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An orthogonal design of order n and type (s1,...;84), si positive integers, is an

7% 1 matrix X, with entries {0, +21,...,%2,} (the 2; commuting indeterminates)
satisfying XXT = (1, si2}) I,. This is written as OD(n; 81,82, .+ -y 54).

Remark Alternatively, X has s; entries of the type 0,£z; and the distinct rows are
orthogonal under the euclidean inner product. One may view X as a matrix with en-
tries in the field of fractions of the integral domain Z[zy, . . ., z4), so if f = (S¥,siz]),
then X is an invertible matrix with inverse +X7. Thus XX7T = fI,, and so this
alternative definition that the row vectors are orthogonal applies equally well to the
column vectors of X.

Remark An orthogonal design with no zeros and in which each of the entries is replaced
by +1 or —1 is a Hadamard matriz. See §IV.24.

Examples Some small orthogonal designs. OD(4;1,1,1,1) is the Williamson array.
See §1V.24.3.

a -b —c¢ —d a b b d a ¢ —c O
z Y b a -d c -b a d -b 0 a 0 ¢
Yy -z ¢ d a b -b —d a b ¢ 0 a 0
d —c b a -d b —b a 0 —c 0 e

0D(2;1,1) 0D(4;1,1,1,1) OD(4;1,1,2) OD(4;1,1)

Lemma (Equating, Killing and Growing [3]) Let D be an OD(n; uy, u2, ..., u) orthog-
onal design, on the ¢ commuting variables z;, z, ..., z;. Then the following orthogonal
designs exist:

OD(n; uy, Uz, ooy Ui + Uj, -y Ug) ON T — 1 variables;

OD(n; Uy, eey Uim1y Uit1, -or, Ug) OD E — 1 variables;

OD(2n; uy, u2, ..., U) on t variables;

OD(2n; 2uy, 2u2, ..., 2u;) on t variables;

OD(2n; uy, ug, U2, ..., us) on t + 1 variables;

OD(2n; uy, u1, 2uz, ..., 2us) on t + 1 variables.

AR

Example Let Dy be the 0D(4;1,1,1,1) of Example 31.3; letting b = c as in Lemma 31.4
(1) gives the OD(4;1,1,2) design in Example 31.3; letting d = 0 as in Lemma 31.4
gives the first OD(4;1,1,1) design in Example 31.6. Let D, be the OD(2;1,1) design
of Example 31.3; replacing variables by 2 x 2 matrices as in Lemma 31.4 (3), (4), (5)
gives the OD(4;1,1), OD(4;2,2), and second OD(4;1,1, 1) in Example 31.6.

Examples More small orthogonal designs.

a ~b — 0 z0 y 0 T z Yy Yy zz 0 y
b a 0 ¢ ¢tz 0 y T -z y -y -z z y 0
¢c 0 a -b y 0 -z 0 Yy Yy —¢ —2 0 y -z —x
0 — b 0y 0 —=z y -y —¢ = y 0 z -z
0D(4;1,1,1) OD(4;1,1) 0D(4;2,2) OD(41,1,1)
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31.7 Remark Any matrix C with entries {0 +y:}, where y; are vanables can be written as
C = y1C1+12C2+. . . ys Cy, where, for C to be orthogonal either (i) C.CT+C] CcF =0,
i # j and yiy; = y;yi for any pair C;, C; or (ii) CiCf = C,CF¥ =0, k # £ and
Ykye = —Yeyx for any pair Cx, C;. Both cases allow us to use matrix representation
theory to bound the number of variables that can occur in the orthogonal matrix. In
case (i), for the orthogonal design OD(n; sy, 82, , $4), the number of variables does
not exceed p(n).

31.1 Necessary Conditions and More Examples

31.8 Remark There are both combinatorial and algebraic/number-theoretic conditions re-
stricting the existence of orthogonal designs.

