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Abstract

Algebraic techniques are employed to obtain necessary conditions for the existence of

certain circulant weighing matrices� As an application we rule out the existence of many

circulant weighing matrices�

We study orders n 	 s
� 
 s 
 �� for �� � s � ��� These orders correspond to the

number of points in a projective plane of order s�

� Introduction

A weighing matrix W �n� k� � W of order n with weight k is a square matrix of order n
with entries from f�� � �� � �g such that

WW t � k � In

where In is the n� n identity matrix and W t is the transpose of W �

A circulant weighing matrix	 written as W � WC�n� k�	 is a weighing matrix in which
each row �except the 
rst row� is obtained by its preceding row by a right cyclic shift� We
label the columns of W by a cyclic group G of order n	 say generated by g�

De
ne
A � f gi j W ��� i� � � � i � �� �� � � � � n� �g

and B � f gi j W ��� i� � � � � i � �� �� � � � � n� �g
���

It is easy to see that j A j � j B j� k�

It is well known that k must be a perfect square	 �see ���
	 for instance�	 write k � s�

for some integer s�
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For more on weighing designs	 weighing matrices and related topics refer to ��
�

It is known ��	 ��	 ��
 that�

Theorem � A WC�n� k� can only exist if �i� k � s�� �ii� j A j � s� � s
� and

j B j � s� � s
� � �iii� �n� k�� � �n� k� � n� � and iv� if �n� k�� � �n� k� � n� � then

A � J � W �W is the incidence matrix of a �nite projective plane� �here J is the n � n

matrix of all ��s and � denotes the Kronecker product��

For a multiplicatively written group G	 we let ZG denote the group ring of G over Z�
We will consider only abelian �in fact	 only cyclic� groups� A character of the group G	
is therefore	 a homomorphism from G to the multiplicative group of complex numbers� �o
denotes the principal character of G which sends each element of G to �� Extending this to
the entire group ring ZG yields a map from ZG to the 
eld C of complex numbers� For
S � G	 we let S denote the element

P
x�S x of ZG� For A �

P
g agg and t � ZG	 we de
ne

A�t� �
P

g agg
t�

It is easy to see �see ��
 or ���
	 for details��

Theorem � A WC � W �n� s�� exists if and only if there exist disjoint subsets A and B
of Zn satisfying

�A � B��A � B����� � s�� ���

We exploit ���	 in conjunction with a few known results on multipliers in group rings	 to
obtain necessary conditions on the order n and weight k of a possible circulant W �n� k��

� Known Results

Theorem � �Arasu and Seberry ���	 Suppose that a WC�n� k� exists� Let p be a prime
such that p�t j k for some positive integer t� Assume that

�i� m is a divisor of n� Write m � m�pu� where �p�m�� � ��

�ii� there exists an f � Z such that pf 	 �� �mod m���

Then

�i� �n
m
� pt if p jm�

�ii� n
m
� pt if p�jm�

Lemma � Let q be a prime and x an integer� If there exists an integer f such that

xf 	 �� �mod qi�

for some positive integer i� then there exist an integer f � such that

xf
�

	 �� �mod qi����

�



Proof
 By hypothesis	 xf � �� � �qi for some integer �� Consider

xfq � ��� � �qi�q

� �� � �qqiq �
Pq��

j���
q

j
�����j��qi�q�j �

Since q is a prime	 each of the �q� �� binomial coe�cients �
q

j
� in the right hand sum is

divisible by q and hence

q��X

j��

����j�
q
j
���qi�q�j 	 � �mod qi����

Also qqi 	 � �mod qi��� since iq � i � �� Thus xfq 	 �� �mod qi���	 proving the
lemma� �

Lemma � If m� is a prime power� say m� � �p��r for some prime p�� hypothesis �ii� in
Theorem 	 is satis�ed whenever the Legendre symbol � p

p�
� � ��� �

Proof
 In view of Lemma �	 it su�ces to prove the result for r � �� �An easy induction is
applied afterwards�� We 
rst claim that p has even order	 say ��	 modulo p�� For otherwise	
p���� 	 � �mod p�� for some integer �	 hence �p����� 	 p �mod p�� showing that p is a
quadratic residue modulo p�� this contradicts the hypothesis � p

p�
� � ��� Thus the order of p

modulo p� is �� for some positive integer �� Thus p� j �p������ So p� j �p���� or p� j �p�����
But p� cannot divide p�� �	 since the order of p modulo p� is ��� Thus p� j �p�� ��	 proving
the result for r � �� �

Theorem � ��Seberry	 Wallis and Whiteman ����	 If q is a prime power� then there
exists WC�q� � q � �� q���

Theorem � �Eades ���	 If q is a prime power� q odd and i even� then there existsWC� q
i��

��
q�� � qi��

Theorem � �Arasu
 Dillon
 Jungnickel and Pott ���	 If q � �t and i even� then there

exists WC� q
i��

��
q�� � qi��

Theorem � �Eades and Hain ���	 A WC�n� ��exists
 � j n or � j n�

Theorem � 
Arasu and Seberry 
��� If there exist WC�n�� k� and WC�n�� k� with
gcd�n�� n�� � � then there exist

�i� a WC�mn�� k� for all positive integers m�

�ii� two inequivalent WC�n�n�� k��

�iii� a WC�n�n�� k
���

�



Theorem � �Strassler ����	 A WC�n� �� exists 
 �� j n or �� j n�

Theorem �� �Arasu and Seberry ���	 For a given integer k and prime p a WC�p� k��
exists for only a �nite number of p�

Remark � It is shown in ��
 that a WC�p� �� exists for a prime p if and only if p � ���

Theorem �� is given by Seberry ���
 but we give a proof here for completeness� In Theorem
�� we use the following notation� If G � H � N is a group and A � H and B � N 	 then
�A�B� � f�a� b� � G� a � A and b � Bg� Similarly	 if S and T are group ring elements of
ZH and ZN	 the element �S� T � is the product of S� and T � in ZG	 where S� and T � are the
images of S and T under the canonical embedding of ZH and ZN into ZG�

Theorem �� �Circulant Kronecker Product Theorem	 If there exist WC�n�� k
�
�� and

WC�n�� k
�
�� with gcd�n�� n�� � � then there exist WC�n�n�� k

�
�k

�
���

Proof
 Since there exist WC�ni� k
�
i � for i � �� �	 by Theorem �	 there exist subsets Ai	 Bi of

Zni
	 Ai�Bi � 	 	 jAij �

�
��k

�
i �ki� and jBij �

�
��k

�
i�ki�	 satisfying �Ai�Bi��Ai�Bi�

���� � k�i
in Zni

	 for i � �� ��

De
ne X � A�A��B�B� and Y � A�B� �A�B�� Then X� Y � ZG and the coe�cients
of X and Y are � and ��

Consider

�X � Y ��X � Y ����� � �A� � B���A� � B�������A� �B���A� �B������

� k��k
�
��

An easy computation shows that jX j � �
��k

�
�k

�
� � k�k�� and jY j �

�
��k

�
�k

�
� � k�k��� This

X � Y de
nes the 
rst row of WC�n�n�� k
�
�k

�
��� �

Corollary � There exist


WC���� ���� WC����� ���� WC����� ����� WC����� ���� WC����� ���� WC����� ����
WC����� ����� WC����� ���� WC����� ����� WC����� ���� WC����� ����� WC����� ���� and
WC����� �����

Proof


WC��� �� and WC���� �� � WC���� ���
� WC����� ���

WC��� �� and WC���� ��� � WC����� ���
� WC����� ���

WC���� ��� � WC����� ���
WC���� ��� � WC����� ���
WC���� �� and WC���� ��� � WC����� ����
WC��� �� and WC���� ��� � WC����� ����

� WC����� ����
WC����� ��� � WC����� ���
WC��� �� and WC���� ��� � WC����� ����
WC���� ��� and WC���� ��� � WC����� ����
WC���� ��� and WC���� ��� � WC����� ����

�



�

Remark � AWC���� �� exists and hence aW ����� ��� � WC���� ���WC���� ���I� exists�
However the existence of the WC����� ��� remains open�

Applications

�I� WC�n� ��� exist for n ����	 ���	 ���	 ��� and ���� WC�n� ��� do not exist for n ����	
���	 ���	 ���	 ���	 ���	 ���	 ���	 ���	 ��� or ����

�II� WC�n� ��� do not exist for n � ���	 ���	 ���	 ���	 ���	 ���	 ���	 ���	 ���	 ���	 ���	
���	 ��� or ����

�III� AWC����� ���� does not exist as its existence would imply the existence of a projective
plane of order �� which does not exist�

� Further Results using Multipliers

Notation � For each positive integer n	 M�n� is de
ned as follows� M��� � �� M��� � � � ��
M��� � � � � � �� � ��� M��� � � � � � � � ��� and recursively	 M�z� for z � � is the product of

the distinct prime factors of the numbers z	 M� z�

p�e
�	 p � �	 p� � �	 � � � pu�z� � �	 where p is

any prime dividing m with pe jjm and u�z� � �
��z

� � z��

Theorem �� �Multiplier Theorem
 Arasu and Xiang ���	 Let R be an arbitrary group
ring element in ZG that satis�es RR���� � a for some integer a� a 
� �� where G is an abelian
group of order v and exponent v�� Let t be a positive integer relatively prime to v� k� j a�
k� � pe�� p

e�
� � � �p

es
s � a� � �v� k��� k� �

k�
a�
�

For each pi� we de�ne

qi � f

pi if pi�j v
�

�i if v� � priu� �pi� u� � �� r � �� �i is any integer such that

��i� pi� � � and �i 	 p
f
i �mod u��

Suppose that for each i� there exists an integer fi such that either

��� q
fi
i 	 t �mod v�� or

��� qfii 	 �� �mod v���

If �v�M� a
k�
� � �� where M�m� is as de�ned earlier� then t is a multiplier of R�

The following corollary is proved in Arasu	 Dillon	 Jungnickel and Pott ��


�



Corollary � �Multiplier Theorem	 Let R be an arbitary group ring element in ZG that
satis�es RR���� � pn where p is a prime with �p� jGj� � � and where G is an abelian group
then R�p� � Rg for some g � G�

Remark � Let R �
P

g agg � ZG� By a result in Arasu and Ray�Chaudhuri ��
 if �
P

g ag�

jGj� � �	 we can replace R by a suitable translate of it	 if necessary	 in Theorem �� and
Corollary � and conclude R�t� � R	 i�e� the multiplier t actually 
xes R�

Let t be a multiplier ofR � A�B� Then by the above remark we obtain �A�B��t� � A�B

or A�t� �B�t� � A�B� But A and B have coe�cients � or �	 hence it follows that A�t� � A
and B�t� � B� Thus A and B are unions of some of the orbits of G under the action x �� tx�

Theorem �� A WC��� �� exist and hence a W ���� ��� exists� However no WC���� ���
exists�

Remark � The non�existence of a WC���� ��� follows from Corollary � using the multiplier
��

Most of the above results su�ce to settle the cases in the tables except for the casesWC����� ����
and WC����� ��� which require ad hoc methods which we now prove�

Proposition � There does not exist any WC����� �����

Proof
 Assume the contrary� Write G � Z��� � Z� � Z��� Then there exists D � ZG	
whose coe�cients are ����	 such that

DD���� � ���� ���

Let 
 � Z� � Z�� � Z�� be the canonical homomorphism� Extend 
 linearly from

Z�Z� � Z��
� Z�Z��
�

Apply 
 to ���	 setting E � D�	 to obtain

EE���� � ��� ���

in Z�Z��
� Note that the coe�cients of E lie in ���� �
� Since ��� 	 � �mod ���� by Theorem
��	 � is a multiplier of E� We may	 without lost of generality	 assume that E�	� � E� The
orbits of Z�� under x � �x are of sizes ����� Hence from ��� �after applying the principal
character 
rst to E and then to both sides of ����	 we can 
nd three integers a� b� c such
that

a� �b� �c � �� ���

a� � �b� � �c� � ���� ���

�



These integers a� b� c are merely the coe�cients of E� By ��� a 	 � �mod ��� But
a � ���� �
� Therefore a � �� But then ��� gives

b� � c� � ���

a contradiction	 which proves the Proposition� �

Proposition � There does not exist any WC����� ����

Proof
 Assume the contrary that there exists a WC����� ���� Write G � Z��� � Z��Z���
By Theorem �	 there exist A and B � Z���	 A �B � 		 jAj � �� and jBj � �� such that

