
New orthogonal designs andsequences with two and threevariables in order 28C. Koukouvinos�, and Jennifer SeberryyAbstractWe give new sets of sequences with entries from f0;�a;�b;�cgon the commuting variables a; b; c and zero autocorrelation function.Then we use these sequences to construct some new orthogonal de-signs.We show the necessary conditions for the existence of an OD(28; s1;s2; s3) plus the condition that (s1; s2; s3) 6= (1; 5; 20) are su�cientconditions for the existence of an OD(28; s1; s2; s3). We also showthe necessary conditions for the existence of an OD(28; s1; s2; s3)constructed using four circulant matrices are su�cient conditions forthe existence of 4�NPAF (s1; s2; s3) sequences of of length n for alllengths n � 7.We establish asymptotic existence results for OD(4N ; s1; s2) for2 � s1+s2 � 28. We show the necessary conditions for the existenceof an OD(28; s1; s2) with 25 � s1 + s2 � 28, constructed using fourcirculant matrices, plus the condition that (s1; s2) 6= (1; 26); (2; 25);(7; 19); (8; 19) or (13; 14), are su�cient conditions for the existenceof 4�NPAF (s1; s2) sequences of of length n for all lengths n � 7.Key words and phrases: Autocorrelation, construction, sequence, or-thogonal design.AMS Subject Classi�cation: Primary 05B15, 05B20, Secondary 62K05.1 IntroductionThroughought this paper we will use the de�nition and notation of Kouk-ouvinos, Mitrouli, Seberry and Karabelas [4].�Department of Mathematics, National Technical University of Athens, Zografou15773, Athens, Greece.ySchool of IT and Computer Science, University of Wollongong, Wollongong, NSW,2522, Australia. 1



Theorem 1 (Geramita and Seberry and Lemma 3 [1, 2]) Write(si; sj)p for the Hilbert norm residue symbol. The following conditions arenecessary for the existence of an OD(4n; s1; s2; � � � ; s`) in orders with n odd:i) for ` = 2; (�1; s1s2)p(s1; s2)p = 1 for all primes p;ii) for ` = 3; (s1; s2)p(s1; s3)p(s2; s3)p(�1; s1s2s3)p = 1 for all primes p;if s1 + s2 + s3 = n� 1 then s1s2s3 is a square and(s1; s2)p(s1; s3)p(s2; s3)p = 1 for all primes p;The Goethals-Seidel construction can only be used ifiii) there exists an integer matrix P, with all entries of modulus � n whichsatis�es PPT = diag(s1; s2; s3).In this paper there are no 2- or 3-tuples which satisfy (i) and (ii) whichdo not also satisfy (iii). However in others orders, such as 20, this doeshappen.2 New orthogonal designsTheorem 2 There exist orthogonal designs OD(4n; s1;s2; s3) where (s1; s2; s3) is one of the 3-tuples(1; 1; 17) (1; 3; 14) (1; 6; 11) (1; 8; 11) (1; 8; 16)(1; 9; 16) (2; 5; 7) (2; 7; 10) (2; 7; 13) (2; 8; 18)(3; 4; 14) (3; 6; 8) (3; 7; 11) (3; 8; 10) (3; 9; 14)(4; 4; 13) (4; 5; 14) (5; 5; 10) (7; 8; 13)for all n � 7, constructed using four circulant matrices in the Goethals-Seidel array.Proof. We use the 4 � NPAF sequences given in the Appendices A andB, as the �rst rows of the corresponding circulant matrices in the Goethals-Seidel array to obtain the required orthogonal designs. Since these se-quences have zero non-periodic autocorrelation function, the sequences are�rst padded with su�cient zeros added to the end to make their lengthn � 7. 2Theorem 3 There exist orthogonal designs OD(4n; s1; s2; s3), constructedusing four circulant matrices in the Goethals-Seidel array, where (s1; s2; s3)is one of the 3-tuples 2



(1; 1; 17) (1; 3; 14) (1; 6; 11) (1; 8; 11) (1; 8; 16)(1; 8; 17) (1; 9; 16) (2; 4; 22) (2; 5; 7) (2; 7; 10)(2; 7; 13) (2; 8; 18) (2; 9; 11) (2; 9; 17) (3; 4; 14)(3; 6; 8) (3; 6; 16) (3; 6; 17) (3; 7; 11) (3; 7; 15)(3; 8; 10) (3; 8; 15) (3; 9; 14) (3; 10; 15) (4; 4; 13)(4; 5; 14) (4; 10; 11) (5; 5; 10) (5; 5; 18) (5; 9; 14)(5; 10; 10) (6; 7; 8) (6; 9; 11) (7; 8; 10) (7; 8; 13)(8; 8; 9) (8; 9; 11) (9; 9; 10).Proof. We use the sequences given in Appendices B and C, which havezero periodic and non-periodic autocorrelation function, as the �rst rows ofthe corresponding circulant matrices in the Goethals-Seidel array to obtainthe required orthogonal designs.The designs for (3; 6; 16); (3; 8; 15); (4; 6; 11); (4; 9; 13); (8; 8; 9); and(8; 9; 9) are from [3]. 2Theorem 4 If OD(28; 1; 5; 20) and OD(20; 3; 7; 8) exist they cannot beconstructed using four circulant matrices in the Goethals-Seidel array.Proof. By an exhaustive search. 2Theorem 5 There are no orthogonal designs OD(4n; s1; s2; s3) where(s1;s2; s3) is one of the 3-tuples(1; 3; 22) (1; 5; 19) (2; 5; 15) (2; 6; 11) (2; 6; 17)(2; 11; 11) (2; 11; 13) (2; 11; 15) (3; 7; 10) (3; 11; 14)(4; 5; 19) (5; 6; 14) (5; 6; 15) (5; 7; 10) (5; 7; 14)(6; 8; 11) (7; 10; 11),constructed using four circulant matrices in the Goethals-Seidel array.Proof. There is no an integer sum-�ll matrix P as described in [4, Lemma3]. 2Theorem 6 There are no 4�NPAF (s1; s2; s3) and 4�NPAF (s1; s2; s3; s4)of length 5 for the following 3� and 4�tuples(1; 3; 14) (1; 4; 13) (1; 5; 20) (3; 7; 8) (1; 3; 6; 8) (1; 4; 4; 9)Proof. An exhaustive search showed the 3-tuples were not given 4�NPAFsequences.The the existence of 4�NPAF (1; 3; 6; 8) of length 5, after equating thelast two variables would prove the existence of 4�NPAF (1; 3; 14) of length3



