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Abstract. Normal sequences of lengths n = 18, 19 are constructed. It is proved through an exhaustive search
that normal sequences do not exist for n = 17, 21, 22, 23. Marc Gysin has shown that normal sequences do not
exist for n = 24. So the first unsettled case is n = 27.

Base sequences of lengths 2n — 1. 2n — 1. n. n are constructed for all decompositions of 6n —2 into four squares
forn = 2.4.6.....20 and some base sequences for n = 22, 24 are aiso given. So T-sequences (T-matrices) of
length 71 are constructed here for the first time. This gives new Hadamard matrices of orders 213, 781, 1349,
1491, 1633, 2059, 2627, 2769, 3479, 3763, 4331, 4899, 5467, 5609, 5893, 6177, 6461, 6603, 6887, 7739, 8023,
8591, 9159, 9443, 9727, 9869.

1. Introduction

Given the sequence A = {a,qy,...,a,} of length n the non-periodic autocorrelation
function N4(s) is defined as

n—s

NA(S)=Za,'a,~+X, s=0,1,...,n—1. (D)

i=1

If A(z) =a; +axz + - +a,z""" is the associated polynomial of the sequence A, then

oon n ) n—1
AQAGCT) =YY 4 = NaO) + ) Na) +27"), 2#0. ¥y
i=1 j=I s=I
If A* = {a,, ..., a} is the reversed sequence, then

A*@)=7"""AGTY). (3)
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Base, Turyn, Golay and normal sequences are finite sequences, with zero autocorrela-
tion function, useful in constructing orthogonal designs and Hadamard matrices [6], in
communications engineering [ 18], in optics and signal transmission problems [7], [11], etc.

IfA={a,...,ay}, B={by,...,b,} are two binary (1, —1) sequences of length n and

Ni(s) + Ng(s) =0 fors=1,...,n—1 “4)

then A, B are called Golay sequences of length n (abbreviated GS(n)). See [5], [6], [7].
From this definition and relation (2) we conclude that two (1, —1) sequences of length n
are GS(n) if and only if

A@AGCT) +B@)BG ) =21, z#0. 5)

Golay sequences GS(n) exist for n = 2910726 (Golay numbers) where a, b, ¢ are non-
negative integers [5], [7], [8], [18].

The four sequences A, B, C, D of lengths n + p,n + p,n, n with entries +1, —1 are
called base sequences if:

Na(s) + Ng(s) + Nc(s) + Np(s) (6)

0, s=1,...,n—1
4n+2p, s=0

Na(s) + Np(s) = 0, s=n,...,n+p—1
Equivalently, (6) can be replaced by
ADAGEZHY+B@BE ) +C@CE Y+ D@Dy =4n+2p, z#0 (7)

where A(z), B(z), C(z), D(z) are the associated polynomials. Base sequences of lengths
n+1,n+1,n, nare denoted by BS(2n 4 1). From (7) and for p = 1, if wesetz = 1 we
obtain

A+ +ct+d>=4n+2 (8)

where a, b, ¢, d are the sum of the elements of A, B, C, D respectively. BS(2n + 1) for
all decompositions of 4n + 2 into four squares forn = 1, 2, ..., 24 are given in [1], [12],
[13]. Also BS(2n + 1) for n = 25,26, 29 and n = 2°10”26° (Golay numbers) are given in
Yang [23]. If the sequences A, B, C, D are BS(2n + 1) and satisfy

Nac(s = 1)+ Nca(s) =0, s=1,...,n )



ON SEQUENCES WITH ZERO AUTOCORRELATION 329

then they are called Turyn sequences (abbreviated as TS(2n + 1)), where

n+l;.v

n—s
Nac(s) =) aicies, Neals)= ) citiys, s=0,T,...,n (10)
i=1 i=1

are the cross-correlations.

TS(2n + 1) exist forn < 7, n = 12, 14. They cannot exist for n = 10, 11, 16, 17 and
forn = 8,9, 13, 15, TS(2n + 1) might exist but an exhaustive machine search showed that
they do not exist (see [1], [6, pp. 142-143]). Koukouvinos, Kounias and Sotirakoglou [13]
developed an algorithm and proved through an exhaustive search that Turyn sequences do
not exist for n = 18,19, ...,27. Edmondson [3], [4] has extended this further to show
they do not exist for any new order < 42, so the first unsettled case is 43.