�A � B��A � B����� � ��� ���

By theorem ��	 � is a multiplier of A � B� hence A�	� � A and B�	� � B� The orbits of Z�
under x � �x are f�g and f�� �� �� �� �� �g� The orbits of Z�� under x� �x are f�g	 C
 and
C� where C
 is the set of all non�zero quadratic residues of Z�� and C� � Z�� � �C
 � f�g��

Then	 without loss of generality	 we can assume that

A � f�� �� �� �� �� �g� f�g � f�g � C
� and B � f��� ��g � f�g � C��

Let � be any nonprincipal character of G such that � j Z�� � �
� Then ��A� � ���� � �
and ��B� � �� � � ��� Therefore ��A�B� � �� �� � ��� But by ���	 j��A�B�j� � ��	 a
contradiction� Thus there cannot exist WC����� ���� �

� The Projective Plane Orders

In this section we consider WC�m� �m� �� k�� for k � f�� � � � � mg�

Case n � ��� � ��� �

k Theorem p t m n pf 	 �� �mod m��

�� Does not exist as there is no projective plane of order ��
� Theorem � � � ��� ��� �� 	 �� �mod ���
� Theorem � � � �� ��� ��� 	 �� �mod ���
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� Theorem � � � ��� ��� �� 	 �� �mod ���
� Theorem � � � �� ��� ��� 	 �� �mod ���
� Theorem � � � �� ��� ��� 	 �� �mod ���
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� does not exist for any k�

�



Case n � ��� � ��� �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists
�� Proposition �
� Theorem � � � �� ��� �� 	 �� �mod ���
� Theorem � � � �� ��� �� 	 �� �mod ���
� Open
� Theorem � � � ��� ��� �� 	 �� �mod ����
� Proposition �
� � is a multiplier� orbit sizes ������
	 jAj � ��	 jBj � �� impossible
� Theorem � Does not exist
� Theorem � Exists�

WC���� � �� � �� k�� exists only for k � �	�� and possibly for ��

Case n � ��� � �� � �

k Theorem p t m n pf 	 �� �mod m��

�� �f 	 � �mod n��� is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
�� �� is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
�� Theorem � � � ��� ��� ��� 	 �� �mod ����
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� � is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� does not exist for any k�

Case n � ��� � ��� �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists
�� Theorem � � � �� ��� �f 	 �� �mod ���
�� Theorem � �� � �� ��� ��f 	 �� �mod ���
�� Theorem � � � �� ��� ��	 	 �� �mod ���
� Theorem � � � ��� ��� �	 	 �� �mod ���
� Theorem � � � �� ��� �f 	 �� �mod ���
� Theorem � � � �� ��� �f 	 �� �mod ���
� Theorem � � � ��� ��� �	 	 �� �mod ���
� Theorem � � � �� ��� ��	 	 �� �mod ���
� Theorem � � � �� ��� �f 	 �� �mod ���
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� exists only for k � ���

�



Case n � ��� � �� � �

k Theorem p t m n pf 	 �� �mod m��

�� Does not exist as �� 
� sum of two squares
�� �� is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
�� Theorem � � � ��� ��� �f 	 �� �mod ����
�� �� is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
�� Theorem � � � ��� ��� �f 	 �� �mod ����
� Theorem � � � ��� ��� �f 	 �� �mod ����
� Theorem � � � ��� ��� �f 	 �� �mod ����
� Theorem � � � ��� ��� �f 	 �� �mod ����
� Theorem � � � ��� ��� �f 	 �� �mod ����
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� Theorem � � � ��� ��� �f 	 �� �mod ����
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� does not exist for any k�

Case n � ��� � ��� �

k Theorem p t m n pf 	 �� �mod m��

�� ��� 	 � �mod ����	 so � is a multiplier� orbit sizes �����	
jAj � ���	 jBj � ���� impossible

�� Theorem � � � ��� ��� �f 	 �� �mod ����
�� Theorem � �� � ��� ��� ��f 	 �� �mod ����
�� Theorem � � � ��� ��� ��� 	 �� �mod ����
�� Theorem � �� � ��� ��� ��f 	 �� �mod ����
�� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Theorem � � � ��� ��� ��
 	 �� �mod ����
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Theorem � � � ��� ��� �f 	 �� �mod ����
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Theorem � � � ��� ��� ��
 	 �� �mod ����
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� does not exist for any k�

�



Case n � ��� � �� � �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists�
�� Open
�� Theorem � � � �� ��� �� 	 �� �mod ���
�� Theorem � �� � �� ��� ��� 	 �� �mod ��
�� Corollary � Exists
�� Open
�� Open
� Corollary � Exists
� Open
� Theorem � � � �� ��� �� 	 �� �mod ���
� Corollary � Exists
� Open
� Corollary � Exists
� Theorem � Exists
� Theorem � Exists�

WC����� ��� �� k�� exists for k � �	 �	 �	 �	 �	 ��	 �� and possibly for k � �	 �	 ��	 ��	 ���

Case n � ��� � ��� �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists
�� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
�� Theorem � and Lemma � � � ��� ��� � 	

�

� � ��
�� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
�� Theorem � and Lemma � �� � ��� ��� � ��

�

� � ��
�� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
�� �� is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
�� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
� � is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
� Theorem � and Lemma � � � ��� ��� � 	

�

� � ��
� Theorem � and Lemma � � � ��� ��� � �

�

� � ��
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� exists only for k � ���

��



Case n � ��� � �� � �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
�� Theorem � and Lemma � �� � ��� ��� �� 	 � �mod ��� �f 	 �� �mod ���
�� � is a multiplier� orbit sizes �����������	 jAj � ���	 jBj � ���� impossible
�� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
�� Theorem � � � ��� ��� � 	 �� �mod ��
�� Theorem � and Lemma � �� � ��� ��� �� 	 �� �mod ��� ��f 	 �� �mod ���
�� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
�� �� is a multiplier� orbit sizes �����������	 jAj � ��	 jBj � ��� impossible
�� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
� � is a multiplier� orbit sizes �����������	 jAj � ��	 jBj � ��� impossible
� Theorem � � � ��� ��� � 	 �� �mod ��
� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
� Theorem � and Lemma � � � ��� ��� �� 	 �� �mod ��� �f 	 �� �mod ���
� � is a multiplier� orbit sizes �����������	 jAj � ��	 jBj � �� impossible
� Theorem � Does not exist
� Theorem � Exists�

WC���� � ��� �� k�� exists only for k � ��

Case n � ��� � �� � �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists
�� Theorem � � � ��� ��� ��� 	 �� �mod ����
�� �� is a multiplier� orbit sizes �����������	 jAj � ���	 jBj � ���� impossible
�� � is a multiplier� orbit sizes �����������	 jAj � ���	 jBj � ���� impossible
�� Theorem � � � ��� ��� ��� 	 �� �mod ����
�� Theorem � and Lemma � � � ��� ��� � 


��
� � ��
�� �� is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
�� Theorem � � � ��� ��� ��� 	 �� �mod ����
�� �� is a multiplier� orbit sizes �����������	 jAj � ��	 jBj � ��� impossible
�� Theorem � and Lemma � � � ��� ��� � 	

��
� � ��
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Corollary � Exists
� Theorem � and Lemma � � � ��� ��� � 


��
� � ��
� Theorem � � � ��� ��� ��� 	 �� �mod ����
� Theorem � and Lemma � � � ��� ��� � 	

��
� � ��
� � is a multiplier� orbit sizes �����������	 jAj � ��	 jBj � �� impossible
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� exists only for k � � and ���
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k Theorem p t m n pf 	 �� �mod m��

�� Theorem � and Lemma � � � ��� ��� � �
���� � ��

�� Theorem � and Lemma � �� � ��� ��� � ��
���� � ��

�� Theorem � and Lemma � � � ��� ��� � �
���� � ��

�� Theorem � �� � ��� ��� ���
	 	 �� �mod ����
�� Theorem � and Lemma � � � ��� ��� � �

���� � ��
�� Theorem � � � ��� ��� ��
	 	 �� �mod ����
�� Theorem � and Lemma � � � ��� ��� � �

���� � ��
�� Theorem � and Lemma � �� � ��� ��� � ��

���� � ��
�� Theorem � and Lemma � � � ��� ��� � �

���� � ��
�� �� is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
�� Theorem � and Lemma � � � ��� ��� � �

���� � ��
� � is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � �

���� � ��
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � �

���� � ��
� Theorem � and Lemma � � � ��� ��� ��
	 	 �� �mod ����
� Theorem � and Lemma � � � ��� ��� � �

���� � ��
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� does not exist for any k�
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�� Theorem � and Lemma � � � ��� ��� � is a primitive root mod ���	 so � �
���� � ��

�� Theorem � and Lemma � � � ��� ��� � 	
���� � ��

�� Theorem � and Lemma � �� � ��� ��� � ��
���� � ��

�� Theorem � and Lemma � � � ��� ��� � is a primitive root mod ���	 so � �
���� � ��
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�� Theorem � and Lemma � � � ��� ��� � is a primitive root mod ���	 so � �

���� � ��
�� Theorem � and Lemma � � � ��� ��� � 


���� � ��
�� Theorem � and Lemma � �� � ��� ��� � ��

���� � ��
�� Theorem � and Lemma � � � ��� ��� � is a primitive root mod ���	 so � �

���� � ��
�� Theorem � and Lemma � �� � ��� ��� � ��

���� � ��
�� Theorem � and Lemma � � � ��� ��� � 	

���� � ��
� Theorem � and Lemma � � � ��� ��� � is a primitive root mod ���	 so � �

���� � ��
� � is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � 
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�� Theorem � and Lemma � � � ��� ��� � �

��� � ��
�� Theorem � and Lemma � � � ��� ��� � 	

��� � ��
�� Theorem � and Lemma � � � ��� ��� � 
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��� � ��
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�� Theorem � and Lemma � � � ��� ��� � 	

��� � ��
� Open
� Theorem � and Lemma � � � ��� ��� � �

��� � ��
� Theorem � and Lemma � � � ��� ��� � 


��� � ��
� Open
� Theorem � and Lemma � � � ��� ��� � 	

��� � ��
� Theorem � and Lemma � � � ��� ��� � �

��� � ��
� Theorem � Exists
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k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists
�� ��
 	 � �mod ����� � is a multiplier� orbit sizes ��������	 jAj � ���	

jBj � ���� impossible
�� Theorem � and Lemma � � � ��� ��� � 



�� � ��
�� �f 	 � �mod ����� � is a multiplier� orbit sizes �
����	 jAj � ���	

jBj � ���� impossible
�� �� is a multiplier� orbit sizes ����������	 jAj � ���	 jBj � ���� impossible
�� �f 	 � �mod ����� � is a multiplier� orbit sizes �
����	 jAj � ���	

jBj � ���� impossible
�� �� is a multiplier� orbit sizes ����������	 jAj � ���	 jBj � ���� impossible
�� � is a multiplier� orbit sizes ��������	 jAj � ���	 jBj � ���� impossible
�� �f 	 �� �mod ����� �� is a multiplier� orbit sizes ��������	 jAj � ���	

jBj � ���� impossible
�� Theorem � and Lemma � � � ��� ��� � 



�� � ��
�� �� is a multiplier� orbit sizes ����������	 jAj � ��	 jBj � ��� impossible
�� Open
�� �� is a multiplier� orbit sizes ��������	 jAj � ��	 jBj � ��� impossible
�� �f 	 � �mod ����� � is a multiplier� orbit sizes �
����	 jAj � ��	

jBj � ��� impossible
� � is a multiplier� orbit sizes ������
	 jAj � ��	 jBj � ��� impossible
� � is a multiplier� orbit sizes ��������	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � 



