ... J
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where I and J are of order g, and so the result follows.

q
() @@’ = (5 (i) (m1)pe-(n-1)(3-1),
m=1 - ij

q s
3 aeDE-g))

m=1

Q Y
then if i =3 we have £ 1I = qu, and if i #J§ 2 T(m 1)(1 J)=

m=1 J

m=1 q
which gives the result.
(vi) This follows since we have chosen Q¥ as the first kq
rows of Q.
Hence I have shown that for q a prime the (0,1) matrices

P,C;),,C,)"*,R:.L satisfying (37) exist.

~

THE CASE FOR g A PRIME POWER : It is known that a cyclic
(p2+p+l, p+tl, 1) configuration exists whenever r 1is a prime
?ower. If we form the circulant incidence matrix of this
configuration then we may rearrange its rows and columns until

the following matrix is obtained

A = i. e 0
eT 0 Ixe
t
0 I x eT N
P

where e = [1,1, ... , 1] is of size 1 x p, Ip is the identity

matrix of size p and N is of size pe.
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Now AAT = pl, +J., vhere r=p2+p+l,
= |ptl e exe -
T T
e I+J I x e)N
pL* I, _(p )

eTXeT N(I xeT) I xJ + NNT
P P P

so (a) N is of order p2;
T
b NN™ = pI xI +J xJ =IxJ =opI xI + (J -1 )xJ_;
(v) PI}Ly + Jpxp = Iy = LI+ (I = 103,
(c) N(IPXeT) = J' where J' is of size pEXp.

This last condition implies that if N 1is partitioned into p2
block matrices Ni then each block matrix Ni has exactly one
non-zero element in each row and column. Now rearrange the columns
of N keeping the first p + 1 rows of A unaltered until tle
first row of block matrices in the partitioned N are all Ip and
similarly alter the rows of N keeping the first p + 1 columns
of A unaltered until the first column of block matrices in the
partitioned N are all I_. Then this new matrix obtained from

N satisfies all the conditions for the matrix Q.

We have not been able to derive enough information about the
structure of this partitioned matrix N to be able to ensure the

existence of the matrices Ri'

This case ensures that P,Q and Q¥ exist for all prime powers

but not that the Ri exist.
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THE CASE FOR q CERTAIN PRIME POWERS : Our construction for ¢
prime depended on the powers of the matrix T of size ¢
given by (38). For P, a power of q, we will consider the matrices

s = T x P x ... x 7%,

where the ™ are of period (multiplicative order) g and we take
the Kronecker product of p such matrices. Two matrices

T x Tb x ... x T and Td x 7€ x |, x Tf of the same size
commute since the powers of T commute and since T is of period
qQy, S 1is of period q. Hence all the matrices of the form S form

an abelian group

X = 2 X272 x ,,..x2Z
q q qQ

vhere there are p copies of Zq. Now X has p generators and

for convenience we will assume they are

= x x x x
82 I T I ‘e I
g = IxIxTIx.,,,.XxT
b

D

all of size q°, since I and T are of size q.

We have seen how Q¥ nay be obtained from Q, where Q was
constructed of elements of the form Tl and the process for
constructing Q* from a @ comprising elements of the form S is

identical.
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Now we will show that it is only necessary for us to know
how to construct Q from thgse elements because if @ is of a

suitable form the matrices Ri may be obtained from Q.

Write Q = (qij) where each 9y is of the form S and

size qp. We need Q to have the following properties
{

(1) Q is of size q2p

(ii) 4 = 9y = IxIx...xI where each I is of

size q and is repeated p times;

(iii) for each row (column) but the first every element

4
(39) of X = Zq X Zq X .. X Zq mentioned above is

included once and only once;

(iv) QQT = ¢PI x I + (J-I) x J, where I and J here

mentioned have size qp;

(v) q;iqim # q}iqjm for all i # j#1, n# m;

Choose R, from Q in the following manner, where r = qp,
1l
Ry = Jx1I
(40) Rii® | & 9 %43 0t Yr
-1 -1 -1
1 12 92%3 o Y42%y
-1 -1 -1
943 %3%o. € e 943%y
-1 -1 -1 .
Yr Yrfe %rdy3 _
\

e is the identity matrix of order r. We note that (tHT = (¢}t

so for any element of the form S (including the element q,,)
iJ

satisfies 8% = ST that is SST = e.
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So with (39,v) satisfied,

=l g 2
t R.R, = rIxI+r(J-I)xJ.
. il
i=0
where I and J are of size r.
We now consider another property of the Ri' Let
T

B, = [e Ap Y3 -0 qir] then R, , = B;B, so
T _ T T
Ry jRy) = BiBByB,
- =T e
= B [e CIPY qir] e Bj
-1
qu
-1
Lr]
R .
= BiJBj from (39,iv)

JxJ by (39,iii)

where J is of order qP

Defining P = I X J we now have all the conditions of (37)

except (iii) satisfied and (39,v) ensures that (37,iii) is also

satisfied.
THE MATRICES Q AND Ri FOR 22, 23, AND 2h : The method we outline
here for finding Q and Ri does not work for 25.
_ 1T o o1 .
Let I = IQ. ;]- and K = ll. Qj then define for
a2
(a) 27, a; = K x I and a, = I xK;
(v) 23, a, =KxIxI, ay=TxKxI and a;=TxIxK;
(e) 2u, a, =KxIxIxI, a,=IxKxIxI, a; = IxIxKxI

and au =TI x I xIxK.
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Then the elements a, are generators of Z2 x 22 X oas X 22

(repeated j times) for 2d,

Now Q 4is a block matrix and we choose the first row of
Q@ +to consist of 2J block matrices e=1I XI X ,,, X1

(repeated J§ times). Choose the second row of @, that is

Ayr oo --o ,q2p where p = 2'j by
Gy Te=ay 2 sd
Qoo = 812 Qo3 T 8ps cr 00y 54y T By

D541 = Li% i1

wvhere if j-k < 2 replace j-~k by

fla

p

g = Y4k, -k
J~k+p-1,
and simplifying the q,. .,. by using the fact that a? = e and
< sJ+l 1
a.ia‘j = ajai for every i and J.
For example the matrix Q for p = 23 is (replacing &
by a, a, by b and as by ¢)
; e e e e e e e
kz e a c ab be abc ac
e b ¢ ab be abe ac a
e ¢ ab be abc ac a
e ab be abe ac a b
e be abc ac a b ab
e abe ac a b c ab be
be obZ

: Y & C
and the ma%ricgg' Ry (using (40)) are

Ro = J8 X I8,



abce

o o

ab

ac

abc
be

be

ac
abe
ab

abe

ab

ac
be

ab

be

ac

abe

be

abe

ab

ac

ab

abe

ac

be

ac
be

abe

ab

abc

be

abc

abe
ac
ab

be

ac

be
ab

abe

abe
be

ac

(¢}

o 0o @

abe

be
ab.

ac

abce
be

ab

ac

abe

be
ab

ab

ac

abe
be

ac
abe
ab
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ol

ab
be
abc

ac

fo

o

be
abe

ac

ab

(¢

abe

ac

ab
be

1]

ac

ab
be

abe

ab

ac

be

abc

be

ab

abe

ac

abe

be

ac
ab

abc

be
ab

be

ac

ab

- abe

be
ac
ab

ac

abe

be
ab

abe
be

abe

0

abe

be

be

ab

ac

abe

abe
ab

be

ac

ac
be
ab

abe
be

ab

ac

ac
abc

ab

be

ac
be

abe

ab

ac
abe
ab

be

ab

ac
be

abe

ab
be

abe

ac

-ac

abce

ab

ac
be

abe

ab

be

abe

ac

be
ab

abe

abc

abe
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It may be verified that condition (39,v) is satisfied but we
are unable to prove that this is necessarily so from the definitions

of Q and Ri.