6-base sequences, denoted BS(n,n,n,n;n —1,n— 1) oflengthsn,n,n,n,n—1,n -1
are six sequences of +1 with zero non-periodic autocorrelation function.

Definition 1. The four sequences X, Y, Z, W of length n with entries 0, 1, —1 are called
T-sequences if

@ lxl+lyl+Hlal+lwl=1, i=1,...,n (11

(i) Nx(s)+ Ny(s) + Nz(5) + Nw(s) = { O 8= e

Yang [22] gives another name for T-sequences and calls them four-symbol §-codes. He
also calls the quadruple Q = X +Y,R=X-VY,S=2+ W, T = Z — W regular §-code
of length n, where X, Y, Z, W are T-sequences of length n.

If Williamson type matrices of size w exist and T-sequences of length n exist, then
Hadamard matrices of size 4nw can be constructed (Cooper and (Seberry) Wallis [2]).

If X(2), Y (2), Z(2), W(z) are the associated polynomials, then from Definition 1 and (2)
we see that (ii) can be replaced by '

X@XEH+Y@QYeH+Z@QZEH+WoWe ) =n z#0.  (12)
We use the notation (A/ B) for the sequence {a;, by, ..., a,, by} and (A, B) for the sequence
{ar,....an, by, ..., b,).
2. On Normal Sequences

Definition 2. A triple (F; G, H) of sequences is said to be a set of normal sequences for
length n (abbreviated as NS(n)) if the following conditions are satisfied.

(1) F = (fr)isa(l, —1) sequence of length n.
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(1) G = (g) and H = (h) are sequences of length n with entries 0, 1, —1, such that
G+ H=(g+h)isa(l,—1) sequence of length n.

(1)) Ne(s)+Ng(s)+Ny(s)=0,s=1,...,n~1.

Condition (iii) is also equivalent to
FQFE Y+ G@)GE )Y+ H@HGE Y =21, z#0. (13).

In Theorem 1 we prove that the sequences G and H of Definition 2 are quasi-symmetric,
ie. if gg = 0, then g,y = 0 and also if 4, = 0, then hpi1-x = 0. This theorem means
that the definition of normal sequences in [23] can be relaxed.

THEOREM 1| If (F; G, H) are NS(n), then

& + &gn—s+1 = 0 (mod 2)

s=1,..., [%]
he+ha_s41 = 0(mod 2)

Proof: We have

n—s

Z(fifi+x +8i8i+s T hihir) =0, s=1,..., n-—1

i=l
but fi =+l andso f; fiss = fi + firs — 1 +4p, (p =0, 1) but
2(8igi+s T hihivs) = (8i 4 hi)(giws + hivs) + (81 — hi)(gits — hins)
= 8t hi+givs + hivs + 8 — hi + giys — hiys — 2 +4g,
(g=0,1)
= 2(8i + gi+s — 1) +4q.
So we have -

8i8i+s t hihive = gi+girs—1429 = g + gi+s — 1 (mod 2)
= hi+hiys—14+2r = hi +h;jys — 1 (mod 2)

and so
Jifivs + 8i8ivs +hihiys = fi+ firs + g + givs — 2 (mod 2)
= (fi + fies + 8 + gixs) (mod 2)

and

n—

§ﬁ+iﬁ+2gi+igf50(mod2), s=1,...,n—1. (14)
=1 i

I=s+1 f= I=s+1
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Similarly, if we set s — 1 instead of 5, we have

n—s+1 n n—s+1 n

S A+Y i+ Y g+ g=0(mod2), s=2,....n (15)
i=1 i=3 i=l i=s
From (14) and (15) ((15) - (14)) we obtain
fn—.v-)—l + fs‘ + 8n—st1+ & = 0 (mod2), s = 2,...,n—1 (16)
The relation (16) is still valid and for s = n, because

fifat 88 +hihy=0
but f; + fa—s+1 = 0 (mod 2), and so from (16) we obtain

n
&s + &n—s+1 = 0 (mod 2), s=l’_”,[§]_

Similarly, using the same argument as before, we obtain

hs+hn—$+] EO(mOdZ), S:lv___7[%]~ m

In Theorem 2 we prove that if L = A + B is a sequence of real numbers with symmetric
A and skew B, then

