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Abstract

We give new sets of sequences with entries from {0, +a, +b, ¢, +d} on the commut-
ing variables a, b, ¢, d with zero autocorrelation function. We show that the necessary
conditions are sufficient for the existence two variable orthogonal designs constructed
from circulant matrices in order 36.

Further we show that the necessary conditions for the existence of an OD(36; 5], 52)
are sufficient except possibly for the following five cases:

(3,29) (11,20) (11,21)  (13,19)  (15,17).
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1 Introduction

Throughout this paper we will use the definition and notation of Koukouvinos, Mitrouli,
Seberry and Karabelas [2].

We note the following lemma which has not previously been published but which is
useful in determining the size of programs to search for orthogonal designs. The result is
obtained by simple counting.

Lemma 1 Let n be the order of an orthogonal design then the number of cases which must

be studied to determine whether all two variable orthogonal designs exist is 1n?.

2 New orthogonal designs

Theorem 1 There are OD(36;s,,52,53,84) constructed using four circulant matrices in
the Goethals-Seidel array for the following (new) 4—tuples

(1,1,1,25) (1,1,2,32) (1, 1,425 (1,1,5 200 (1,1,9,25)
(1,1, 16, 16) (1, 1,17,17) (1,2, 2, 25) (1,2, 3,24) (1,2, 6, 27)
(1,3,8, 24) (2,2,4,25 (2,2 8 18) (2,2, 16, 16) (2, 4, 4, 18)
(2, 4, 8, 16) (2, 8, 10, 10) (4, 4, 8, 18) (5, 5, 10, 10) (8, 8, 8, 8)

(9, 9,9,9)
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Theorem 2 An OD(36;s1, ;) cannot ezist for the following 2—tuples (s1,s2);

(1,7 (1,15)  (1,23)  (1,28) (1,31) (2,14) (2,30)
(3,5)  (3,13) (3,20) (3,21) (47) (415) (4,23)
(4,28) (4,31) (511) (5,12) (5,19) (5,27) (6,10)
(6,26) (7,9) (7,16) (7,17) (7,25) (7,28) (8,14)
(9,15)  (9,23) (10,17) (10,22) (10,24) (11,13) (11,16)
(12,13) (12,15) (12,20) (12,21) (12,23) (14,18) (15,16)
(15,20) (16,19)

An OD(4N,15,20) may ezist in orders 4N, N > 9.

Proof. These cases are eliminated by the number theoretic necessary conditions given in
[1] or [2, Lemma 3].

Theorem 3 There are no orthogonal designs OD(4n;s,,s2) where (s1,32) is one of the
2-tuples

(3,29)  (11,20)  (11,21)  (13,19)  (15,17)

constructed using four circulant matrices in the Goethals-Seidel array.
Proof. There is no an integer sum-fill matrix P as described in {2, Lemma 3]. a

Theorem 4 There are 4 — NPAF(sy,s;) of length 9 for the following 2-tuples where 29 <
s1 4+ 52 < 36:
(1,26) (1,32) (1,33) (2,23) (2,28) (2,31) (2,32)
(2,34)  (3,26) (3,28) (3,30) (4,25) (4,26) (4,27)
(4,29)  (4,30) (4,32) (5,24) (5,25) (5,26) (5,28)
(5,29) (5,31) (6,23) (6,24) (7,22) (7,23) (7,24)
(7,26) (8,19) (8,21) (8,22) (8,23) (8,24) (8,25)
(8,26) (9,20) (9,21) (9,22) (9,24) (9,27) (10,20)
(10,21) (10,23) (10,25) (11,18) (11,19) (11,22) (11,23)
(11,24) (12,17) (12,18) (12,19) (12,22) (12,24) (13,14)
(13,17) (13,18) (13,20) (13,21) (13,22) (13,23) (14,16)
(14,19) (14,20) (14,21) (14,22) (15,15) (15,18) (15,19)
(15,21) (16,16) (16,17) (16,18) (16,20) (17,17) (18,18)

Lemma 2 An ezhaustive search shows that 4 — NPAF(s1,s2) of length 9 do not ezist for
the 2—tuples (3,31) and (5,30).

