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Abstract
In this paper we construct OD(4pq"(q+1); pq", pq", pq", pq", pq"*, pg" ',
pq" L, pg"t1) for each core order ¢ = 3(mod 4), r > 0 or ¢ =1, p odd, p < 21
and p € {25, 49}, and COD(2¢" (¢ +1); ¢", ¢", ¢"*1, ¢" 1) for any prime power
¢ = 1(mod 4) (including ¢ = 1), r > 0.

1 Introduction

An orthogonal design (OD) X of order n and type (si, ..., Sm), S; positive integers, is
an nxn matrix with entries {0, +z1, ..., +x,,} (the x; are commuting indeterminates)
satisfying

XXT = (> s,
=1

where I, is the identity matrix of order n. This is denoted as OD(n; s1, ..., Spm).
Such generically orthogonal matrices have played a significant role in the construc-
tion of Hadamard matrices (see, e.g., [3], [6]) and they have been extensively used in
the study of weighing matrices (e.g. [3] and [8]).
Since Baumert and Hall [9] gave the first example of Baumert-Hall arrays, or
OD(4t;t,t,t,t), and Plotkin [7] defined Plotkin arrays, or OD(8t;t,t,t,t,t,t,t,t),
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to construct Hadamard matrices, many research results have been published for T-
matrices that are used in the construction of Plotkin arrays (see [3], [5], [9], [10]).

Turyn [11] introduced the notion of a complex Hadamard matrix, i.e., an n x
n matrix C' whose entries are chosen from {£1,+i} and satisfy CC* = nl, (* is
conjugate transpose). He further showed how such matrices could be used to construct
Hadamard matrices, and gave several examples. Further examples of such matrices
are given in [3] and [4].

For a complex analogue of orthogonal designs there are several possible general-
izations, we choose the one which gives real orthogonal designs as a special case.

A complex orthogonal design (COD) [4] of order n and type (s1, ..., Sn) (S; posi-

tive integers) on the real commuting variables x1, ..., z,, is an n X n matrix X, with
entries chosen from {e1z1,...,e,2, : € a fourth root of 1} satisfying
m
XX = (> s},
i=1

For further discussion we need the following definitions from [6].

Definition 1 [Amicable Matrices; Amicable Set] Two square real matrices of
order n, A and B, are said to be amicable if ABT — BAT = 0.
A set {Ay,..., Ay} of square real matrices is said to be an amicable set if

n

Z(Azi—lAg; - Azz’AzTi_J =0.

i=1
It is easy to generalize an amicable set to the case of square complex matrices.
For this, we just need to replace A” by A*, the conjugate transpose of A.

Definition 2 [T-matrices] (0,+£1) type 1 matrices 17,75, T3 and T of order n are
called T-matrices if the following conditions are satisfied:

(a) T;+«T; =0, 1 # 7, 1 <i, j <4, where * denotes Hadamard product;
(b) Z?:l T%TLT = nly.

T-matrices can be used to construct orthogonal designs (see [1]).

The following definition was first used by Holzmann and Kharaghani in [5].

Definition 3 [Weak amicable] The T-matrices Ty, Ty, T3 and T are said to be
weak amicable if

Ty (Ts + Ty)" + To(Ts — Ty)" = (Ts + T)TE + (Ts — Ty) T

Definition 4 [Core] Let () be a matrix of order n, with zero diagonal and all other
elements +1 satisfying

QQT = nIn - Jm QJn = JnQ = 07

where J, is the matrix of order n, consisting entirely of 1’s. Further if n = 1(mod 4),
QT = Q, and if n = 3(mod 4), then QT = —Q. Q is called core. n is the core order.
O



If H =1, + K is an Hadamard matrix of order n with K7 = — K, we call it skew
type Hadamard matrix.
Here we rewrite the following theorem as

Theorem 1 ([12]) If there exists a skew type Hadamard matriz of order ¢+ 1, then
there exists a core of order q.

It is well known that if ¢ + 1 = 2'ny...n,, each n; of the form p" + 1 = 0(mod 4),
p prime, then ¢ is a core order. Moreover, if ¢ = 3(mod 4) is a core order, then ¢" is
a core order for any odd r > 1 (see [9], p.497).

In section 2 we give an infinite class of OD with 8 variables. In section 3 we
construct several families of COD with 4 variables. In section 4 we construct weak
amicable T-matrices.

2 The construction of OD

The Goethals-Seidel (or Wallis-Whiteman) array has been proven to be a very useful
tool for construction of orthogonal designs. Such arrays are essential for construction
of orthogonal designs with more than four variables.