L()L(z™") = A(AGE ™) + B(z)B(z™'), forall z#0.
THEOREM 2 If A = {ay,...,a,}, B = {by, ..., b,} are two sequences of length n, where

n is even, A is symmetric Le. a; = any—;, B is skew symmetric i.e. by = —bpy_; and
L=1{,....,, 1 =aq + b;, then

LQLE™) = A@AC™) + B(@)B@E™), z#0.
Proof: Since A is symmetric and B is skew symmetric we have for n = 2m, writing X*
for the reverse of the sequence X,

A= (A, AT)? B = (B, —BY}),

where Ay = {a,,...,ay}, By =1{by,....b,}.
So we have

AR) = Al +7"AND) = A@+ 2 TAET)
B(z) = Bi(z) —7z"B{(2) Bi(z) —z""7'By(z7™)

and
ARBGE™ = (A + " AIETY) (Biz™) — 27 By ()
= A@Bi )+ AGTYBIET
— 7" A D) Bi(2) ~ Az ) B (2)
= — (A + 27" A1) (Bi(2) — 2" Bz 7))
= —A(z"HB()
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or
LRLE™) = (A@@) + B@) (A™) + B:™)
= A@QAGC )+ A@BE™") + B()AE™") + B(z)B(z™)
= A(@QAGE") + B(2)Biz™. n
In Theorem 3 we prove that from a given pair of Golay sequences GS(n): (F, H), we
can obtain two sets of normal sequences, (F; H, O,) and (F; L, M), where L and M are

respectively the symmetric and skew parts of H. Therefore, a set of normal sequences can
be regarded as a generalization of a pair of Golay sequences.

THEOREM 3 If F, H are Golay sequences of length n, then the following two sets
(i) (F; H, Oy),

() (F;L, M)

are NS(n), where L and M are respectively the symmetric and skew parts of H.
Proof:

(i) The sequences F, H and O, (a sequence of n zeros) satisfy the conditions (i) and (11)
of Definition 2. Also we have

FQOFEHY+H@QHCZ Y+ 0,0,z = FRFEZH+H@QHEZ™
= 2n.

he ifhy = hpp1 4

0 ifhy = —~hnp1
hy fhy = —hyp1x
0 ifhy=hp1-k

L = (), where [} = {
(1)
M = (my), where m; = [

i.e. L and M are respectively the symmetric and skew parts of H. Then H(z)
=L)+ M), HQH(@™") = L(2)L(z™") + M(z)M(z™") and so we have
FOFE )+ LE@LEY+M@OME™") = FROF™)+H@HE™)
= 2n. n

In Theorem 4 we prove that we can obtain sets of normal sequences NS(2m + 1):
(A/C; B/Oy, Omyi/D) from Turyn sequences TS(2m + 1): (A, B; C, D) with lengths
m+1,m+ 1,m,m. Where for even m A is symmetric and C skew, and for odd m A is
skew and C symmetric. TS(2m + 1) can be written as:

1. For m odd

A ={A1, AT}, B = (b1, B, — B}, b},
c={cican,C}. D =Dy day, Di]
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where
A = {al,...,aﬂg_n}, B ={b'2,---,b12tl_},

C| = ICl,...,CmT-I}, D] =[d],,dﬂ’—_l}

2. For m even

A= {Alva%-ﬁ-lv AT}, B = {blr B]vb%-l-l» BT, _b]}v

C ={Cy, =CT}, D ={D,, -D7}
where

A]={a|,...,a%}, Bl—{bg,. ,b%},

C1={C|,...,C%}, D]Z{d],. ,d%}

THEOREM 4 [fA, B, C, D are Turyn sequences of lengthsm+1,m+ 1, m, m (TS(2m+1)),
ie.