THE MATRICES Q AND Ri FOR 32 AND 72 : The construction we give

here does not apply to 33, 52 or 112. Let T. be the matrix given

3

by (38) of size 3 and T. be the corresponding matrix of size 7.

7

Now write

T = T, x I,
a i i

= X
Tb Ii Ti’

where i 1is 3 or T respectively. The Ta and Tb are the

generators of Zi X Zi'

Now we choose Q = ( ), where each is a matrix of
I3 )

size 12, by

125248

X =
Gy =T I=aqy,

_ - _ -1
Qp = Tgr B3 = Tps -0 G5 = G 5 5% 5.3

qmj = qm+k -k where if j-k < 2 replace j-k by
2 j-
2

J=k+i-,

. : . OB mBm®
where qQJ is simplified by the fact that Ta- Tb' I"TaTb TbTa
since 7, x Z., is abelian, p~l= i) gpa o7t = o371,

i i a a b b
The Rj may now be chosen using (40) and again it may be
verified that the condition (39,v) is satisfied.
THE MATRICES Q AND R, FOR 33 : This construction does not apply

i
to 32. Let T be the matrix given by (2) of size 3, and I be of

size 3. Now write
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Tl =Tx Ix I, T2 =IxTx I, T3 =Ix Ix T,

X x .
Then Tl’TQ and T3 are the generators of Z3 23 Z3

Q = (qmj)’ where qmj is a matrix of size 33 may be chosen

by 3
q, IXIXI=qu 1 233
=T ,q. =T =7 = g1 q
oo = 112 3 T 1o Ay T3 oer G5y T Y 439 500

qmj = ek j~k where if j-k < 2 replace Jj-k by
2
3

[in

J-E+37-1,
where is simplified by using T3 = T3 = ‘I‘3 =Ix Ix I, the
dpy 18 S 1 T2 73 ’
- . -1_ .2
commutativity of eleéments of Z3 x Z3 X 23, and Tk = Tk .

The Ri may be chosen using (40) and condition (39,v)
verified.
So we have shown the matrices P,Q,Q*¥ and Ri exist for orders

3 .k 3

2
22,2:23333 and72-

Theorem 7.1l : There exists a (qa(q+2), q(q+l), q) configuration

whenever qQ is a prime or q = 22, 23, Qh, 32, 33 oe 72.

ettt

Proof : We have already shown that (0,1) matrizes R;,0< 1% g1,
Q and R of order q2, satisfying the equations (37,i,ii,iii,iv,v)

exist for the required q.
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Let S be the q2(q + 2) block matrix given by

s= |0 P R, R, ces Rq_amq__e-kq__l
LK B 2 R
Rqu o P Ro Rq—h Rq—3 q-2
R, R, R, R3 ves Rq_l 0 P
-f Ry R, R, ce Rq_2 Rqu 0 _
then ssT= I X {PPT + q;l R RT} + (J -I . )xaqglxJ
g+2 i g2 Tgt2

i=0

2
I2 + J 2
1 24%(q+2) % (q+2).

Now S 1is a 0,1 matrix, and the triplet v = qz(q&2),
k = gq(g+l), A = q is easily seen to satisfy the necessary condition
for (v,k,\) configurations, so S is the incidence matrix of a
(qz(q+2), a{q+l), q) configuration. ookl
For the rest of this tection q 1is a prime.

We now consider the g (0,1) matrices S8;5 0 % i £ q-1, of order q?

gi?en by
s. = |1 I I eee I -
1 i i i i
T L AN T
T21 T21 T21 . T21
(41)

T(k—l)i T(k—l)i T(k-l)i



Lemms 7.2 :

.. /117,

Let B = {1, ... q-1} and A = Bu[0}, I,J be of order q,

I*, J*% be of order q2, and P, Ri and Q@ be as above satisfying

(37, i, ii, iii, iv, v). Then the S; defined by (k1) satisfy

qg-1
( (i) PP + T = q°I* + qoJ%,
i=0
q-1
(ii) PP + S° 8, + I RR. = q°T% + qJ*,
3737 o KK
q-1
(1ii) SOPT + ZS.R.T = g%,
RS s |
i=l
Q"2 T
. = oT#
(iv) PS, + izo 8;Ri4q = W%,
T T T
+ - = qJ#
. T T T
= = *
(vi) sis‘j + R{P" + (q-2) RR = aJ*,
. T T T T_ .
(vii) s;°s gt PR + R P +(g-3)R Rg = oJ
ooy QIoT T T e
viii) SOP + PRl +(q—2)RmRn = qJ
(ix) SiTPT + R JSOT + PRkT +(q—3)RmR§=qJ*,
\
Proof : We first prove the following results
(@) s e=|1T % o] |7
Tq.l LN I Tl J

1 i 4

= J¥

for every J € A.

for every i,,j »K
such that icA keB.

for every i,j,k.,m
such that i,jeA,
i#J;k,meB,m#Fk .

for every i,j,k,m,
nes such that i,je&A
i#J;k,m,n,s€B,n#¥s.

for every m,neB,
m # n.

for every i,j,k.,m,
n such that ié&l;
J.k,m,neB,m#n.
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s e

(v) Since S, 1is symmetric, we have, using (a)
T T _ e T - e
8y P =P8, =S =
(¢) Clearly
SJT Pl = g% = PSJT.
(d) From (37,1i)
T T
J J
(e) SJT s, = 1 23 . I [1 I ..
1 %Y L oI |
1 9d . ] [ e,
b - L.
= qJ 4 Io
(£) SiRJT = |1 I oo I 1 ™ on
et ot L gt P r g
pd-i pa-i p&i |pd R g
_ (m{k-1)i (n-m)j
= (T )k,m (T )m,n
- ( 5 p{k-1)it(nm)j,
m=1 k,n
Since i,J are fixed by the Si and RJ, and k,n are fixed by the
.. T |
position in SiRJ

(k-1)i + nJ - mJ

runs through the residues module q as m goes from 1 to q, so

q-1

k-1)it(nm)) _ ;oS

s=0

X T(
m=1
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and :
SRT = g*
iJ

(g) Since S0 is symmetric, we have, using (f)

T - —
soRj = RJSO = J¥%,
(k—l)i) (Tqr(n-l)i)

() s;8 = (T k,m m,n

i’i

= g TQ?(k‘n)i)

m=1 k,n
- (k-n)i
= q (T )k’n
_ T
= q Ri .
Then using the fact that
q-1 =1  q
z Ri = (L Ri) = qIx I+ (J-I)xJ,
i=0 i=0
we have
q-l T
I 585 = qlg@xI+(3-I)xJ }.
. i
i=0
T _ q-(n-1)i (n-1)J
(k) s;" 8, = (T don (T )n.k

( g T(n‘l)(J-l))

n=1 m,k

i,] are fixed by siT and §;, so 'f 14

(n-1)(3-1)
runs through the numbers 1, ...., ¢ as n runs through these
numbers. Hence

S,” 8§, = J%, i#J.
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THE RESULTS : The formulae (42,i) to (42,ix) can now be verified
as follows. For

(i) use (37,iv) and h ;

(ii) use (37,iv), (e) and (37,iii) ;
(iii) use (b) and (f) ;

(iv) use (b) and (f) ;

(v) use (d),(c) and (f) ;

(vi)  use (k),(a) and (37,1i) ;

(vii) use (k),(d) and (37,ii) ;
(viii) use (b),(d),(37,ii) ;

(ix)  use (a),(g), (d) and (£). bl
Theorem 7.3 : Let V be the q2(q+2)(0,l) block matrix given by
L% S0 518 e S5 8., 85,
OT 0 Rl R2 Rq_3 Rq-2 Rq_1
1, Fo P R ... R, R 4 R _,
S R R 0 P ... R R R
2 -2 g-1 g-5 q-4 g-3
S T R R R R P R R
q-3 3 L 5 76 °F 1 2
T
s.2B R R R o P R,
T R R R R R 0 P
g-1 "1 2 3 % g-1
P SO Rl R2 R3 SN Rq—2 Rq-l 0

Then V is the incidence matrix of a (q2(q+2),q(q+l),q)

configuration, for q a prime.