�� � ��
� �f 	 � �mod ����� � is a multiplier� orbit sizes �
����	 jAj � ��	

jBj � ��� impossible
� � is a multiplier� orbit sizes ����������	 jAj � ��	 jBj � ��� impossible
� � is a multiplier� orbit sizes ��������	 jAj � ��	 jBj � �� impossible
� Theorem � Does not exist
� Theorem � Exists�

WC����� ��� �� k�� exists only for k � �	 �� and possibly k � ���
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�� Open
�� Theorem � �� � ��� ��� ���	
 	 �� �mod ����
�� Theorem � and Lemma � �� � ��� ��� � ��

�
�� � ��
�� Theorem � and Lemma � � � ��� ��� � 


�
�� � ��
�� Theorem � � � ��� ��� �� 	 �� �mod ����
�� Theorem � and Lemma � � � ��� ��� � ��

�
�� � ��
�� ��� 	 �� �mod ����� �� is a multiplier� orbit sizes ������	 jAj � ���	

jBj � ���� impossible
�� Theorem � and Lemma � �� � ��� ��� � �


�
�� � ��
�� � is a multiplier� orbit sizes ������	 jAj � ���	 jBj � ���� impossible
�� Theorem � � � ��� ��� �� 	 �� �mod ����
�� Theorem � and Lemma � � � ��� ��� � 


�
�� � ��
�� Theorem � and Lemma � �� � ��� ��� ���
 	 �� �mod ����
�� ��� 	 �� �mod ����� �� is a multiplier� orbit sizes ������	 jAj � ��	

jBj � ��� impossible
�� Theorem � and Lemma � �� � ��� ��� � ��

�
�� � ��
�� Theorem � � � ��� ��� �� 	 �� �mod ����
� � is a multiplier� orbit sizes �����	 jAj � ��	 jBj � ��� impossible
� � is a multiplier� orbit sizes ������	 jAj � ��	 jBj � ��� impossible
� Theorem � and Lemma � � � ��� ��� � 


�
�� � ��
� ��� 	 �� �mod ����� �� is a multiplier� orbit sizes ������	 jAj � ��	

jBj � ��� impossible
� Theorem � � � ��� ��� �� 	 �� �mod ����
� � is a multiplier� orbit sizes ������	 jAj � ��	 jBj � �� impossible
� Theorem � Does not exist
� Theorem � Does not exist�

WC���� � �� � �� k�� exists only possibly for k � ���

��



Case n � ��� � ��� �

k Theorem p t m n pf 	 �� �mod m��

�� Theorem � Exists
�� Theorem � � � ��� ��� ��	 	 �� �mod ����
�� Theorem � �� � �� ��� ��	 	 �� �mod ���
�� Theorem � �� � �� ��� ���	 	 �� �mod ���
�� Theorem � � � ��� ��� ��	 	 �� �mod ����
�� Corollary � Exists
�� �� is a multiplier� orbit sizes �����������	 jAj � ���	

jBj � ���� impossible
�� Theorem � � � ��� ��� ��	 	 �� �mod ����
�� Theorem � �� � ��� ��� ���	 	 �� �mod ����
�� Corollary � Exists
�� Theorem � � � ��� ��� ��	 	 �� �mod ����
�� Open
�� Theorem � �� � ��� ��� ���	 	 �� �mod ����
�� Theorem � � � ��� ��� ��	 	 �� �mod ����
�� Theorem � �� � �� ��� ���	 	 �� �mod ���
�� Corollary � Exists
� Theorem � � � ��� ��� ��	 	 �� �mod ����
� Corollary � Exists
� Open
� Theorem � � � ��� ��� ��	 	 �� �mod ����
� Corollary � Exists
� Corollary � Exists
� Theorem � Does not exist
� Theorem � Exists�

WC���� � �� � �� k�� exists for k � �	 �	 �	 �	 ��	 ��	 ��	 �� and possibly for k � �	 ���
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