() A@AGE)+B@B@E™)+C@CE™") + D)D) =4m +2
(i) A@@CEH+zC(AEH =0

forall z # 0.
Then the sequences F = A/C, G = B/Op, H = Opy1/D are NS(2m + 1), where
A/C = {al,c,,az,cz,...l,a,,,,c,,,,a,,,+1}
B/Om = {blvowaYOy---vbnlvoabm+1}
Oms1/D = {0,d,,0,d5,...,0,d,,0}

Proof:

F=A/C, so F(z) = A@) +zC (@Y
G =B/0,, so G() =B
H = O0pny1/D, so H(z) =zD(?).

So we have

FOFEH+G@GE@H+H@QHE™) :
= AHAGE D+ CEHCE™H + BEHBE ™D + DEHDE™)
+2C(ZHAGCH) + 27 AEDCE™D)
= 4dm + 2. n

Normal sequences do not exist for n = 2%¢~!(8b + 7), a, b non-negative integers as
the numbers 4“(8b + 7) cannot be written as the sum of three squares. In particular
n # 14, 30,46, 56, 62,78,94, ... It is known that NS(6) does not exist. Yang [23] has
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given these sequences forn = 3,5,7,9, 11, 12,13, 15, 25, 29 and he notes they exist for
n = 2910726 (Golay numbers). '

NS(n) have not been found for n > 17 (except n = 25,29 and g where g is a Golay
number). This means we can construct T-sequences of length (2n + 1)¢, if a new set of
NS(n) can be found, where t = 25 + 1 is the length of base sequences (BS(2s + 1)).

In this paper we construct NS(n) for n = 18, 19. It is also proved through an exhaustive
search that NS(n) do not exist forn = 17, 21, 22, 23. Marc Gysin [9], [10] has shown that
normal sequences do not exist for n = 24. Hence the first unsettled case is n = 27.

Therefore we know these sequences

(i) existforne(1,2,....5,7,8,...,13,15,16, 18,19, 20,25, 26,29,32, .. .};
(i1) do notexist forn € {6, 14,17, 21, 22,23, 24, 30, 46, 56, 62,78, 94, .. .}.

(i) n e {27, 28,31, ..., } are undecided.

We now formally prove Theorem 5:

THEOREM 5 If (F; G, H) are NS(n), then the following (1, —1) sequences A = (F, 1),
B=(F,-1),)/C =G+ H D=G—Hoflengthsn+ 1,n+ 1,n, n respectively are
BS(2n+1) and vice versa.

Proof: We have

AiR) = FQ+7"

B(z) = F(o)-27" (17)
Ci) = G+ H©)

D(z) = G(z)— H(z)

From (17) we obtain

ARAGCZ )Y+ B@BE™Y+ C@)CE™ + D)D)
= (FQ+MFEH+"+FQR-")FEH -z
+(G@E) + H@ONGE Y+ Hz ™)+ (G@) — HNG(E™) — H(™)
= 2AF@QFE )+ GG+ H@HE) +2
= 4n + 2,

e A, B,C, Dare BSZn + 1). ,
The converse of the theorem is immediate from the first part and need not be proved
separately. n

We carried out a computer search by appropriately modifying the algorithm given in [13].
The original searches were carried out on an IBM 4361 running VM/CMS at the University
of Thessalonica, Greece in 1989.
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Results: With the application of our algorithm and using Theorem 5, the following normal
sequences NS(n) have been found for n = 18 and 19.

n=18 F=H++++——++——+—++—+-)
G = (+00 — 0 — 00 + +00 + 0 + 00+)
H=0++0-0++00+—-0-0-+0)

n=19. F=(+——4++-————+++++++—+)
G=(0-0+—+0+—+0++~0+00)
H = (— + 0 — 000 + 000 + 000 + 0 ~ +)

where + stands for 1 and — for —1.
We note that these normal sequences of lengths 18 and 19 are unique up to equivalence.
Also with the application of our algorithm it is proved through an exhaustive search that
normal sequences do not exist forn = 17,21, 22, 23.