5: hence the nonexistence of the 4 � NPAF (1; 3; 14) of length 5 gives thenonexistence of 4�NPAF (1; 3; 6; 8):Also, the existence of 4 � NPAF (1; 4; 4; 9) of length 5, after equatingthe last two variables would prove the existence of 4 � NPAF (1; 4; 13) oflength 5: the nonexistence of the 4�NPAF (1; 4; 13) of length 5 gives thenonexistence of 4�NPAF (1; 4; 4; 9): 2Theorem 7 The necessary conditions plus the condition that (s1; s2; s3) 6=(1; 5; 20) are su�cient conditions for the existence of an OD(28; s1; s2; s3).Proof. See Table 1.2.1 Two variable designsLemma 1 The necessary conditions for the existence of an OD(28; s1; s2)plus the condition that (s1; s2) 6= (1; 26); (2; 25); (7; 19); (8; 19); or (13; 14)are su�cient for the existence of 4�NPAF (s1; s2) sequences.Proof. The theoretical necessary conditions are used to prove the follow-ing 2�tuples (s1; s2) do not give orthogonal designs OD(28; s1; s2):(1; 7) (3; 5) (4; 7) (5; 12) (7; 9) (9; 15) (12; 13)(1; 15) (3; 13) (4; 15) (5; 19) (7; 16) (10; 17) (12; 15)(1; 23) (3; 20) (4; 23) (5; 22) (7; 17) (11; 13)(2; 14) (3; 21) (5; 11) (6; 10) (8; 14) (11; 16).The speci�c cases mentioned in the enunciation have been eliminatedby exhaustive search. 2Theorem 8 There are no 4�NPAF (s1; s2; s3) of length 7 for the following3�tuples(1; 1; 25) (1; 1; 26) (1; 2; 25) (1; 8; 17) (1; 8; 18) (1; 8; 19)(1; 9; 13) (1; 10; 14) (1; 13; 13) (1; 13; 14) (2; 4; 22) (2; 7; 19)(2; 9; 17) (2; 13; 13) (3; 6; 17) (3; 7; 15) (3; 10; 15) (4; 4; 18)(4; 9; 13) (4; 10; 11) (5; 5; 18) (5; 9; 9) (5; 9; 14) (6; 7; 8)(6; 9; 11) (7; 8; 10) (8; 9; 11) (9; 9; 9) (9; 9; 10):Proof. By exhaustive search there are no 4 � NPAF (s1; s2) for the fol-lowing 2�tuples(1; 26) (2; 25) (7; 19) (8; 19) (13; 14):Hence, there can be no 4� NPAF (s1; s2; s3) of length 7 for the following3�tuples 4



(1; 1; 25) (1; 1; 26) (1; 2; 25) (1; 8; 18) (1; 8; 19) (1; 13; 13)(1; 13; 14) (2; 7; 19):There are no 4�NPAF (s1; s2; s3) of length 7 for the following 3�tuples(1; 8; 17) (1; 9; 13) (1; 10; 14) (2; 4; 22) (2; 9; 17) (2; 13; 13)(3; 6; 17) (3; 7; 15) (3; 10; 15) (4; 4; 18) (4; 9; 13) (4; 10; 11)(5; 5; 18) (5; 9; 9) (5; 9; 14) (6; 7; 8) (6; 9; 11) (7; 8; 10)(8; 9; 11) (9; 9; 9) (9; 9; 10)by exhaustive search. 