Proof : This is easily verified using le ma T7.2. kxe
We ipclude the two matrices S (from theorem 7.1l) and V

(above) because V has S, in the last row fixed and not obviously

in the pattern. It is possible that S and V are non-isomorphic.
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§7.3 SOME BIBDS
PR R R S R
e
o .
frekudlj

The result of theorem 7.4 was knoqubut not expressed in
the form ofigrfheorem. Theorem T.6 is completely superceded by
the results < +BBNR on Steiner triples. Theorem 7.7
has been proved by Van Lint and Seidel [1, p 342].

Theorem 7.5 appears to be genuinely new, and important, as
it is a means of constructing (b,v,r,k,\) configurations from some
(v,k,A) configurations : previously only the converse was readily
usable.

Q and Q¥ are as defined in 7.2, and we use the style of
Ryser [1].

Theorem T.4: The following (b,v,r,k,A) configuration exists for
qQ a prime power

2
(alg + 1), ¢, g+ 1, q, 1).

Proof : It is easily seen that these five numbers satisfy the

necessary conditions for (b,v,r,k,\) configurations.

Now let éT = (1,1, ... , 1) be a 1 x q matrix and I,J of

order q, then A given by

AT = I_iq xe Q

hes g non-zero elements in each row and q + 1 in each column.

Now ATA =gl xI+JdxJd

so A 1is the incidence uatrix of a (q(q+l),q2,q+l,q,l) configuration« ***
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Theorem 7.5 : Whenever a (q,k,A) configuration exists,4q a prime

power, then the following (b,v,r,k,A) configuration exists :
(q(k2 + 1), gk, K2 + A, ky A)
Proof: It is easily verified that these five numbers satisfy the
necessary conditions for (b,v,r,k,\) configurations.
Let V ©be the incidence matrix of the (q,k,A) configuration

then A given by
T

AT = [Ik x V, Q*¥,Q%, ... , Q*], Q¥ repeated A times
has k non-zero elements in every row and Aq + k = k2 + A
(using the A(q - 1) = k{(k - 1) condition) non-zero elements in

each column.

Now ATa = (k = A +2q) I +AJ
= 12 . _
= k qu + Aqu (using A(g-1) = k(k-1))
so A is the incidence matrix of the required configuration. ekl

Theorem 7.6 : The (b,v,r,k,A) configuration

(%a(3q - 1), 3q, %(3q - 1), 3,1) exists for q odd, q # 1.

Proof : Let T be given by (38) and I,J be of order q. It is
easily verified that the quintuple satisfies the necessary

~ conditions for (b,v,r,k,A) configurations.

Now choose Ai T1 + T-l and p = 95;; then

P . s
A 5 (Tl + T 1)2
i=1 i=1 ///

P . .
=3 ey s (g-11
i=1

(g-2)I+J

™
b=
>

]

L}
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Y

and Z A. = J - I.
. i
i=]1

So if B 1is defined by

BT = 1 AlA2 ves Ap Iz O |
I| I1 N | A1A2 cen AP
~.I A1A2 ve AP I1I N _
B has 3 non-zero elements in each row and iggl-non-zero elements

in each column and
T 39-3
BB = I + .
2 3¢ % I3
Hence B is the incidence matrix of a (%q(3q-1),3q,%(3q-1),3,1)

configuration . . Lk

Theorem 7.7 : Let N be any matrix of odd order v - 1 with zero

diagonal and every other element +1 or -1, further let NJ = JN = 0
where J 1is the matrix with every element +1 and
T

W= (v-1)1_,-3

then there is a (2(v-1),v,v-1,v/2,(v-2)/2) configuration.

" Proof : Since N has zero diagonal and every other element +1 or -1
C and D defined (with I and J of order v-1) by

C L (N+1I+J)

il

D L(N-1I+J)

are (0,1) matrices. Now

CCT + DDT =k (KNT + I+ (v-1)J) = L1+ v-2
2 2 J
and
JC = v/23 = CJ
JD = (v-2)/27 = DJ .
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We define Wy W and e to be the vectors of v, b and

(v=1) 1's respectively and AT by

So A is 2(v=1) xv, and

T T 7 T

va = %vmb, Mg~ = (v-‘!)wv s
aTh - | D ¢ Di el
I_ 0 _ C 0

DT 4+ 6T lv=2)e’ T

1l

_¥(w-2)e v-1

[}

v+ F(v-2)J .

Thus A is the incidence matrix of a (2(v-1),v,v-1,%v,4(w2))

configuration. Ak

NUMERICAL RESULTS FROM THEOREMS IN THIS CHAPTER.

Some of our results put into classes results which previously
appeared to be 'one off' configurations. We now compare our

results with the table in Marshall Hall's book [1, p.291 - 298].

We noted that our results use (7,3,1) to form a (70,21,10,3;1)
configuration, but the complementary configuration of (7,3,1),
namely (7,4,2), yields..26,28,18,4,2) whioh is a multiple of
(63,28,9,4,1)« Also we noted an (182,169,14,13,1) and a

(26,14,13,7,6) design neither of whioh appear in Hall [ Je
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%P theorems of this chapter give the following designs

with r < 20.

(Marshall Hall's table assumes r < 15).

/)45

b v r k A {M.HALL TFISHER RAO NOTE OR W
NUMBER -YATES NUMBER | THEOREM
6 3 2 1 T.4, 7.7
12 9 4 3 1 2 T.k, 7.6
10 6 5 3 2 4 7.7
20 16 5 L4 1 6 T.b4
15 6 5 2 1 7.5
16 16 6 6 2 10 5 7.1
30 25 6 5 1 11 T.4
i+ 8 7 4 3 13 7.7
35 15 7 3 1 1k 7 7.6
s6 4o 8 T 1 2k T.b
18 10 9 5 b 27 7.7
63 28 9 L4 1 32 21 | I find the multiple
(126,28,18,4,2)
72 64 9 8 1 36 7.4
70 21 10 3 1 38 25 7.5, 7.6
90 81 10 9 1 s T.h4
22 12 11 6 5 L9 7.7
Ly 12 11 3 2 L7 32 7.5
ks 12 12 3 6k kg 7.1
132 121 12 11 1 68 T.4
26 14 13 6 [not included T.7
117 27 13 1 T0 7.6
143 66 13 1 T7 56 I find the multiple
(429,66,39,6,3)
182 169 14 13 1 |not included T.b
30 16 15 T 97 7.7
176 33 16 1 7.6
34 18 17 8 7.7
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b v r k A M.HALL FISHER RAO NOTE OR &%
NUMBER -YATES NUMBER |#THEOREM
221 52 17 & 1 7.5
212 256 17 16 1 7.4
126 28 18 &4 2 7.5
306 289 18 17 1 7.4
38 20 19 10 9 7.7
95 20 19 L4 3 7.5
2kt 39 19 3 1 7.6
96 96 20 20 &4 T.1
380 361 20 19 1 7.4

REVISIONS OF THE TABLE

IN M.HALL'S BOOK

None of this section is new but for completenesswe include,

for reference, the errors and misprintsmmahavé found in the table

in Hall [1, p 291 - 298], and some revisions.We make no claims

that this is a complete list of the corrections.