3. On Base Sequences
We give a formal proof of a well-known resuit.

THEOREM (Turyn [18]) [IfX,Y,Z, W are (1, —1) sequences of lengths n.n, n and n — |
respectively and satisfy the condition

Nx(s) + Ny(s)+2Nz(s) + 2Nw(s) =0. s#0

ie ifthesequences X, Y, Z, Z, W, W are 6-base sequences (6—BS(n,n,n.n;n—1,n—1))
then the following (1, —1) sequences

A=(Z;W), B=(Z;-W), C=X,  D=Y,

of lengths 2n — 1,2n — 1, n, n respectively are base sequences (BS(3n — 1)).

Proof: We have

AlR) = Z@) +"W()

Bz) = Z(2) - "W(2) (18)
Cl@) = X(2)
D(z) = Y(2)

Since X, Y, Z,Z; W, W are 6-BS(n,n,n,n;n — 1,n — 1) we have

X@OXEH+YRQY@ ) +2Z@ZE ) +2W@W(E™") =6n -2,
z#0. (19)
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From (18) we obtain

A@QACY +B@BGET)+C@CE™) + D(@)DiE™)
= (Z@Q+W@) (ZEH+7"WE&™h)
+(Z@ - "W@) (Zz™) —z7"W(Th)
+X@DXEH+Y@rE™
= X@OX@E N +Y@QY@H+2Z@QZE Y +2W@WE™)
= 6n—2, 7% 0 (because of (19)),

1e. A, B,C, Dare BS(3n — 1). |

Remark 1. We note that from the 6 — BS(24,24,24,24;,23,23) X, Y, Z, Z, W, W,
T-sequences (T-matrices) T = (Z, 047), T2 = (024, W, 024), T3 = (047, (X + Y)/2), and
Ts = (047, (X =Y)/2), of length 71 are constructed here for the first time (0, is the sequence
of r zeros). These give new Hadamard matrices of orders 213, 781, 1349, 1491, 1633, 2059,
2627, 2769, 3479, 3763, 4331, 4899, 5467, 5609, 5893, 6177, 6461, 6603, 6887, 7739,
8023, 8591, 9159, 9443, 9727, 9869 see also [15] and [16, p. 452, pp. 481-482]).

THEOREM 7 Suppose there are four (1, —1) sequences X, Y, Z, W of lengthsn,n, n, n — 1
respectively which satisfy the condition

Nyx(s)+ Ny(s) +2Nz(s) + 2Nw(s) =0, s #0.

Then n can only be even or 1. If n is even, x + y = 2 (mod 4) where x, y are the sum of the
elements of sequences X and Y respectively. Further

n
XsXn—s+1 + Ys¥n—s+1 = 0, s=2,... ’ [_J .

2
Proof: Write X = {x;}, Y = {y»}, Z ={z}, i = 1,2.....n, W = {w;}, j =
1,2,...,n — 1. We consider the autocorrelation function and use the fact that if x, y

are £, x + y=xy+ 1(mod4). N(n—1) =x;x, + y1yn + 2212, = 0. Hence

Xi+y1+ x4+ ¥ — 2+ 2212, = 0 (mod 4)
xi+y1 +x, + yp =0 (mod 4) (20)

N(n =2) = x1xp—1 + X2X5 + Y1 Yn=t + Y2¥n + 2212Zn—1 + 2222n + 2W 1 Wy
Hence

X1+ yi+x2+v2+ X0 + Vo1 + X0 + yp =2 (mod 4)
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and using (20) we have
X Yo Xt Yam = 2 (mod 4). ' (21
N(n —3) gives
nt+x+xi+n+ty+yitxg+ i+ X+ Ya2 + Yno1 + ya =0 mod 4)
and hence
x3+y3+ Xp2 + yn—2 = 2 (mod 4).

n

Assume that fort > 1,t < [5]
X+ + Xttt T Ynorpt = 2 (mOd 4)
Then noting N(n — 1), fort < [’5'] is

xl+"'+xr+yl+"'yl+xn—l+l+"‘+xn+}"n—r+l+"'+_yn
=2(t — 1) (mod 4)

we consider N(n —r — 1) which gives, after noting that the Z and W sequences contribute
2t + 1 terms each twice or a total of 2(mod 4),

xi+-F gttt Yt X o+ X+ Yooy + 00+ Yo = 2t (mod 4).
Using the assumption we have
Xr41 + Vet + Xney + Yoy =2 (mod 4) (22)

fore > 1t <[%].