2Remark 1 The 236 3-tuples given in Table 1 are possible types of orthog-onal designs in order 28. There are no cases unresolved. We usen if they are made from 4-sequences with zero NPAF and length n;P if they are made from 4-sequences with zero PAF;F if they are made from the OD(28; 4; 4; 9; 9);X if they are not known because the integer sum-�ll matrix does notexist;Y if it does not exist by exhaustive search for length 7.
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(1;1;1) 1(1;1;2) 1(1;1;4) 2(1;1;5) 3(1;1;8) 3(1;1;9) 7(1;1;10) 3(1;1;13) 5(1;1;16) 7(1;1;17)� P(1;1;18) 6(1;1;20) 6(1;1;25) P(1;1;26) P(1;2;2) 2(1;2;3) 2(1;2;4) 2(1;2;6) 3(1;2;8) 3(1;2;9) 3(1;2;11) 5(1;2;12) 5(1;2;16) 7(1;2;17) 5(1;2;18) 6(1;2;19) 6(1;2;22) 7(1;2;25) P(1;3;6) 3(1;3;8) 3(1;3;14) 6(1;3;18) 6(1;3;22) X(1;3;24) 7(1;4;4) 5(1;4;5) 5(1;4;8) 5(1;4;9) 5(1;4;10) 5(1;4;13) 7(1;4;16) 7(1;4;17) 7(1;4;18) 7(1;4;20) 7(1;5;5) 3(1;5;6) 3(1;5;9) 5(1;5;14) 5

(1;5; 16) 7(1;5; 19) X(1;5; 20) Y(1;6; 8) 5(1;6; 11) 5(1;6; 12) 7(1;6; 14) 7(1;6; 18) 7(1;6; 21) 7(1;8; 8) 7(1;8; 9) 5(1;8; 11) 5(1;8; 12) 7(1;8; 16) 7(1;8; 17) P(1;8; 18) P(1;8; 19) P(1;9; 9) 7(1;9; 10) 5(1;9; 13)� P(1;9; 16) 7(1;9; 18) 7(1;10;10) 7(1;10;11) 7(1;10;14) P(1;13;13) P(1;13;14) P(2;2; 2) 2(2;2; 4) 2(2;2; 5) 3(2;2; 8) 3(2;2; 9) 5(2;2; 10) 5(2;2; 13) 5(2;2; 16) 7(2;2; 17) 7(2;2; 18) 6(2;2; 20) 7(2;3; 4) 3(2;3; 6) 3(2;3; 7) 3(2;3; 9) 5(2;3; 10) 7(2;3; 15) 7(2;3; 16) 7(2;4; 4) 3(2;4; 6) 3

(2;4;8) 5(2;4;9) 5(2;4;11) 5(2;4;12) 7(2;4;16) 7(2;4;17) 7(2;4;18) 7(2;4;19) 7(2;4;22) P(2;5;5) 3(2;5;7) 5(2;5;8) 5(2;5;13) 6(2;5;15) X(2;5;18) 7(2;6;7) 5(2;6;9) 5(2;6;11) X(2;6;12) 6(2;6;13) 7(2;6;16) 7(2;6;17) X(2;7;10) 7(2;7;12) 7(2;7;13) 7(2;7;19) P(2;8;8) 5(2;8;9) 5(2;8;10) 5(2;8;13) 7(2;8;16) 7(2;8;18) 7(2;9;9) 5(2;9;11) 6(2;9;12) 7(2;9;17) P(2;10;10) 6(2;10;12) 6(2;11;11) X(2;11;13) X(2;11;15) X(2;13;13) P(3;3;3) 3(3;3;6) 3(3;3;12) 7(3;3;15) 7(3;4;6) 5

(3;4;8) 5(3;4;14)� P(3;4;18) 7(3;6;6) 5(3;6;8) 5(3;6;9) 5(3;6;11) 5(3;6;12) 7(3;6;16)y 7(3;6;17) P(3;6;18) 7(3;6;19) 7(3;7;8) 6(3;7;10) X(3;7;11) 7(3;7;15) P(3;7;18) 7(3;8;9) 7(3;8;10)� P(3;8;15)y 7(3;9;14) 7(3;10;15) P(3;11;14) X(4;4;4) 3(4;4;5) 5(4;4;8) 7(4;4;9) 5(4;4;10) 5(4;4;13) 7(4;4;16) 7(4;4;17) 7(4;4;18) P(4;4;20) 7(4;5;5) 5(4;5;6) 5(4;5;9) 5(4;5;14)� P(4;5;16) 7(4;5;19) X(4;6;8) 5(4;6;11)y 7(4;6;12) 7(4;6;14) 7(4;6;18) 7(4;8;8) 7(4;8;9) 7(4;8;11) 7