M.HALL NUMBER v b r k A COMMENT
5 11 1 5 5 2 1,3,4,5,9 mod 11.
13 8 i 7 L 3 k = L.
31 25 25 9 9 3 £3 of solution:pigotswxh.
53 56 56 11 11 2 known:Hall,Lane,Wales[1].
61 33 L 12 9 3 known:Takeuchi [1].
64 k5 45 12 12 3 known: see §7.1.
between 67 and T0 26 14 13 7 6 theorem T.7.
17 66 143 13 6 1 known: Rao [1].
between 91 and 92 169 182 14 13 1 theorem T.bk.
96 16 Lo 15 6 5 r=15;£2 of solution:
[0,8,1,9,3,11]mod 16
period 8.
99 26 65 15 6 3 r = 15.
10k 36 15 15 6 known : see §7.1.

36
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§7.6 FALSITY OF A THEOREM OF CLATWORTHY ON THE (111,11,1) AND
(110,100,11,10,1) ~ configurations

It has been reported in Clatworthy [1] that the (111,11,1)
and (110,100,11,10,1) are impossible. However the proof is clearly
wrong. Clatworthy's result comes from theorem 4.1 of Shrikhande,
Raghavarao, and Tharthare [1], which contains & list of necessary
conditions for the existence of various types of partially balanced
incomplete block designs. Many of these conditions are of the form

X + y2 = nz? must be soluble in the integers.

~This statement (see Hardy and Wright [1,p 299]) is equivalent to

n must be expressible as a sum of integer squares
In Shrikhande, Raghavarao, and Tharthare [1] this is stated as

any prime factor of the square - free part of n must be

congruent to 1 (mod 4).

Clearly this latter statement is pot equivalent to the first two as
l2 + 32 = 10

But 10 has two prime factors, 2 and 5, and
231 (mod 4).

The latter statement should have read (see Hardy and Wright
(1,p 1)

no prime factor of the square - free part of n can be
= 3 (mod 4).

For the existence of an (110,100,11,10,1) - configuration

Shrikhande, Raghavarao and Tharthare require that
x2 + y2 = 1022

be soluble in the integers; we have shown this is possible. \
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The theorem, as originally stated would have implied that this
configuration and the (111,11,1) configuration did not exist.
This is the result Clatworthy used. Clatworthy knows of this

(S ¢ g0 41

We only include this section in order to be able to indicate
that the existence or otherwise of the (111,11,1) is, as yet,

unresolved.
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CHAPTER VIII : ON INTEGER MATRICES OBEYING CERTAIN MATRIX

EQUATIONS
Most of this chapter is included in J.Wallis [5].

Some interesting theorems have been discovered on the
subject of integer matrices by H,J.Ryser [2], [3], (4],
K.Majindar [1] and W.G Bridges and E J.Ryser [1]« We have
included the theorem of Ryser we use in the text. Other specialized
integer matrices not immediately related to block designs or

Hadamard matrices have been studied by E.C.Johnsen [1].

In this chapter we look at some integer matrices

satisfying certain restrictive matrix equations.

THE NATURE OF MATRICES SATISFYING THE EQUATTIONS FOR THE CORE OF
A SKEW-HADAMARD MATRIX
In 84.2 we showed that solutions to the equations
T

(43) AAT=vI-J, AT = 0 = JA and A = =A

exist for an infinitude of matrices A of order ve In these

_cases it is clear that A is a (0,1,~1) matrix with zero

diagonal and 1 or -1 elsewhere. We now show that it is possible

to have a matrix A satisfying (43) but which is not
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a (0,1,-1) matrix. Consider

A = |0 1 =11 1 1-1
-1 0 2-1 0 0 O
1-2 0 01 00
11 0 0 0=-2 O
-1 0-1 0 0 0 2
-1 0 0 2 0 0~

1 0 0 0-2 1 0O

then AAL = 71 -J, AT = O = Ja and Y= -a

However there are considerable restrictions on the

elements of A as theorem 4.9 and the following theorem show.

Theorem 8.1: Let A be an integer matrix of order v,
where v = 3 (mod L), satisfying
T .
AL = vI - J, AJ = 0 = JA, AT = ~A.

Suppose =-a 1s the least element of A; define
B = A+a(d-1I);

write e for the g.c.d. of the non-zero eleuents of B. Then
gither e =1 or 4 has zero diagonal and +1 or =1

elsewhere.

T
Proof': A" = ~A, so 4 has zero diagonal, and hence B

has zero diagonal. B satisfies

o
lee]
]

o+ a?)I + [a2(v - 2) ~ 117

o}
&5
I

alv - 1)J.

. . 1. . . .
Consider the matrix C = 5 B. C 1is an integer matrix and
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2 2( . . -~ 1
CCT _ VY +a I+ a (v 2) J

e? e?

alv-1

cg = 2lv=t) o

€

. . . N .

The element =—a occurs in 4; and since A = —-i the element

2 must occur in 4 and must be the greatest element of A.
Then 2a dis the greatest element of B and g%, which 1is

therefore an integer, the greatest element of C.

e|2a, so there are two possibilities:
(1) e is odd, ela;

(ii) e 1s even.

o 2 — —
Ir (i) is true, since 2.&2_22___1 is an integer we
2
e

have 8211 and so e = 1.

Now consider (ii). v = 3 (mod 4), so since e?|v + a?
and e 1s even we must have a odd. BSince e is even, every
element of B 1s even; all the non-diagonal elements of A

differ from elements of B by a, an odd number, so they are odd.

T
Ah = vl - J, so (evaluating the ith diagonal
element )
v
I oa, .t o= v-1.
=1
Each 24 5 is an odd integer, unless J = i; so aij2 > 1, and
v
I oa, .t > v-1,
=177
with equality only when each aij (except a..) is + 1. This

ii

holds for every i, so we have the result. hdoh
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¢..2 INTEGER SOLUTIONS OF a7 = a2(k-M)T + a®\J, AJ = akJ 7ITH

a AN INTEGER

Let © be the incidence matrix of a (v,k,A\)

configuration then if A = aB where a > C 1is an integer

( aal 22 (k=M)I + a®\  and

(4ds) ‘ AT = akd

1

{K(v-1)

k(k~1).

One might conjecture, in view of the powerful theorems
of Ryser [3] and Bridges and Ryser [1], that an integer matrix
satisfying the equations (44) would necessarily be a times the

incidence matrix of a (v,k,\) configuration.

But we see the metrix

A = 0 3 0 0 1 1 1
-4 0 2 1 2 1 1
2 000 2 20
21 2 0 1-1 1
10 0 1 0 1 3
11 0 3 1 0 0
11t 2 1.1 2 0
satisfies
T

s
LLL

L(2) T +4(1) g

) 2(3) J

which is (44) with a =2, v=7,k =3 and A\ = 1.

i

So we necd other conditions on the matrix A Dbefore

we can ensure that every element is O or a. In $8.3 we
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consider some such conditions.

MaTRICES SATISFYING AAT =pl +Q, & =dJ WHERE p aND 4

ARE CONSTANT

Theorem 8.2: If B = (bij) ofborder b is a matrix of
non-negative integers such that .§1bij2 = p, p & constant,
for every 1 and Bd =dJ, d a ggn—zero constaent then if every
element of B 1s O or

(i) > % 5 or

(11) ¢ &7

then every element of B is O or % .