For convenience we also need following definition:

Definition 5 [Additive property] A set of matrices {Bj, ..., B,,} of order n with
entries in {0, +xq,...,+x;} is said to satisfy the additive property, with weight

k 2 -
Zi:l siry, if

m k
> BBl = () six})I. (1)
=1 =1

Kharaghani [6] gave an infinite number of arrays which are suitable for any amica-
ble set of 8 type 1 matrices. Here suitable means a set of matrices satisfy additive
property. If one substitute the matrices in an orthogonal design, or the Goethals-
Seidel array, one can get an orthogonal design. We rewrite the following theorems
without proof.

Theorem 2 ([6/) There is an 8 x 8 array which is suitable to make an 8n x 8n
orthogonal matriz for any amicable set of 8 type 1 matrices of order n satisfying an
additive property.

Theorem 3 ([6/) For each prime power ¢ = 3(mod 4) there is an array suitable for
any amicable set of eight matrices A; satisfying
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Z(AziflAg; + AQiAg;_ﬁ = clgyq,

i=1

where ¢ is a constant expression.



More general results are given in [2]. As an application we give an example of
such an OD.
If A is a circulant matrix of order n with the first row (aq,...,a,), we denote it
by
A = circ(ay, ..., a,).

Example 1 Let x1, z9, 3, 74 and x5 be real commuting variables and

Al = CirC(.Tl, X2,T3,T4, — T4, —T3, x2)7 A2 = CirC( X1, T2, fﬂg, —Xy4, Ty, —T3, x2)7
Az = circ(zy, —xe, T3, —T4, Ty, —T3, —Ta), Ay = circ(zy,xe, —T3, —Ty, Ty, T3, Ta),

As = cire(zs, x, T3, T4, Ty, T3, —T2), Ag = cire(—z5 xg,xg,x4, x4, T3, —T3),

A7 = cire(zs, —x9, T3, —T4, —T4, T3, T2), Ag = circ(—x5, —T9, T3, —Ty4, —Ty, T3, T2).

It is easy to verify that

4 8
> (Asi1 AL — Ay AL ) =0and Y AAT = (42} + 23) + 16(23 + 23 + 23)) I~.

i=1 =1

From the proof of Theorem 2, using the method in [6], one can construct an O D(56;4,4,
16,16,16) .

Theorem 4 Let ¢ = 3(mod 4) be a core order, then there is an OD(4q"(q + 1);
qrjqr’qr,qr7 qr+1’qr+1’qr+1 r+1) for any mteger r>0.

Proof. Let ) be a core of order q. ay,...,as be real commuting variables. Set
Ai—1(0) = ags, A2(0) = agi—1, 1=1,2,3,4.
It is clear that, as A;(0) are commuting variables,

Ay(0), ..., As(0) are type 1,
Agi_1(0)AZ(0) = Ax(0)AT_(0), i=1,2,3,4,

and (with ¢° = 1),
Azi—1(0)A2,_1(0) + qA%(0)AL(0) = ¢°(qgad;_, + a3;) I, i=1,2,3,4.
Suppose that for » > 1 we have

Ay(r—1),...,Ag(r — 1) are all type 1

Agi_q(r — 1)A%;-(r —1) = Agy(r — 1)A;_1(T — 1), and

Agia(r = 1)AG 4 (r — 1) + qAgi(r — DAL (r — 1) = ¢ (qa3;_y + a3;) L1,
1=1,2,3,4.

Write
Agi_l(T) = Jq X Agi(r — 1), Agi(T’) = Iq X AQi_l(T‘ — 1) + Q X AQZ'(T — 1),
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where x is the Kronecker product. Then A;(r),..., As(r) are type 1 of size ¢".
It is easy to verify that

Agi1(r) A% (r) = Agi(r)AS,_1 (1),
Agi 1 (r)AS_ () + qAsi(r) AL (r) = ¢ (qa3;_, + a3;) Ly, i=1,2,3,4.

