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ABSTRACT. It has been conjectured by Dinesh Sarvate and Jen-
nifer Seberry, that, when p is an odd prime or prime power con-
gruent to 1 mod 4, a certain collection of p sets of p elements
can be used to define uniquely an SBIBD(2p+1, p, %(p—l)), and
that, when p is a prime power congruent to 3 mod 4, then a
certain collection of 3 (p—1) sets can be used to define uniquely
an SBIBD(p,3(p — 1),3(p — 3)). This would mean that, in
certain cases, 2t — 1 rows are enough to complete uniquely the
Hadamard matrix of order 4t. Examples suggest that the defin-
ing sets can be used first to find the corresponding residual
BIBD, which can then be extended uniquely to the SBIBD.
These conjectures have now been verified for p =5, 7, 9, 11,
13, 17, 19, 23, 25, 27, 29, 43, 47, 59 and 67, providing further
examples in which a residual design with A > 2 is completable
to an SBIBD, the first such case having been given in Seberry

in 1992,
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We will refer to a design and its incidence matrix, with treatments as
rows and blocks as columns, interchangeably.

Smallest defining sets have been studied by Gray [1, 2, 3] and Gray and
Street [4]. Other minimal defining sets in Hadamard matrices and their
residuals by Sarvate and Seberry [?, ?]. Definitions are used from [?, 7, ?].

1. The case p=1 (mod 4)

Suppose that p = 4t + 1 = ¢" is a prime power congruent to 1 modulo 4;
we recall that a Galois field GF(¢") generated by the minimal polynomial
g and irreducible element z, is a field consisting of the polynomials in z
modulo g with integer coefficients modulo gq.

Let D = {z2,z¢,..., 2%}, the quadratic residues of GF(q"). Define E to
be the ordered set {D,p + D}, i.e.,

E = {:1:2,:1:4,...,th,p,p+x2,p+x4,...,p+12t}.

We adopt the following convention. Among the first 2t elements of F, all
coefficients are reduced modulo ¢ to lie in between 0 and ¢ — 1. However,
among the last 2t + 1 elements, the coefficients of the polynomial elements
are reduced modulo q to lie between 0 and ¢ — 1 while the constant term is
reduced to lie between p and p+ g — 1.

We next construct a p x 2p partial incidence matrix by first labeling
its rows by the elements of GF(q") and its columns by the elements of
{GF(q"),p+GF(q")} and then specifying, for each row index, a particular
collection of the column indices.

For each i € GF(q"), define
E, =1+ E,

a subset of {GF(q"),p + GF(q")}, where the addition of 7 to each element
of E is taken mod (g{(z), q) as described earlier.

Conjecture 1 Ifp=q" =1 (mod 4) is a prime power, then the collection
{E; :i € GF(q")} is a minimal defining set for an SBIBD(2p+ 1,p, 2(p —
1)).

This note is to record the fact that this conjecture is true for for p = 25
and 29 as well as the previously known p = 5, 9, 13, and 17. The result
was obtained by generating the initial sets {E;}, using them to construct
the associated rows of zeros and ones, and then finding all vectors of p
ones and p + 1 zeros which have 1 (p — 1) columns where both the new row
and a row constructed from E; contain a one. This must be true for each
i. There were exactly 3(p + 1) such rows and, when combined with {E;},
they formed the desired SBIBD.

This is further evidence for the conjecture:

62



Conjecture 2 The collection in Conjecture 1 forms the residual design of
an SBIBD(2p + 1,p,3(p - 1)) .

2. The case p = 3 (mod 4)

Seberry [?] gave a conjecture for primes p equivalent to 3 modulo 4 and
showed the conjecture is true for p = 7, 11, and 19. Subsequently Gower
[?] showed the conjecture is true for p = 23. The conjecture was extended
in [?] to the case of prime powers.

Conjecture 3 Letp = 4t—1, a prime power, let  be an irreducible element
in GF(p), and let Eg = {z2,z%,... ,z% 2}, the set of quadratic residues in
this field. For 0 < i < 2t, define E; = 2% + E,.

Then {Eo,...,Ex_1} is the residual design of an SBIBD(4t — 1,2t —
1,t—1).

Conjecture 4 Suppose At—1 is a prime power. Then the sets E, ..., Eg 1
can be extended using the link property of blocks of an SBIBD to form an
SBIBD(4t — 1,2t — 1,t —1). This extension is unique up to permutation of
treatments.

This note is to record the fact that this conjecture is true for for p =
27, 43, 47, 59, 67 as well as the previously known p = 7, 11, 19, and 23.
This was verified by generating the sets E;, using them to construct the
associated rows of zeros and ones, and then finding all vectors of (p — 1)
ones and §(p + 1) zeros which have 3(p — 3) columns where both the new
row and a row constructed from FE; contain a one. This must be true for
each i. There were exactly %(p + 1) such rows and, when combined with
{E;}, they formed the desired SBIBD.
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