Proof:
b b
b bi.z = p and I by, = d, s0
=1 =1
2 — = — =
d ; bi' P ; bij dp - dp 0
J J
that is
z bij(dbij -p) = 0
J
then since every clement of B 1s non-negative, every element
is O P, e
is or 3 *
Corollary 8.3: If B = (bij) of order b is a matrix
b
of non-negative integers such that I b..? = p, a constant
. i
j=1
>0 for every i1 and BJ = dJ, d a non-zero constant and if
every element of B 1s 0O or (i) > % s (ii) < .g then d}p. etk
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Corollary 8.4: Ir B = (bij) of order b is a matrix
b

of non-negative integers such that z bij2 = p, a constant
§=1

>0 for every i and BJ = pJ, then cevery element of B is

O or 1. Ak

Similarly we may obtain the following results for matrices

with non-positive clements.

Theorem 8.5: Ir B = (bij) of order b is a matrix of

b
non~positive integers such that z bija = p, p a constant,

j=1
for every i and BJ = dJ, d a non—-zero constant then if every
element of B is O or (i) < % ; or (ii) > % s then every
element of B is O or % .
Proof': The proof is almost identical with that of theorem 8.2. ***
Cerollary 8.6: If B = (bij) of order b 1is a matrix of

b

non-positive integers such that 2 b, .? = p, a constunt for
5=t

every i and BJ = dJ, d a non-zero constant and if every

element of B is O or (i) < -% , (ii) > -% then dlp. HHK
Corollary 8.7: If B = (bij> of order b 1s a matrix

b
of non-positive integers such that z biJ.2 = p, a constant

j=1

for every 1, and BJ = pd, then every element of B is O or 1. ¥*%

We now quote a theorem of Ryser which is very iuportant

in the study of integer matrices and which is used in theorem

8.9; the enunciation of  .Hall [1,p284] is
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Theoren 8.8 Suppose B = (bij) is a v x v matrix of

integers and

Av=1) = k(k-1)
BB = (k=) + AJ
BJ = kJ

then B is the incidence matrix of a symmetric block design.

Theorem 8.9 Let 4, of order v, be a matrix of non-

negative integers which satisfies

T

fr
dain

(b2k - BN)I + b3\J

£ = DbkJ

1l

AMv=1) k(k-1)
then if every element is < b, then =~ 1s D times the

incidence matrix of a (v,k,l) configuration.

. . . b2k
Proof': Since every element is

fIA

a bk
theoren 8.2 that every elecment is O or b.

Form
i 1
b = B‘A
then B satisfies
T
BB™ = (k-N)I + N
BJ = kJd.

These equations together with theorem 8.8 show B is the
incidence matrix of a (v,k,x) configuration and so we have the

rcsult.

The next theorem is quiteé irteresting.

= == =D we have from

ek ok
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Theorem 8.710: Let B be an integer matrix of order b which

satisfies
T

BB (p - Q)T +qJ

f

Bd = dJd
where p,q and d are constants and 4 > O. 4Write w and z

for the greatest and least elements of B respectively, and

w = |w|. If
d _ wd + p
z <3 0= & and z < T ob
then & is an integer, p = d& = bd?, and
B = 6Jo
Proof: Clearly p = & bi;, so p >0; and d >0 implies
T

p > 0. Consider the class of natrices

C = B + ad
a

where a 1s an integer and a > w . ZEvery element of every

member of this class is non-negative and

C C T
a o

i

(p = I + (a®v + 2ad + q)J

C (4 + ab)J.

o

1l

Then, using theorem 8.2, if every element of Ca is

B = o M

0 or d+ ab ’

A

then every clement is O or PB.

We shew that the conditions on 2z inmply that every

element is < B. For

wd + p

z 2 d + wb

implies
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z{d + wb) < od + p;

. d
since z < 0y we have

zd + zwb + Yzb < wd + p + yzb < wd + p + ¥d

for any integer Yy > 0, so

(w+y)d +p
d+ (w+y)b °

A

This means (putting a = w+ Y) that for any admissable a,

ad +
z4+a<a+—————~—£;
= d + ab

but z + a 1s the greatest element of Ca'

ad + p

Therefore any element of Ca is O or a + T+ at ?

so any element of B is -a or o« + p .
d + ab
Corollary 8.3 tells us that

(w+y)d +p
d + (w+ v)b

aly) =

is an integer for every y > O, so

A( ) _ 4+ p(w + Y)“1
Y= T
d(w + ‘\() + b

is integral for all integers y > O. Therefore Y1im alr)
= -» %o

must be an integer, so b|d. Write d = bd :

() = Lo+ y)bd
aly) = bg : {w + ;j%

so bjp. Write p = &b :

. (w+y)8
aly) = (g+{w ++Y§'

Choose 'n any integer greater than 8 + ws Then

in~-8=w) = (n - 8)8 + ¢

n
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50 n](e - &%). But this is true for every large enough n;

hence € = &%, That is

d = bd
p = Dbd?
s0
p = 48 = Db
Then we have
al+p | 00(a + &) - 5

d+ab b(& + a)

for any vy, so every element of B is -a or 8. Now the row
sum of B is d = bd and the sum of the squares of the elements
is p = bd*; together these imply

B = &

where 6 = e

o'la
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APPENDIX A ¢ A TABLE OF ORDERS < 4,000 FOR WHICH HADAMARD

LND SKEW-HADAMARD MATRICES ARE KNOWN

2 is omitted from the table, but there exists both

an Hadamard and a skew-Hadamerd matrix of order 2.

The table shows one class from chapter II for each
matrix ¢ the order of the matrix may also belong to other
classess The numbers down the left hand side of the page give
the last two digits of the order while the number at the top
of each column gives the first two digits. The heading "type'
gives a class of Hadamard matrices to which the order belongs
while "skew" gives a class of skew-Hadamard matrices to which
the order belongs. A blank in the table indicates that no

matrix is known.
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Eimet—two—dtmttss hun ol
last twoltype skew |type skew |type skew |type skew |type skew
digits )
00 00 ; 100 100 { 200 200 | 300 300 { 400 400

0 HITT ~*%y1T ST |HIII SIIT |{HII SI
4 |HI ST |HII SI |HITT SIIT |HIT SI

8 |HL SI HITI SI HII SI HII SI HIII SIII
12 |HIT ST |HIT ST |HIT SI |HIT SI
16 [HI ST |HIV HIT SI |HIIT SIII |HII SI
20 |HIT SI |HIT SI |HIIT SIIT |HIT SI |HII SI
24 |HII SI |HITI SIII |HII SI |HX HII SI
28 |HIT ST {HI ST {HIT SI |HIT SI
32 [HT ST |HIT ST |mxx HIT SI |HII SI
36 |HIII Sv  |HII SI HIT SI

4O |HIT SI |[HII SI [HII SI |HIII 4. |HIT SI
My |[HIT SI (HIT SI [HII SI |HII SI |HII SI

48 {HIT SI  [HIII HIII SIII |HII SI |HII 8I
52 |HIII SIV {HII SI {HIT SI {HII SI (HIII

56 |HII SI  [|HV HI  SI HII SI
60 |HIT SI |HIT SI |delgh HII SI  (HIII SIII
64 |[HI SI |HII SI |HII SI |HIII SIII |HII SI
68 |HII _SI  fHIT SI HII SI |HII ST