(4;8;12) 7(4;8;16) 7(4;9;9) 6(4;9;10) 7(4;9;13)y 7(4;10;10) 7(4;10;11) P(4;10;14) 7(5;5;5) 7(5;5;8) 7(5;5;9) 5(5;5;10) 5(5;5;13) P(5;5;16) 7(5;5;18) P(5;6;9) 7(5;6;14) X(5;6;15) X(5;7;8) 7(5;7;10) X(5;7;14) X(5;8;8) 7(5;8;13) 7(5;9;9)� P(5;9;10)� P(5;9;14) P(5;10;10) 7(6;6;6) 7(6;6;12) 7(6;7;8) P(6;8;9) 7(6;8;11) X(6;8;12) P(6;9;11) P(7;7;7) 7(7;7;14) 7(7;8;10) P(7;8;13) 7(7;10;11) X(8;8;8) 7(8;8;9)y 7(8;8;10) 7(8;9;9)y 7(8;9;11) P(8;10;10) 7(9;9;9) P(9;9;10) PTable 1: Known 3-variable designs in order 28: for the 3-tuples marked by* the corresponding orthogonal design is known for n � 6 and orders� 24:y the corresponding orthogonal design is known for n � 7 from [3].6



3 Asymptotic ResultsTables 2, 3 and 4 indicate the smallest known length, `, such that 4 �NPAF (4n; s1; s2) sequences, with � = s1 + s2 � 28. exist for everylength � `.Theorem 9 The known asymptotic results for 4�NPAF (s1; s2) with � =s1 + s2� 28 are summarized in Tables 2; 3; 4.Proof. All the results quoted except those improved here, may be foundin Geramita and Seberry [2, p168] and [4, 5]. 2Theorem 10 Suppose (s1; s2) satis�es the necessary conditions to be thetype of orthogonal design. Then an OD(4N ; s1; s2) exists for(i) N � 2 for 2 � s1 + s2 � 8;(ii) N � 4 for 9 � s1 + s2 � 16;(iii) N � 5 for 17 � s1 + s2 � 20 except possibly for the 2-tuples (3; 16),(6; 13), (7; 11), (7; 12) which are the types of orthogonal designs fororders 4N; N � 6;(iv) N � 6 for 21 � s1 + s2 � 24;(v) N � 7 for 25 � s1 + s2 � 28.Proof. Every 2-tuple with 2 � s1 + s2 � 8 is the type of an OD(8; s1; s2)>from [2, p.368]. This combined with Table 2 gives the result.Every 2-tuple with 9 � s1 + s2 � 16 is the type of an OD(16; s1; s2)>from [2, p.389]. This combined with Table 3 gives the result. Geramita andSeberry give the existence of OD(24; s1; s2) for (s1; s2) = (3; 16), (6; 13),(7; 11) and (7; 12). Hence, using Table 2 these are the types of orthogonaldesigns in all orders 4N; N � 6. The remainder of the 2-tuples for which17 � s1 + s2 � 20 are given in Table 3.All 2-tuples 2 � s1+ s2 � 24 are the types of an OD(24; s1; s2) from [2,p.391]. This combined with Tables 3 and 4 gives the result for (iv).Table 3 gives the result for the �rst part of (v) for all 2-tuples except(1; 26), (2; 25), (7; 19) (8; 19) and (13; 14). Table 1 shows an OD(28; s1; s2)exists for each of these 2-tuples. [2, p.394 and p.395] shows each of these5 2-tuples is the type of an orthogonal design in orders 32 and 40. Now[5] gives OD(4m; s1; s2), for these (s1; s2) with m � 9 and so we have thatthese designs exist for all N � 7. 27