Now let B; of size (¢ + 1)q" be given by
Bz‘ = lgt+1 X Agi_l(’f‘> + K x AQZ‘(T), 1= 1,2,3,4, K= |:

where e? = (1,...,1) is a row vector with ¢ components.
Then B, By, B3 and By are of type 1 and

4 4
Z BB} = Z q'(qaz;_; + a%z‘)]qr(q—kl)‘
i=1 i=1

From Theorem 3 it follows that there is an OD(4q"(q + 1); ¢", ¢, ¢", ¢, ¢" "%, ¢" 11,
qr+1’ qr+1>‘ 0

Note that Corollary 5 of [6] is a special case of Theorem 4 with r = 0.
If there are type 1 T-matrices of order n, then there exist an OD(4n; n, n, n, n)
(see [9]). Further, from [5] that weak amicable sets can be used to get

Lemma 1 Forp odd, 1 < p <21, p € {25, 49}, there exists an OD(8p; p, p, p, p,
ps ps s D)

Proof. Foreachp € {1,3,5,7,9,11, 13, 15, 17, 19, 21, 25, 49} there exist T-matrices
Ty, Ty, T and Ty of order p satisfying weak amicability.

The explicit construction of such T-matrices of these orders can be found in Table
1 of [5] and Appendix of this paper. From Theorem 5 and Corollary 6 of [5], there

exist OD(8p; p, p, p; p, P, P; D, P)- -

Theorem 5 Let Ty, Ty, T3 and Ty be T-matrices of order p with weak amicability.

Then there is an OD(4pq"(q + 1); pq", pq", pq", pq", pg"*', pg"t*, pg"™*, pg"*t) for
each core order ¢ = 3(mod 4) and r > 0.

Proof. Write
fla,b,c,d) = Tia + Tob + Tsc + Tyd.
Here a, b, c and d are real commuting variables. Let Ay, ..., Ag be defined as following;:
($17I2,$3,$4) AQ - f(—$8,—x7,x6,x5),
f(xo, —w1, 04, —23), Ay = f(27, —78, —T5,76),
S (
I (

T3, —T4, $1,$2) A6=f$5,376,$7>$8),
Xy, T3, —T _xl); A8:f $6,—$5,x8,—x7),



where x1, ..., rg are real commuting variables. Set
Api(0) = Ag;_1, Asi1(0) = Ay, i=1,2,3,4.
For r > 1 let
Agi1(r) = Jyx Agi(r—1), Agi(r) =1, x Agi1(r—1)+Q x Ag;(r—1), i=1,2,3,4,
where () is a square matrix of order ¢ defined as in Theorem 4. Replacing

A2¢71(7’)A§i(7”) = A2i(T)A;—l(r>7
AZi—l(r)Agi—l(T) + qAQZ(T)A%;(T) = qr(qagi—l + agi)IqT7 i = 17 27 3a 47 r > Oa

4

Z(A%l(’f’)A;(?") — Agi(r) AL, (r)) =0,

4

=1
4
D (Agica(r) A3 (r) + qA%u(r)AL(r) = pg" > (g} + 274) Loy,

i=1 i=1

respectively, and repeating the procedure of the proof of Theorem 4, one can get the
theorem. a

Corollary 1 Forp odd, 1 < p <21 andp € {25, 49} there exists an OD(8pq" (q+1);
pq’, pq", pqd", pq”, pg Y, pd T pg™tt, pgtt) with each core order ¢ = 3(mod 4) and
nteger v > 0.

3 The construction of COD

In this section we give several infinite classes of COD.

Theorem 6 There exists an COD(2¢"(q+1);¢", 4", ", ¢" ™) for each prime power
g = 1(mod 4) and r > 0.

Proof. Let @ be the symmetric core of order ¢ = 1(mod 4).
Now let
Asi—1(0) = agi—1, Axu(0) =ag, i=1,2,

where a1, as, as and a4 are real commuting variables. Note ¢° = 1. It is clear that
Azi—1(0)A5;,(0) = As:(0)A3_4,(0),

Azi1(0) A5, (0) + ¢A2i(0)A35;(0) = ¢"(a3,_, + qaz) I, i=1, 2,
A(0)4;(0) = A;(0)A(0), 1 <4, j < 4.



Suppose that for » > 1 we have

Agi 1 (r = 1) A5(r — 1) = Agi(r — DA, (r — 1),
Agi 1 (r — 1)A;i—1<7“ — 1) + qAz(r — 1)1431‘(7“ - 1) = qr_l(agi—1 + qagi)fq“lv =1, 2,

Write
Agj_l(r> = JqXAQj(T’—]_), Agj(’l“) = IqXAQj_l(T—1)+iQXA2j(T—1), 1= —1, ] = 17 2.
It follows that

Agi1 (1) Agi (1) = A (r) Az, (7),

Agi1(r) A5 (r) + qAz(r) A3 (r) = qT(a’gifl +qa§z’)fq7'7 =1, 2,
Ai(r)A;(r) = A;j(r)Ai(r), 1 <d, j <4
Let .
0 e
=[02)
Put
Fj = Igp1 X Agja (1) +iK X Agj(r), i =v—=1, j =1, 2
We have
‘F}F]* = qr(agjfl + qagj)]qT(q—H)a ] = 17 27
FlFQ — FQFl.
Finally, let
_ Fy B
X = ( AR ) .
Then X is a COD(2¢" (¢ +1); 4", ¢", ¢, ¢"™') as required. O

From the proof of Theorem 6 we can obtain the following theorem.