© 72 {HII SI |HIV HII SI  |HXII

76 |HITI SIII |{HIT SI  {HIIT g7

80 (HII SI |HII SI |HII SI |HIT SI |HII SI
84 |HII SI |HIV HII SI {HII SI |HIII

88 |HII SI HII SI  |HIII HIT SI
92 |HIV HII SI HIII HII SI

96 |HITI SI HIII HIITI WW |HIITI SIII [HIII SIII




first two digits

AR

last two|type skew |[type skew |type skew |type skew |type skew
digits
500 500 { 600 600 | 700 o0 | 800 800 | 900 900
O |HII SI |HII SI |HIII SIII |HII SI  |HIII
4L {HII SI HII SI HITI HITI
8 HII SI  |HIII HII SI
12 |[HI  SI  |HVII HII SI |HII SI
16 |HIII HII SI HIII SIII [HIII
20 |HIX HII SI |HII sI HIII HII SI
2, |HII SI |HII SI  |HIII HIT SI |HIIT SIII
28 ;gﬁ: SI  |HIII HITI SI HII SI |HII SI
32 |4 HII SI |ngw HII SI
36 HIII SIII |HII SI ;ﬁ;ﬁ HIT SI
40 |HIII SIII {HII SI |HII sI HII SI
. 44 |HII SI |HII SI (HITI SI HIII SIII
48 |HIT SI |HII SI  |[HIII SIII |HII SI |HII SI
52 |HIII SVI HII sI i HIX
56 |HIIT SIII |HII SI  |HVI
60 |HII SI {HII SI |(HIT SI HII S8I {HII SI
64 |HIT SI |HIT SI HII SI
68 |HII sI HII SI HIII HII SI
72 |HII sf |{HII sSI HII SI
76 {HIT SI  {HIII HIII HII SI
80 |HITI HIII ~-° °|HIII SIII |HII ST |l
8l HII ST HIIT HII SI HII SI
88 [HIT sT |HIT ST |HII sI  |EII sT |&W
92 {HITT Y HIT ST (HIII SIII HII SI
96 HII SI  |HIII SIII [HII SI |gede




first two digits

ALY

last two|type skew |type skew |[type skew [type skew |[type skew
digits
1000 1000 [1100 1100 1200 1200 [1300 1300 |[1400 1400

o |arr st %% HIT SI  |HVII HIT SI
4 HIT SI |HIII HII SI |HIII SIII
8 |HII SI HIT SI |HII SI
1o (B HITI SIIT HIT SI
16 HIIT SIII |HITI SI HIIT
20 {HII SI |HIT ST |Wekh HIT SI  {HIII SIII
o4 |HI ST |HII SI |HII SI |HIII SIII |HII SI
28 HIT SI |HIII SIII |HII SI |HII SI
32 [HIT sI HII SI |HII SI
36 'g_’ﬁ‘f HIT SI |HIII
o Y st |wTrr HII SI HIT SI
Ly {HITII HII ST HII SI .
48 [r  s1 W HII SI |HIII HII  SI
52 {HIT SI |HII SI |HIII HITI HIT SI
56 [HII SI  [HIII HIII HIII SIII [HII SI
60 |HITI HITI HII SI {HIIT HIT SI
64 |HII SI |HII SI |HII SI [|3*6 HIII
68 HIT SI HIII SIII
72 HII SI |HIIT SIII |% HIT ST
76 HITI SI %x HIT ST %
80 |HITI SIII HII ST  |wxll W st
84 \HIII SIII |HITI yxpp |HIT SI |HIT ST |HIL SI
88 |1 st |Hrr sr  |HII sI HIT SI
92 tHII SI W7 ST |mmr sz
96 |mr st @ HIT SI HIII SIII

s




first two digits

VALK

last twoltype skew |type skew |type skew jtype skew type skew
digits 4500 1500 {1600 1600 {1700 1700 {4800 1800 {1900 1900
0 {HIT SI 1}111 SI HII SI HIII ﬁ>
4 | HIL,, ST HIIT HIX
8 fg’ HIT SI {HIII SIII {HIII HII ST
12 |HII ST |owW HII SI
16 {HIII SIII HITI HII ST
20 |JHIT SI |HII SI |HII SI  |Welsh HII SI
24 {HIT SI {HII ST |HII SI {HII SI |HIII
28 HII SI |[HII SI
32 |HIT SI {HIII SIII HII SI |HII SI
36 JoIr ST [HITI "?{w SI
4. fHIrL MITT W vIT  HIT ST |Wbléh
W, WII SI |HIII SIII SI
48 I SIII J&-III SI Txn SI %H.u SI
52 [HIII | - HIT ST
56 HIT SI JIIT SIIT {HII SI  |HIII
60 |HII SI |HIII SITI|HII SI  |HIII HIX
o L HII SI |HIII |
68 |HII SI |HII SI |[HII SI  |HIT SI HII SI
72 {HIT SI  |x83% HII SI |
76 |HII sSI 'HIT SI [ HIII HITI
80 {HII SI  [HII SI |fh {HIT sI HIT SI
8 |HIT SI  |HIIT - [HIT SI  |HIII SIIT |HIT SI
88 | HIII SIII {HII SI | HIT SI
92 |{HIII SIII wg HTI ST [HVI HIII
96 |HIII SIII [iHII SI HII SI HIIT SIII
L




last two

firstutwo digits

oo /1hb

type skew |type skew |type skew |type skew |type skew

Gglte | 2000 2000 {2100 2100 (2200 2200 {2300 2300 |2400 2400

ol|nrr sr |mz sI |HIX (efsh HIT SI

4 (Hrr st |HII ST {Hrr st |HIT SI (mIII

8 |/ | HIT ST |HIII HITT W/

12 {HIT ST |HII ST (4W° HII SI [HII SI

16 |HII ST

20 |HIII HIII HIII SIII IHIII {Wofs )

24 | ¥, HIII SIII |HITI SIII HIT SI

28 |HIT SI {HIT SI HIT ST  |HIII SIII

32 HIT SI |HIIT SIII | HIT SI

36 HIII SIII | HIII

40 |HIT SI |HIIT SIII {HII SI [HII SI |HIX

4y {HIIT SITI {HII SI |HII SI {HII SI

48 |HT  sI HIT SI |[HII SI |HIT SI

18 X114

52 A - HII SI {HII SI |(HIII

56 W HIT SI ‘ HIII SIII

60 |HIx HIIT SIII |HIII HIX HII SI

6, |HITI  SI HIII SIII |HIT SI

68 {HIII HITI SIIT |HII SI |HITI $x4|HIT SI

72 | W@ HIT SI |HIT SI |HITI i/

76 HII SI HII SI |HIII SIII

80 |HIT SI |HIT SI % ww | HIT ST

8, {HIT SI (HII SI HII SI gén

88 [HII SI [HII SI |HITI SI |HII

92 HIT SI HIII

9 |HII ST |mImI HIII lar sz

u




first two digits

.o /145

last two[type skew |type skew |[type skew [type skew |[type skew
Ggits | 2500 2500 {2600 2600 {2700 2700 {2800 2800 {2900 2900
0 |HrrT HVIT HII SI |HII SI
4 |HIT ST |HIII SIIT |HIII HIT SI |HIT SI
8 |axit HIT SI {HII SI |HIII SIII |HIII SIII
12 |HIII HII SI |HVIZ HIT I
16 | e S S (A HII SI |wx
20 |HIT SI |seh HIT SI |HII SI |HII SI
2l HII SI |HIII S
28 |mx st | HIII HII SI
32 {HIT SI HIT SI |HIII
36 HIT SI HIIT SIIT
40 {HIT SI {HII SI |HIII ¢ {HIII SIII {HIT SI
uy |HII ST |HIII HIII HII SI |HII SI
48 |xipl HII SI |HIII SIII {HII SI
52 |HIT ST |HVI HII SI |[HIT SI [HIII
56 |HIII SIII |HII SI HII SI
60 |HTT ST |HII SI |HVII HIII SIII |HII SI
64 HIT sI HII SI HITI sI
68 |HIT sI HIT SI |HITI HII SI
72 HIIL. SI (M HII SI
76 |HII sI ' HII SI
80 {HII SI |HIX Welsh HII SI  {HIII
8 |Hrr st |mr st |mrr st
88 TSt HII SI |HIII SIII
92 |HII I HII SI |  |HIII sIIX
96 |HITI HITI HIT I