s1; s2 � ` s1; s2 � ` s1; s2 � ` s1; s2 � ` s1; s2 � `(1; 1) 2 1 (1; 2) 3 1 (1; 4) 5 2 (1; 6) 7 3 (1; 8) 9 3(1; 3) 4 1 (1; 5) 6 2 (1; 7) no (1; 9) 10 3(2; 2) 4 1 (2; 3) 5 2 (2; 5) 7 3 (2; 7) 9 3(2; 4) 6 2 (2; 6) 8 2 (2; 8) 10 3(3; 3) 6 2 (3; 4) 7 3 (3; 6) 9 3(3; 5) no (3; 7) 10 3(4; 4) 8 2 (4; 5) 9 3(4; 6) 10 3(5; 5) 10 3Table 2: The indicated 4�NPAF (s1; s2) sequences with 1 � s1 + s2 � 10 existfor every length N � `.s1; s2 � ` s1; s2 � ` s1; s2 � ` s1; s2 � ` s1; s2 � `(1;10) 11 3 (1;12) 13 4 (1;14) 15 5 (1;16) 17 5 (1;18) 19 5(1;11) 12 3 (1;13) 14 5 (2,14) no (1;17) 18 5 (1;19) 20 5(2;9) 11 5 (2;11) 13 5 (2;13) 15 5 (2;15) 17 5 (2;17) 19 5(2;10) 12 3 (2;12) 14 5 (2,14) no (2;16) 18 5 (2;18) 20 5(3;8) 11 3 (3;10) 13 5 (3;12) 15 5 (3;14) 17 5 (3;16) 19 7(3;9) 12 3 (3;11) 14 5 (3;13) no (3;15) 18 5 (3;17) 20 5(4,7) no (4;9) 13 5 (4;11) 15 5 (4;13) 17 5 (4,15) no(4;8) 12 3 (4;10) 14 5 (4;12) 16 5 (4;14) 18 5 (4;16) 20 5(5;6) 11 3 (5;8) 13 5 (5;10) 15 5 (5,12) no (5;14) 19 5(5;7) 12 3 (5;9) 14 5 (5,11) no (5;13) 18 5 (5;15) 20 5(6;6) 12 3 (6;7) 13 5 (6;9) 15 5 (6;11) 17 5 (6;13) 19 7(6;8) 14 5 (6,10) no (6;12) 18 5 (6;14) 20 5(7;7) 14 4 (7;8) 15 5 (7;10) 17 5 (7;12) 19 7(7,9) no (7;11) 18 7 (7;13) 20 5(8;8) 16 5 (8;9) 17 5 (8;11) 19 5(8;10) 18 5 (8;12) 20 5(9;9) 18 5 (9;10) 19 5(9;11) 20 5(10;10) 20 5Table 3: The indicated 4� NPAF (s1; s2) sequences with 11 � s1 + s2 � 20 existfor every length N � `.
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s1; s2 � ` s1; s2 � ` s1; s2 � ` s1; s2 � `(1;20) 21 6 (1;22) 23 7 (1;24) 25 7 (1;26) 27 9(1;21) 22 6 (1;23) no (1;25) 26 7 (1;27) 28 7(2;19) 21 6 (2;21) 23 7 (2;23) 25 7 (2;25) 27 9(2;20) 22 6 (2;22) 24 6 (2;24) 26 7 (2;26) 28 7(3;18) 21 6 (3;20) no (3;22) 25 7 (3;24) 27 7(3;19) 22 7 (3;21) no (3;23) 26 7 (3;25) 28 7(4;17) 21 7 (4;19) 23 7 (4;21) 25 7 (4;23) no(4;18) 22 6 (4;20) 24 6 (4;22) 26 7 (4;24) 28 7(5;16) 21 7 (5;18) 23 7 (5;20) 25 7 (5;22) no(5;17) 22 7 (5;19) no (5;21) 26 7 (5;23) 28 7(6;15) 21 7 (6;17) 23 7 (6;19) 25 7 (6;21) 27 7(6;16) 22 6 (6;18) 24 6 (6;20) 26 7 (6;22) 28 7(7;14) 21 7 (7;16) no (7;18) 25 7 (7;20) no(7;15) 22 7 (7;17) no (7;19) 26 9 (7;21) 28 7(8;13) 21 7 (8;15) 23 7 (8;17) 25 7 (8;19) 27 9(8;14) no (8;16) 24 6 (8;18) 26 7 (8;20) 28 7(9;12) 21 7 (9;14) 23 7 (9;16) 25 7 (9;18) 27 7(9;13) 22 6 (9;15) no (9;17) 26 7 (9;19) 28 7(10;11) 21 6 (10;13) 23 7 (10;15) 25 7 (10;17) no(10;12) 22 6 (10;14) 24 6 (10;16) 26 7 (10;18) 28 7(11;11) 22 6 (11;12) 23 7 (11;14) 25 7 (11;16) no(11;13 no (11;15) 26 7 (11;17) 28 7(12;12) 24 6 (12;13) no (12;15) no(12;14) 26 7 (12;16) 28 7(13;13) 26 7 (13;14) 27 9(13;15) 28 7(14;14) 28 7Table 4: The indicated 4� NPAF (s1; s2) sequences with 21 � s1 + s2 � 28exist for every length N � `.References[1] P.Eades and J.Seberry Wallis, An in�nite family of skew-weighing ma-trices, Combinatorial Mathematics IV, in Lecture Notes in Mathemat-ics, Vol. 560, Springer-Verlag, Berlin-Heidelberg-New York, pp. 27-40,1976.[2] A.V.Geramita, and J.Seberry, Orthogonal designs: Quadratic formsand Hadamard matrices, Marcel Dekker, New York-Basel, 1979.[3] C.Koukouvinos, Some new three and four variable orthogonal designsin order 36, (submitted).[4] C.Koukouvinos, M.Mitrouli, J.Seberry, and P.Karabelas, On su�cientconditions for some orthogonal designs and sequences with zero auto-correlation function, Australas. J. Comb, (to appear).9



[5] C.Koukouvinos and Jennifer Seberry, Necessary and su�cient condi-tions for some two variable orthogonal designs in order 36, CongressusNumerantium, (to appear).
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Appendix A: Order 20 (Sequences with zero nonperiodic autocorrelation function)Design A1 A2 A3 A4(1; 3; 14) do not exist with length 5(1; 4; 13) do not exist with length 5(1; 6; 11)(1; 8; 11)(2; 5; 7)(3; 6; 8)(7; 10) �c b a �b cc b a �b �cb a �b 0 cb �c b c a�b b b 0 a b c c 0 cc b b �c c�c 0 �c a c�b c 0 c aa 0 �b b b b c �c 0 �cb �c b c �cc 0 b 0 c0 �c a �c �ba b a b �a �c b c b �cc c c �b b�c 0 b 0 b�b �c b c 0a �b 0 �b aAppendix B: Order 28 (Sequences with zero periodic autocorrelation function)Design A1 A2 A3 A4(1; 8; 17)(2; 4; 22)(2; 9; 11)(2; 9; 17)(3; 6; 17)(3; 7; 11)(3; 7; 15)(3; 10; 15)(4; 9; 13)(4; 10; 11)(5; 5; 18)(5; 9; 14)(5; 10; 10)(6; 7; 8)(6; 9; 11)(7; 8; 10)(8; 9; 11)(9; 9; 10)
a �c �c c �c c c�c c c �c �c �b aa b 0 �c �b 0 0a �b c �b b c ba b �c c c 0 ca b 0 c �c c 0a �b b b c c 0a �b b b c b ca a �b �c c b 0a a �b b 0 �c ca b �c b c �c ca �b b �c c c c�a a a b c b c�c c c 0 c b aa �c c c c 0 c�a a a b b �c 0�c b �b a c �c aa a a �b b �c c
b b 0 �c c c c�c c �c c a b ca �b c c b �c 0a c �c c �c �c �ca �c b c �c 0 �ca b 0 c 0 �c 0a b �c �c c c �ca b �b �b c �c �cb b �c c b �c c�a a �c b c c �ba �c a c b �b �ba b �c a c �b �ca 0 a �b �c �c cc �c �c 0 �c b aa �b b c �c 0 �c�a b b c �c c 0b a a c a �a �b�b b c b b b �c