Py where p/[u and p/}v ’I‘he Hzlbert

where (%)-vis"ﬁli;e'?-Eeg‘éﬁa_fef;symﬁol';';" o

31.9 Theorems (Geramita and Seberry, [3])
1. If there is an OD(2n; s1, s2), n odd, then s; +s2 < n—1. Also s1, s2 and s1 + 82
are each the sum of two squares.
2. If there is an OD(4n; s1,82), n odd, then (—1,3152)p(s1,52)p = 1 for all primes
p and if 57 + 52 = n — 1, then an OD(4n; 1, 51, 52) exists.
3. If there is an OD(4n; s1, 53, s3), n odd, then for all primes p
(=1, 518283)p(31, 52)p (51, 83)p(82, 83)p = 1.
In addition, if 87 + 52 + s3 =n — 1, then an OD(4n; 1, s3, 52, $3) exists;
4, If there is an OD(4n 1,82, 83, 84), n odd, then H1<,<J<4(s,,s])p = 1 for all
primes p, $1525354 is a square, and s; + 82 + 83 +s4 Fn — 1.

31.10 Theorem (Eades Sum-Fill Theorem) The Goethals-Seidel construction can only be
used to construct an OD(4n; sy, 82, -, 8¢)), n odd, if there exists an integer matrix
P, with all entries of modulus < n, which satisfies PPT = diag(s1, s2, 83, 84)-

31.11 Remark Necessary algebraic conditions for an OD(4n; 3, 82, - -, 8¢), n odd, are given
in [3, p71] but introduce considerable new notation outside the scope here.

31.12 Examples Some orthogonal designs of special interest are:

1. The Williamson array — an OD(4;1,1,1,1). The first is the right representation
of the quaternions while the second is the left representation of the quaternions.
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2. An OD(8;1,1,1,1,1,1,1,1).

z
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w
—w —z
)

z

-z

- ~z
-z
-w —w
Y
—w

Y
—w

and let B(z,y, z,w) be the array

4. The Plotkin array — an 0D(24;3,3,3,3,3,3,3,3). Let A(z, y, z, w) be as in part (3)
then the required design is

3. The Baumert-Hall array, A(z,y,z,w). An 0D(12;3,3,3,3).

5. The Goethals-Seidel array can be found in §1V.24.3.
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6. The Welch array — an OD(20;5,5,5,5) is constructed from sixteen block circulant

matrices.

Jd%%aac%aJadda%4ccbd
d:%:%arwn_,n_.va:%avn_w,n_w%caccbd.%
dbabdca%aﬁ%%c%%cbd%h
[ | [ T A ] | (.
A AN
SeTTWle 5 0o slo s sfve o 0o
w%cw4b%dbwbhw%dwddac
%ca%addha%chdbwdaca
cw+a+d%a%dc4d%cdaca%
a4a+c%a%dd4d%ccaca%d
+a+caa%dd%d%cc%caWda
a%daw%%%+dbddbaa+cab
%%%ca%w4dhddbab+ca%a
%wcabw%d%wd%abdca%a+
R LS S/ i D S
ca%%wd%ccbabdd%%awca
[ I |1 11 I | [
PPYIET Rt o gy b
©ewe oy 9o sTle 8 s olne e
bd%w%awa%dahaﬁ%%a%bd
LR i LR e AR LA
.