AR

first two digits

last twojtype skew [type skew |type skew jtype skew [type skew
digits 13000 3000 |31008 3100 {3200 3200 {3300 3300 {3400 3400
OlHIT ST |HIII SIII {HIT ST |HII SI |HII SI
A HITI HII SI {HVIII SVII
8|HIT SsI |HIII HII SI |HII SI
12{HIT SI HII SI
16|HIX g HIT SI |HITI HIII SIII
204HII SI {HIT SI  {HIII %HII SI {HIII SIII
24|HIT SI HIII JHIT ST
28 lHIII SIII {HIT SI
32|HIII SIII |[#X7 HII SI |HIII WhW
36{x138 HII SI HII SI
LOJHII  SI HIT SI |HIII SIII |HII SI
LA HITT HII SI  (HIII SIII |{HXI SI  {HIII
L8|HII SI eI ST  [HIT ST |HII SI
52 HIT SI {HIT SI
56 o HII sI HII sI
60y HIX HII SI |HIT SI {HII SI
64{HIT SI |HII SI [HIIT SIII |HIIT @/ |[HII SI
68{HIT SI {HII SI HIII -~ - < {HIT SI
721HII  sI  |ceW HIT SI |HIT §I |HIII stI
76 HIII SIII {HIITI SII ({2253
8O[HIT ST  |ipieh HITI sﬁn klelsh HVII
84L{HIT SI {HIII SIII HIII HIII SIII
88[HII ST |HIT SI |HIIT SIII |HIII SIII
92 HII SI HIT SI {HII SI
96|HIIT SIII |HIII SIII [HXX SI  |HIII HIT SI




first two digits

cuo/lh?

last twoftype skew }type skew jtype skew [type skew |type skew
HeIts (0 3500 13600 3600 [3700 3700 3800 3800 [3900 3900
O {HIT SI  {HIII SXII |HIII HIX HIII SIII
HITI HIT SI |HII ST
HIIT HIT SI  {HgIT HIX HII sI
12 |HII sI  |WxWl HII SI HIT SI
16 | st HITT HII SI
20 [HII SI  |Wekh HIT SI |- HIT SI .
2} HIT SI  (HIII SIIT {HIT SI {HII SI
28 |HII sI HIT SI  |HIII
32 HII  SI HII SI
36 [HIT SI HII SI HII SI
40 {HIT SI HVII HIT SI HII SI Kisops
Lh |szz st |HIT ST  |HWx HII SI
48 |HIT SI {HII SI |HIII HIT SI {HII SI
52 [HITI I ' |HIII wW JHII SI  |HIII
56 |HIII HITI SIIT }
60 [HIT SI |HIT ST |HII sI HIT SI
64 iyl HII ST HIT &I
68 SI HII SI |HIII SIII |HII SI
72 JHII SI {HII SI HIT ST {wxit/
76 |HII sI pom HII SI
80 {HIIT SIII {HII SI {HIT SI {HIX Lol
8h [HIT ST |wxii/ HXX XX SKII
88 HITI SI  {HIII
92 HII SI |HII SI |4X2)8 HIII SIII
96 HII SI W HITI SIII
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~PPENDIX B : THE COMPUTER PROGRAMME USED IN &4.1

This programme, written in Fortran.IV, was run on
La Trobe University's PDP9 computer. The programme has an
extremely long run time and some special devises have been
tuilt into the programme so as to be able to discontinue the

run and restart it at the same point at a later time.
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900

100

101
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TO USE THE WILLIAMSON METHOD TO CONSTRUCT SKEW-TYPE

HaDaMaRD MATRICES.

INTEGER P,4,B,C,D,E,P1,P2,P3,P4,P6,X,Y
CoMNMON 4(25),B(25),0(25),D(25),P1(25,25),
1p2(25,25),P3(25,25) ,PL(25,25),P6(25,25)
READ(1,496)P

J=(p-1)/2

WE NOW CONVERT J TO BINARY

IB=1

Li=2

DO 100 K=2,J
IB=IB+Li
Ta=TA%2
A(1)=1
B(1)=1
c(1)=1
D(1)=1

NEJ=J
IN=IB+1

DO 500 I=1,IN

TO SET UpP THE MATRIX A

Ti=I~1
IC=NEW*2

DO 101 N=1,IC
A(N4+1)=0

DO 102 N=1,NE7
IQUOT=14/2



102
103

104

(]

105

106
107

108

109

IREM=T:~IQUOT*2
ISUB=NEd~N+2

A(ISUB)=IREM

14=TQUOT

DO 104 N=1,NE#

7 (&(N+1).EQ.1) GO TO 104
IX=P+1-N

&(IX)=1

CONTINUE

TO. SET UP THE M.TRIX B

DO 500 J=1,IN
DO 105 N=1,IC

E(N+1)=0

Ti=J-1

DO 106 N=1,NEW

IQUOT=I4/2

IREM=TLi~TQUOT*2
ISUB=NEd~N+2

B(ISUB)=IRFM

T.=IQUOT

DO 108 N=1,NEW

IF (B(N+1).EQ.0) GO TO 108
IX=P+1-N

B(IX)=1

CONTINUE

TO SET UP THE MATRIX C
DO 500 K=1,IN

DO 109 N=1,IC
c(N+1)=0

.../150



110
111

112

113

114
115

116

Li=K~1
DO 110 N=1,NEW
IQUOT=14/2
IREM=TA~IQUOT*2
ISUB=NEA-N+2
C(ISUB)=IREM
Li=IQUOT
DO 112 N=1,NEW
IF (C(N+1).EQ.0) GO TO 112
IX=P+1-N
c(Ix)=1
CONTINUE

TO SET UP THE MATRIX D

DO 500 L=1,IN

DO 113 N=1,IC

D(N+1)=0

Ti=IL~1

Do 11k N=1,NEW
IQUOT=Li/2
IREM=Ta-IQUOT*2
ISUB=NE#-N+2
D(ISUB)=IREM

T4=IQUOT

DO 116 N=1,NEW

F (D(N+1).EQ.0) GO TO 116
IX=P+1-N

D(IxX)=1

CONTINUE

DO 130 N=1,P

IF (A(0).EQ.1) GO TO 131
L(N)==1

.../151



131

132

133

130

124

128

IF (B(N).EG.1) GO TO 132
B(I)=—1

IF (c(N).EQ.1) GO TO 133
c(N)=—1

F (D(N).EQ.1) GO TO 130
D(N)=-1

CONTINUE

FORMING THE FULL MATRICES

DO 124 N=1,P

DO 124 M=1,P

NZ=N-M+P+1
NZ=NZ~(Nz/P)*P
IF (NZ.EQ.O) Nz=P

P1(M,N)=4(NzZ)
P2(u,N)=B(NZ)

P3(M,N)=Cc(NZ)

P4 {M,N)=D(NZ)
TEST FOR HADAMARDNESS

DO 128 M=1,P
DO 128 N=1,P

NSUM=0

DO 128 X=1,P

NSUM=P1 (M, X)*P1 (N, X)+P2(M,X)*P2(w, X )+P3 (M, X)*
1 P3(N,X)+P4 (M,X)*PL4 (N, X ) +NSUM
P6(M,N)=NSUM

CONTINUE

DO 129 N=1,P

DO 129 M=1,P

IF (M.EQ.N) 6O TO 129

... /152



129

150

151

153

152
140
495
496

500
499
503
502

1P (P6(M,N).NE.O) GO TO 500

CONTINUE

DO 140 N=1,P

7 (4(N).EQ.1) GO TO 150
A4(N)=0

7 (B(N).EQ.1) GO TO 151
B(N)=0

7 (c(N).EQ.1) GO TO 153
c(w)=0

F (D(N).EQ.1) GO TO 152
D(N)=0

CONTINUE

CONTINUE

FORMAT(///1X)
FORMAT(25I2)
JRITE(6,495)
WRITE(6,496) (4(I),I=1,P)
WRITE(6,496)(B(1),1=1,P)
WRITE(6,496)(Cc(1),I=1,P)
WRITE(6,496)(D(I),I=1,P)
GO TO 502

CONTINUE

FORMAT(///1X,158N0 ANSJER FOUND)

WRITE(6,499)
CONTINUE

GO TO 900
STOP

END

«+./153
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APPENDIX C: THE PROOFS OF THEOREM A4.16 AND COROLLARY 4.17.