b b �c �c c �c 0c �c c c c �b cb b �c c b 0 0b b �c c b �c ca �b �b �c �c c cc c b �a b �c 0a c �b �c �b �c 0a �c �b �c �c c cc c c c �c b �bb b b c �c 0 �ca �c �a �c �c c �cb �b �b �b �c �b cb 0 �b �b c c �cb a 0 �a b 0 0a b �c a �b �b ba �b �c �c b �b bc �a b b b �c aa b �a �b c �c �c
�b b �b c b c c�c c c c c b �cc �c c c c b �b�b �c b c c c c�b b c �c c c cc b �b �b c c 0b �c c �c 0 �c �cb �c b �c c �c �ca �a �b �c �c b 0�b b c c 0 b c�c �c c c c c c�a c c a c �c c�b b b �c 0 �c b�b a �b a b 0 0�a b b a c b �ca �c a c c 0 c�c c c c b c �b�a a �a c a c c
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Appendix C: Order 28 (Sequences with zero nonperiodic autocorrelation function)Design A1 A2 A3 A4(1; 1; 17)(1; 3; 14)(1; 8; 16)(1; 9; 16)(2; 7; 10)(2; 7; 13)(2; 8; 18)(3; 4; 14)(3; 6; 16)(3; 7; 11)(3; 8; 10)(3; 8; 15)(3; 9; 14)(4; 4; 13)(4; 5; 14)(4; 6; 11)(5; 5; 13)(5; 10; 10)(7; 8; 13)(8; 8; 9)(8; 9; 9)(4; 22)(5; 23)(11; 14)(11; 15)(11; 17)
�c a c 0 0 0 0�c 0 �c a c 0 c�c �b c a �c b c�c �b c a �c b c�c 0 a 0 c b �ca b �c 0 �c 0 0b c c a �c �c bc c a �c c �c 0c b c a �c 0 �cc 0 a b 0 c �cb c c 0 a �c bb c c 0 a �c bc �b 0 b c c aa �c �c 0 c c aa 0 �b 0 b 0 ab 0 a 0 a 0 �bb c c a �c �c bb c c a c �c b�c b �a a a b �cb �c a c b 0 aa c c 0 c �c ab 0 a a �b �b bb �b �a a a b b�a a a �b �b b ba b �b a b b �a�a a a �b b b b
�c b c 0 0 0 0c 0 0 0 b �c cb b 0 c �c c �cc b �c b �c b cb a �b 0 �b c 0a �b c 0 c 0 0�b �c c a �c c �bc b 0 a 0 �b cc b �c 0 c a �cc 0 �c 0 a b 0�b �c c 0 a c �bb c �c 0 �a �c b�c b �c a �c �b cb �c c 0 �c c bc 0 �c b c 0 cc c c b �c c 0a �c c �b �c c a�b 0 �b a �c a b�a c b �c c b cb �c b c �a 0 �aa b �c 0 �c �b a�b 0 �a a b b b�b �b a �b a b bb b a 0 b �a aa b b 0 �a �b ab a �b �b �a a �b
c c c �c �c c �cc c �c 0 0 c bb �c �c 0 b c c�c 0 �c b �c �b �c�c 0 0 b �c 0 0c �c �b b b c cb c �c c c c �b�c c a �c �c �c 0c b �c b �c �a c�c �c �b a �b c 0b �c 0 a 0 �c �bb �c �c a c �c �b�c b 0 �b �c c aa c 0 0 0 c �aa �c b c b �c �ac �c c b �c �c 0a c 0 0 0 c �ac �c �c 0 �b b ba �c �b c c b cb �c �a �c �b �c aa b �b b b b �ab b �b b �b b bb b �b b �b b ba 0 a a �b b �ba b �b 0 a �b a�b b a a b a �b
c c c 0 c �c c�c �c 0 0 �c 0 b�c �b b �c 0 �c �cc 0 c b �c �b �c�c b c 0 c b cc c b �c b c �cb c c c �c c �bc b 0 0 0 b �cc 0 c �b c b c�c 0 �c �b b b �cb c 0 0 0 c �bb c c c �c c �b�c b c b c b �cb c 0 c 0 c �bc c c c �c c �cb 0 �a �c a 0 bb c 0 c 0 c �bb 0 �c �a b a �c�c b a c a �b cb �c �b 0 a c �aa c b �c �b c �a�b b b b �b b b�b b b b �b b b�b b a b b 0 �aa b b b �b b �aa b �b b �a b b
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