31.13 Example The Ono-Sawade-Yamamoto array — an 0D(36;9,9,9,9).

T EToa e §I9 B3 0§ agoul T8 e B9 aT ol 6 e w
P09 00YITaAURQL0T P UL 0 YRTILefBo LT
QYT aToT et 9VaT LY 0uRY 908 flo oD T o ma
Toae§TTRATLT 09 9TATIL 0 L 0uRP oL B0 PT
00T YT 0 2[0.0T 00wl Q00T 90 8ul olol T e DY
LToYeILYTRTYIeR TRV L @ L 0TV T o8 @ @A QT
ST OTRT ua|Pa? PoRY 0|0 $R0uRT YR s 9T.OT 0
$TeYL?P00Fe?FTRRT(¢2 0 uR 0T o 0 wT0 R0l
TYeP09TaYolv§ L0uaTIReFL0oulYessaulTo
Vo oY Qe $PouluRaonfofoT a9l e sjounT F0F 0
VoYLV A2 au o eFooRTUeddwouRaTeod
APV OMO ooV PooTRuYeasiponaTRofa
TOOe IV YU oo fUouQqQuiR s s o olfPafenoso
QLY I Q. v oo oot seT o0t 0aT 0V To0
CTOYgPaVoloo U tRodUYessouTlaT P0Fsn0T
@89 9uaY Qe foovRurales 8 oT.ou PR Ps000aT R0
S0 0 9RTsuevR o ovls e T oo YR Do foo 0T
P do9uRYY¢u a2 uvoude s oYLy Yad 80 0T 0TPY
0PoT Yo o[ TRU o daRfeTLTaFePlouR T oo Po
FooPovfonfLPo0Tuaad{RoR0TeaPFuRooaFFow
Qo oauR e R 9T agosaaoTaPeIIgRovgoaToosd
Yo fooTomovoadasTLPafeTuoTRMoosfoou
PoufoaTov[leoegsssPRY 0T T IVR0l0aTForuo
oo fooTFlovoasaR9TaT TSR oTloToow §R oy
s800T.000 0889 T2 OO IT 0TLTQaleFowvRToan
YSoaBouvRov|essPLP000|aT TR0 0P|V0ouRooaT
QP o00TagPs s R 9T o0 0PI sLoTaTYRlosdRugoTo
ouQ YO sloTR2u9Q W aRjovoT o8 v|¥ 09D OO P RT
TRV AT R 8ITR oY RUIR PV o0 uR TR0 FURF v DRI
L oYaTY B8l 0TRATYL sl 0uL Yoot sl 90T oD e
TPoassvTRUYL IR 0PL[P o ¢svvvowovaPes o
QoY 8oL o9 0D el T Q]2 T s v fDov|voT Y FTRY
AP s eQogPuiRdsR oFR Vool nvdfogouo ¥ el o
888 oTOYYa® s 0TRTYRS s 0o vTOAT R|F T PTRT LA
88 c8TLoP oY s PTR02V s 0 FVv OO VLTl P TR P00
R8aRoTaTYIR SR 0T A0 Rud 0o o"L2Tvv B8R 9T aT O
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31.2 Asymptotic Existence Results

31.14 Conjecture When n = 4 (mod 8), there exists an OD(n;1,k) when k < n -1, k
the sum of three or fewer integer squares and n — 2 the sum of two or fewer integer
squares.

31.15 Conjecture When n = 0 (mod 8), there exists an OD(n;1,k) forall k <n— 1.

31.16 Remarks Conjecture 31.14 has been verified for all n < 84. Conjecture 31.15 is true
for 2¢-3,2t.5,2¢.7,2¢.9 and 2¢- 13 for ¢t > 3, 2! - 15 and 2¢-21, for ¢ > 4. Lemma 31.4
yields Theorem 31.17.

31.17 Theorem Let a,b,c,z,y,2 be nonnegative integers such that ¢ + b4+ ¢ = n and
z + y + z = 2n. Suppose that for all possible choices of a, b, c an OD(n;a, b, c) exists.
Then for all possible choices of z,y,z an OD(2n;z, y, z) exists. Hence for all possible
choices of z,y, z, z+y+2z = 2™, an OD(2™; z,y, 2) and an OD(2™; 2,9, 2), z+y < m,
exists.

31.18 Theorem (Robinson [3]) If n > 40, there is no OD(n:1,1,1,1,1,n—5).

31.19 Theorem (Robinson [3]) The following orthogonal designs exist:

1. OD(2%1,1,1,1,2,2,4,4,---,272,2t2),
0D(2%1,1,2,1,2,4,8,---,2¢-3,3,6,12,..-,3 - 2!73),
0D(2%1,1,2,4,8,---,2t73 283 2t=2, 3, 3,6,-+-,3-2t7%),

. 0D(2%;1,1,2,4,8,---,273,3,6,9,18,---,9 - 2“5,3-2"4),
OD(2 1232”43 2t3336612 12 3-2"’53~2t"5),

o e

a4 of order t are four cu'cula.nt matnces wh1ch

31.20 Theorem (Seberry—Yamada.—Turyn [5]) Suppose there are T-matnces of order t. Fur-
ther suppose there is an OD(4s;u1,...,un) constructed of sixteen circulant (or type
one) s x s blocks on the variables z1,...,2,. Then there is an OD(4st;tuy, . .. ,tUn).
In particular if there is an OD{(4s;s,s,s,s) constructed of sixteen circulant s x s
blocks, then there is an OD(4st; st, st, st, st). This means there exist orthogonal de-
signs OD(20¢; 5¢, 5¢, 5¢, 5t) and OD(36¢; 9¢, 9¢, 9¢, 9¢).