In theorem 4.16 the terms in BBT wwr s Oe expanded
using
wie

JJT = hd

hl - J

50 that each term becomes a sum of various combinations of
I and J in some order. For example term 29 gives

h* IxIxIxIxIxIxd = h3® IxIxIxIxIxIxJe
Term 29 in the table is represented by h* in oolumn 29

against IIJIJIJ and -h® in c..umn 29 against JIJIJIJ.

The table may be read by noting that the column
is the term number and the coefficients in that column must
be multiplied onto the Kronecker product of the letters (in

the same order) on the right hand side of the table.

The proof is then completed by looking across the
table and noting that all the coefficients vanish except the
first and last so

BR =  h7 IXIxIXIxIXIXI ~ IxJIxdxJxIxIXJTe

The comment on the proof of corollary 4.17 appears

after the table for the proof of theorem 4.16.
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To prove corollary 4.17 we must s=how that if

C = 2" IxIxixIxIx[WxW + IxJ]
and
D = I7 JxWxIxIx[WxIxW + IxIxI]
then
CCT = DDT.

For C we use the numbering of the..em 4.76 and let
.the number after D in the expression below be the term number

of D, Then

D = JIXWxIxIxWxIxW ¢  +  JIxiWxIxIxIxIxI *7

+ WxIxIxWTxIxixd 3"+ WxIxIxIxIxIxJ S8

+ IxIxWxDAWxIXW 22 4+ IxIxIxIxIxIxW 3°

+  DAXIXAxIWxI %3+ IxIxIxIxIxdxI *°

+ WxIxWxIxWxIxd 3%+ IxIxIxIxWxIxJ *'

+  DXWXIXxIxIXT 3%+ IxIxIxiWixIxIxd **

+ WXI@XIxIxAxI 3% 4+ IxIxXWxIxIxIxI *3
and DDT can be read from the table as before. Then if we
compare oolumns 9 to 15 dinclusive and 23 to 29
inclusive of the previous table with the next table we see
that

CCT = DDT

and so we have verified oorollary 4.17.



w3 o HOHHPBODO O

30 31

-h*
-~h*

h?

h5
.-.h“
-h*

-h*

hJ
-h?

32

Term

33 34

h5
~h*

—h

h3

_h‘
hS

hB

Number

35 36 37 38 39 LO 41 L2 43

-h*
h3

h3
~h?

h’
~h*

~h?

-h?

hé
h4

h4

h4
h4
—~h3

~h?3

h‘
~h?

... /161

Formula

1IIJI1d
II11J4J1IJ
I1JI11d
ITJITJI
IIJI1dd
I1JJ11d
IT7JJ1JL
I1JJTId
IIJJJId

1JITIJI
IJITIIJd
IJITIJII
IJITJJL
IJITJJdd

1JJIIJT
1JdJdI1dJd

IJJIJII
1JJ1JJT
1JJ1Jdd
IJJJIJII
IJdJdIdd

JITTJIT
JIITJJIIL
JIIJIIT
JITJIII
JIIJJIT
JITJITJ
JITJJJI
JIJIIIJ
JIJITJJ
JIJJIIJ
JI1IJJIJIJ
JIJJIITJ

JJIIJIT
JJITJIT
JJIJIIT
JIJIJIIT
JJIJIIT
JJIJIIT
JJIIJIJIT
JJJIJIT
JJJIJITL
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APPENDIX D : A TABLE OF n-TYPE MATRICES OF ORDER < 4,000

The first page of this appendix uses the following

notation ¢

'NI, NII' -~ indicates that an n-type matrix is known and it
belongs to the class NI or NII respectively.
See §2.8.

‘non' -~ theorem 2.9 shows that an n-type matrix cannot
exist for this order.

blank - an n~type matrix is not known but this order is

not excluded by theorem 2.9.

As in appendix A the numbers on the left of the page
are the last two digits of the order and the top of the column

gives the first two digits.

On the second page of this appendix we have listed
the orders between 1,000 and 4,000 for which n-type matrices
are known. 4An asterisk after a number indicates it is from

class NIT otherwise all orders belong to class Nl.
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first two digits
last two :
digits 00 100 200 300. 400 500 600 700 800 900
2 NI NI non non NI non NI NI
6 NI non complex non non
10 NI NI non non NI NI non NI NI
14 NI NI non NI non non. NI non non non
18 NI non NI non non NI non non non
22 non NI non NI NI non non NI non
26 NI N] NI non NI non
50 NI non NI non non NI NI NI NI
34 non non NI NI non NI non
38 NI NI non NI non non non non NI
42 NI non NI non NI NI non NI NI
46 non non non
50 NI NI non NI NI HoX fex non non
54 NI non NI non non NI non NI NI
58 non NI NI non NI NI NI NI non
62 NI non NI NI non NI NI non NI
66 non non non
70 non NI NI non NI non NI ‘rfg'xf fex non
T4 NI NI non NI non non NI NI non
78 non non NI non NI NI non NI NI
82 NI NI NI non non non non NI
86 non non non
90 NI non NI NI non non non non non
94 non NI NI non ’ NI non non non
98 NI NI nen NI non non NI non NI
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1010 1482 1994 2478 3038 359
1014 14,90 1998 2522 3042 3614
1022 14,94 2018 2550 3050 3618
1034 1520% 2030 2558 3062 3638
1050 1550 2054 2594 3090 3674
1062 1554 2070 2602% 3110 3678
1070 1598 2082 2610 31223,2‘ 3698
109L 1602 2090 2618 3138 3702
1098 1610 2114 2622 3170 3710
1110 1614 2130 2634 3182 3722
1148 1622 2138 2658 3210 3734
1130 1638 2142 2678 3218 3762
1154 1658 2154 2690 3222 3770
1182 1670 21 65,1,” 269L 3230 3794
119y 1682 221 9949 2714 3254 3798
1202 1694 2222 2730 3258 3822
1214 1698 2238 2742 3302 3834
1218 1710 2270 2750 3314 3854
1206% 1722 2274 2778 3330 3878
1230 1734 2282 2790 3362 3882
1238 174.2 229) 2798 337, 3890
1250 1754 2298 2802 3390 3918
1278 1778 2310 2810 LR TN 3930
1290 1790 2334 2834 3434 3970%
1298 1802 2342 2838 3450 3990
1302 1850 2358 2858 3458

1322 1862 2378 2862 3462

1362 1874 2382 2898 3470

1370 1878 2390 2910 3482

1374 1890 239 2918 3518

1382 1802 2402 2954 3530

1410 1914 2418 2958 3534

1430 1934 24,38 2970 3542

1434 1950 2442 3002 3558

1454 1974 2474 3026% 3582

n~type matrices are known to exist for the above orders.
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