Theorem 5 The sequences given in the Appendices can be used to construct the appropriate
designs to establish that the necessary conditions for the ezistence of an OD(36; s, s2) are
sufficient. except possibly for the following five cases:

(3,29) (11,20) (11,21) (13,19)  (15,17).
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4—tuple weight  ref n | 4—tuple weight  ref n | 4—tuple weight  refl n
1111 4 [GS] 1114818 31 28818 36
1114 7 [GS] 3(1499 23 2899 28
1119 12 [GS] 5114916 30 2 81010 30 AppB 9
11116 19 [GS] *|1 41010 25 102 81313 36
11125 28 AppA P {1 41313 31 3333 12 [GS] 3
1122 6 [GS] 2(1559 20 [2] 5{33312 21 [2] 6
1128 12 [GS] 3115516 27 333271 36 12
11218 22 [2] 615525 36 3366 18 [GS) 5
11232 36 AppA P16 812 27 33624 36 12
11144 10 [GS] 3(1889 26 331212 30 12
1149 15 [2 5/18816 33 331515 36 12
11416 22 [GS] 7118918 36 3468 21
11425 31 AppA P J]1999 28 34618 31
1155 [GS] 3]1 91010 30 36612 27 12
1152 27 AppA P |1 91313 36 3689 2
11838 18 [GS] s{2222 8 [GS] 2136816 33
11818 28 2228 14 [GS] 5136918 36 12
1199 20 [GS) 5122218 24 2] ~ 71381015 36
11916 27 2244 12 [GS) 5/4444 16 [GS] 4
11925 36 AppA P[2249 17 (2] 514449 21
111010 22 (2] 6122416 24 [GS] 6144416 28 [GS] 7
1 11313 28 [GS] *l122425 33 AppA P l4455 18 (GS] 5
1 11616 34 AppB 92255 14 [Gs] 64452 33
111717 36 AppA P[22 52 29 4488 24 [GS] 6
1224 9 [GS) 3/2288 20 [GS] 5|4 4818 34 AppB 9
1229 14 [GS] 5(2 2818 30 AppB 914499 2
12216 21 [2 712299 22 [GS] 644916 33
12225 30 AppA P |2 2916 29 4 41010 28 [GS) 7
1236 12 [GS) 3221010 24 [GS) 6441313 3
12324 30 AppA P |2 21313 30 144559 23
1248 15 [GS) 5{2 21616 36 AppB 914 5516 30
12418 25 [2 712346 15 [GS) 5146812 30 10
12612 21 [GS) 7123424 33 4889 29
12627 36 AppA P 2369 20 [2] 5(48816 36 10
1289 20 [2) 523616 27 4999 31
12816 27 23625 36 491010 33
1282 36 231015 30 5555 20 [GS] 5
12918 30 2448 18 [GS] 515588 26 [GS) 7
121122 36 24418 28 AppB 9155818 36
1368 18 (2] 624612 24 {GS] 65599 28
13618 28 {2] 712489 23 [2] 7|5 51010 30 AppB 9
13824 36 AppA P |2 4 816 30 AppB 9|5 51313 36 14
1444 13 [GS) 5124918 33 6666 24 [GS) 6
1449 18 2558 20 [GS] 5]6 61212 36 10
14416 25 (2] 7/25518 30 TTT7T 28 [GS) 7
14425 34 26721 36 8888 32 [GS] 8
1455 15 [GS] 5(26912 29 8899 34
14520 30 2 61216 36 1018 81010 36 10
1488 21 [GS] 62888 26 [GS] 719999 36 AppB 9

Table 1: The existence of OD(36; 31, 32,33, 34). There are 351 possible 4—tuples. 154 satisfy the number
theoretic necessary conditions for the existence of 4—variable designs: 197 do not. Designs are known to

exist in 79 cases: 53 cases are unresolved.
P indicates that there are 4-PAF sequences of length 9.

* indicates that there are 4-PAF sequences for every odd length > 7.
7 indicates that there are 4 — N PAF sequences giving the design for every length > n.
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81 g2 n 81 §2 n 81 32 n 8 32 n 3 32 n g1 82 n 81 82 n

1 1 1 1 2 1 1 3 1 1 4 2 1 5 2 1 6 3 1 7 NE
1 8 3 1 9 3 1 10 3 1 11 3 1 12 4 1 13 5 1 14 5

1 15 NE 1 16 § 1 17 35 1 18 s 1 19 5 1 20 7 1 21 7

1 22 7 1 23 NE 1 24 7 1 25 7 1 26 9 1 27 7 1 28 NE
1 29 P 1 3 P 1 31 NE 1 32 9 1 33 9 1 34 P 1 3 P
2 2 1 2 3 2 2 4 2 2 5 3 2 6 2 2 7 3 2 8 3