Theorem 7 There is a COD(q"(q+1); ¢", ¢") for each prime power ¢ = 1(mod 4)
and r > 0.

4 The construction of weak amicable T-matrices

It is convenient to use the group ring Z[G] of the group G of order p over the ring Z
of rational integers with the addition and multiplication. Elements of Z|G] are of the
form

agr + a2g2 + -+ apgp, i € Z, g € G, 1 <1 <p.

In Z|G] the addition + is given by the rule

O alg)g) + O _blg)g) =D (alg) +blg))g.

g g 9



The multiplication in Z[G] is given by the rule

(D alg)g)(Q_b(mh) = (D alg)b(h))k.

g k  gh=k

For any subset A of G, we define

Y g€ Z[a),

geA

and by abusing the notation we will denote it by A.
Let a set {Xy,..., Xs} be a C-partitions of an Abelian additive group G of order
p, l.e.,
XZ'CG, XiﬂXj:®7 Z%j,

and . . )
D Xi=G. D XXV =p Y (XX + XX,
i=1 i=1 i=1
where equations above hold in the group ring Z[G]. (see [13])
For any A C G, set

1, if g; — g € A,
I(A) = (aij)lgi,jsw ij = { 0, oth]ervvise7

where ¢, ..., g, are elements of G in any order. That is, I(A) is the (0,1) incidence
matrix of A of type 1. Now let

E = I(Xz) - ](Xi+4)7 1= 1727374a

then T, T,, T5 and T are T-matrices of order p.

Let >, a(g)g € Z[G] where a(g) € Z and g € G. If for any g € G, a(g) = a(—yg),
we call > a(g)g symmetric in the group ring Z[G].

It is clear that T-matrices 17, Tb, T3 and T} of order p satisfying weak amicability,
i Ty (T3 + T0)T + To(Ts — Ty)T is symmetric, and iff (X; — X5) (X579 — XY 4
Xéfl) - Xéfl)) +(X2 — Xo) (Xéfl) — Xfl) — Xifl) —i—Xéfl)) is symmetric in the group
ring Z[G].

The following theorem and corollary will simplify the verification of weak amica-
bility in some cases.

Theorem 8 Let G be an abelian group of order n and { Xy, ..., Xg} be a C-partition
of G. If both X1 — X5 + X5 — X4 and X35 — X7 + X4 — Xg are symmetric in the
group ring Z|G|, then there exist T-matrices of order n satisfying weak amicability iff
(Xy — XG)(Xi_l) — Xé_l)) is symmetric too in the group ring Z|G|.

Use the same assumptions in Theorem 8, we have the following corollary.

Corollary 2 If X, = Xg = 0, then there exist T-matrices of order n satisfying weak
amicability.



Appendix

Now we give decomposition of the sum of four squares and the new sets of T-matrices
which have weak amicability for p = 9, 25, 49. The values 1 < p < 21 are given in
Holtzmann and Kharaghani [5].

p=9=3+024+0>+0% Q={0,1,x+1}, Qs = {2} — {z + 2},
Qs ={2z} — {2v + 2}, Q4 = {22+ 1} — {=}.
p:25:52+02+02+02, le{O}—E()UEl, QQZEQ—E67 Q3:E3—E7,
Qu = E4— Es,
where F; = {¢®%*": j=0,1,2}, i =0,...,7},
and g = z + 1(mod x*> — 3, mod 5) is a generator of
GF(25).
p:49:72+02+02+02, Ql :{O}UE0UE1UE6UE12—E3UE7,
Q2= FE,UFE  UE;5s —EgUE;; UFE;;3,
Q3 = Ey — Ey, Q4 = E5 — By, where
E;={¢"%*: j=0,1,2},i=0,...,15, and
g =2z +2(mod x> + 1, mod 7) is a generator of GF(49).

Remark. Holzmann and Kharaghani [5] have given construction of weak amicable
T-matrices of order 9 in Zy and for 9 = 22 + 22 + 12 + 02, However our construction
is given in GF(9) and for 9 = 3%, These constructions are different in essence.

Conjecture ([5]) There exist infinite orders of T-matrices satisfying weak ami-
cability for all odd integer.
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