31.21 Remark T-matrices of order ¢ give Hadamard matrices of order 4¢. T-matrices are
known for many orders including (see [5]):

.,72,74,...,78,80,...,82,84,...,88,90,..., 96,98,...,102,104,...,106,108,110,... ,112,
114,..., 126,128,...,130,132,136,138,140,...,148,150,152,..., 156,158,...,162,164,165,
166,168,...,172,174,..., 178,180,182,184,...,190,192,194,...,196,198,200,.. ., 210.

31.22 Conjecture There exists an OD(4¢;¢,1,t,t) for every positive integer ¢.
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31.3 Existence Results for Small Orders

31.23 Table Orthogonal designs OD(2n : a1, a3), n odd. (E denotes exists, U means existence
is unresolved).

2n | (a1,a2) : Status
z [ (L,1) E
6| (1,1), (1,4), (2,2) E

10 | (L,1), (1,4), (2,2), (4,4)

14 (1,1)9(1’4)7(179)’(2’2)’(2’8)7(4’4)’(4’9)’(5’5)

18 (1?1),(1’4)$(2’2)7(278)’(414)7(575)

(1,9), (4,9)

22 | (1,1),(1,4),(1,16),(2,2),(2,8),(4,4),(4,16),(5,5),(8,8)

(1,9),(2,18), (4,9),(9,9)

26 | (1,1),(1,4),(1,9),(1,16),(2,2),(2,8),(2,18),(4,4),(4,16),(5,5),(8,8),(9,9),(10,10)
(4,9),(5,20)

>26 | (1,1),(1,4),(1,9),(2,2),(2,8),(4,4),(4,16),(5,5),(8,8),(10,10),(13,13)

>38 | (1,16)

HEHdEOEdHEE

31.24 Table Orthogonal designs OD{4n : a;,as,...,04), 7 0dd.

4n | u | Cases 3 | Comment
42 4 4 | Existence completely settled
413 2 2 | Existence completely settled
4| 4 1 1 | Existence completely settled
12 | 2 36 | 33 | Existence completely settled
12 | 3 53 | 31 | Existence completely settled
12 | 4 53 | 12 | Existence completely settled
20 1 2 100 | 89 | Existence completely settled
20| 3 237 | 97 | (3,7,8) unresolved
20 | 4 359 | 35| (1,3,6,8),(1,4,4,9), (2,2,5,5) unresolved
28 | 2 196 | 169 | Existence completely settled
28 | 3 640 | 217 | (1,5,20) unresolved

31.25 Table Orthogonal designs OD(8n : a1, a3,---,a4)

8n U Comment
811,...,8 ] All exist
16 | 1,...,5 | All exist
16 6 (1,1,1,1,4,7) and (1,1,2,2,2,7) unresolved
16 7 94 possible tuples; 13 do not exist; 81 are known
16 8 67 possible tuples; 30 do not exist; 37 are known
16 9 45 possible tuples; 36 do not exist; 9 are known
24 1,2 All exist
24 3 (4,4,15), (7,7,7) and (7,8,8) unresolved
24 4 717 possible tuples
24 6 996 possible tuples
24 8 eight designs known




406 Orthogonal Main Effect Plans Iv.32.1

31.4 See Also

§IV.24 There is a very close connection between Hadamard matrices and
ODs.

§IV.52 Weighing matrices are a special class of ODs.

§IV.42 Zero autocorrelation sequences are related to ODs.

15] An extensive survey of Hadamard matrices which also includes
much of the material in this section and numerous references.

[2, 6] Contain theorems dealing with the number of variables in an OD.

[3] The foundational reference work for ODs.
[4] Contains many new results on existence of ODs.
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