2 9 5 2 10 3 2 11 5 2 12 5§ 2 13 5 2 14 NE 2 15 8

2 16 5 2 17T 5§ 2 18 5 2 19 7 2 20 6 2 21 7 2 22 1

2 23 7 2 47 2 25 9 2 26 7 2 27 P 2 28 9 2 29 P
2 30 NE 2 31 9 2 32 9 2 33 P 2 3 9 3 3 2 3 4 3

3 5 NE 3 6 3 3 7T 3 3 8 3 3 g 3 3 10 5 3 11 &

3 12§ 3 13 NE 3 14 5 3 15 § 3 16 7 3 17T 5 3 18 7

3 19 7 3 20 NE 3 21 NE 3 22 7 3 23 7 3 24 7 3 25 7

3 26 9 3 27 P 3 28 9 3 29 Y 3 30 9 3 31 P 3 32 P
3 33 P 4 4 2 4 5 3 4 6 3 4 7 NE 4 8 3 4 9 5

4 10 5 4 11 5 4 12 5 4 13 5 4 14 5 4 15 NE 4 16 5

4 17 17 4 18 7 4 19 7 4 20 7 4 21 7 4 22 7 4 23 NE
4 24 7 4 25 9 4 26 9 4 27 9 4 28 NE 4 29 9 4 30 9

4 31 NE 4 32 9 5 5 3 5 6 3 5 7 3 5 8 5 5 9 35

5 10 5 5 11 NE 5 12 NE 5 13 § 5 14 5 5 15 § 5 16 7

5 1T 7 5 18 7 5 19 NE 5 20 7 5 21 7 5 22 P 5 23 7

5 24 9 5 28 9 5 26 9 5 27 NE 5 28 9 5 29 9 5 3 P
5 31 9 6 6 3 6 7 5 6 § o 6 9 5 6 10 NE 6 11 3

6 12 5 6 13 7 6 14 5 6 15 7 6 16 7 6 17 7 6 18 7

6 19 7 6 20 7 6 21 7 6 22 7 6 23 9 6 24 9 6 25 9

6 26 NE 6 27 P 6 28 P 6 29 P 6 30 P 7 T 4 7 8 &

7 9 NE 7 10 5 7T 0117 7 12 7 7 13 35 7 14 7 7 15 7

7 16 NE 7 17 NE 7 18 7 T 19 9 7 2 P 7T 21 7 7T 22 9

7 28 9 T 24 9 7 25 NE 7T 2 9 T2 P 7 28 NE 7T 29 P
8 8 § 8 9 5 8 10 5 8 11 35 8 12 5§ 8 13 7 8 14 NE
8 158 7 8 16 7 8 17 7 8§ 18 7 8§ 19 9 8 20 7 8 21 9

8 22 9 8 23 9 8 24 9 8 25 9 8 26 9 8 271 P 8 28 P
9 9 5 9 10 5 9 11 3 9 12 7 9 13 6 9 14 7 9 15 NE
9 16 7 9 17 7 9 18 17 9 19 7 9 20 9 9 21 9 9 22 9

9 23 NE 9 24 9 9 25 P 9 26 P 9 27 9 10 10 5 10 11 7
0 12 7 100 13 7 10 14 7 10 15 7 10 16 7 10 17 NE 10 18 7
10 19 P 10 20 9 10 21 9 10 22 NEJ100 23 9 10 24 NE{10 25 9
10 26 P 11 11 6 1 1 7 11 13 NEln 14 7 1 15 7 11 16 NE
11 17 7 1T 18 9 11 19 9 11 20 Y 11 21 Y 11 22 9 1 23 9
11 24 9 11 25 P 12 12 7 12 13 NE ;12 14 7 12 15 NE |12 16 7
12 17 9 12 18 9 12 19 9 12 20 NEJ12 21 NEj}12 22 9 12 23 NE
12 24 9 13 13 7 13 14 9 13 15 7 13 16 P 13 17 9 13 18 9
13 19 Y 13 2 9 13 21 9 13 22 P 13 23 9 14 14 7 14 15 P
14 16 9 14 17 P 14 18 NE|14 19 9 14 20 9 14 21 9 14 22 9
15 15 9 15 16 NE 15 17 Y- {15 18 9 15 19 9 15 20 NEj15 21 9
16 16 9 16 17T 9 16 18 9 16 19 NE |16 20 9 17 17T 9 17 18 P
17 19 P 18 18 9

Table 2: The existence of O.D(36;s1,32). There are 324 possible 2—tuples, 275 correspond to designs which
exist: 44 correspond to designs eliminated by number theory (NE). For 5 cases, if the designs exist, they
cannot be constructed using circulant matrices (Y).
P indicates that 4 — PAF sequences with length 9 exist; n indicates 4 — N PAF sequences with length n
exist.

Lemma 3 The sequences given in the Appendices can be used to construct the appropriate
designs to establish that the necessary conditions for the existence of an OD(36;sy,52)
constructed using four circulant matrices in the Goethals-Seidel construction are sufficient.
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