Now suppose n = 2k + | then N(k + 1) where t = k is

Xyttt Xty Vet e o F X T k2 T Y
=2k — 1) (mod 4).

then, as before, we get
X+ Vi + X2 + Yz = 2 (mod 4).
However forn =2k + 1 and ¢t = k + 1 we have N (k) is

X+t eyt Y F X o X Yk o Y
=2 (mod 4)

which gives, under the assumption,
Xkl + Vet + Xew1 + yeq1 =2 (mod 4),

which is impossible. So n is not odd and > 1.
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For n = 2k we see that (22) means exactly three of x,¢, Y141, Xn—s, Yn-: are one and
one is minus one or exactly three are minus one and one is one, in either case we have, by
induction,

n
XsXn—s+1 T Vs Vn—s+1 = 0, s=2,..., [5] .

The remark that for n even, x + y = 2 (mod 4) where x, y are the sum of the elements
of sequences X and Y respectively follows immediately from the equations (20) and (22).
||

Remark 2. BS(3n — 1) for all decompositions of 2(3n — 1) into four squares for n =
2.4,...,20 are given in Table 1. Some BS(3n — ) for n = 22,24 are also given in
Table 1. These results were found by computer search using an appropriately modified

Table 1. Sequences X, Y, Z. W which give base sequences BS(3n — ) where A=Z; W, B=2: -W,C = X,
D =Y oflengths 2n — 1,2n — | . n.n.

Length Sums of Squares Sequences
n 20=203n~-1)
=al+b+ 2 +d?
2 02+ 02+ 12 + 32 X=Y=H-)Z=H+).W=(+)
4 02 +22 432432 X=(—++H). V= (—+ -1 Z=(—++). W= (++4)
6 P+124+424 42 X=(++—+++)Y =(+—++++),
Z=(——+—+H) W= (~+++-)
12422422 4 82 X=(+-—++H.Y=(+ -+ +—+).
Z=(—+++-H W=(++++-)
8 02 +12+324+6° X =ttt R = (- =+ 4,
Z=(—+—-4+++)W=(+—-++-—+)
10 12422422472 X=(—=—~—dt++++4+)Y =(—+ = ++ =+~ +4),
Z=(+++——F++—F+H)W=(—+++—-+—-++)
02407 +324 72 X=(———+—-++++-)Y=(+———+++——+),
Z=(—4——F++—++H.W=(++—-+—-+++4)
12 12422442472 X=(——+++—-+—++++)
Y=(—++——++—+—++),

Z=(++++——++—+—+).
W=(—++++++——+-)
24424545 X=(——+++++—+—++),
Y=(—4++——+——++4),
Z=(——+—++—F++—-),
W=(++++—+++—+-)

14 2+42442472 X=(———4++++—+++~+).
Y=(—++——F—+++++—+),
Z=(t+++———++—++—+),
W=(+++-—+++——+—+-)

42 442 4+ 52 452 X=(—+++~F—F++~++-),
Y=(++——++++—+—+-+),
Z=(————4+++—++——4)
W=(+++-—++++—+——+)

1243246467 can be obtained by changing the signs of

odd elements of each sequence in
20=82=12+42 442 4 72
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Table 1. Continued.

339

Length Sums of Squares Sequences

n 2t =2(3n~1)

=a?+ b2+ +d?

16 224+42 452472 X=(++-—+++++~++———+-).
Y=(—+—+———=++++~++—+)
Z=(+—++++———+++++~-+),
W=(—+++—F+++——+——+-)

02 +32+62+72 can be obtained by changing the signs of
odd elements of each sequence in
2t =94=22+4*4+5 +7?

18 12412 +22 + 10 X=(F+++-—+++++++—+++-),
Y=(H—4+—++———++++—+—+-)
Z=(———F—F+—F+—F+——+++-)
W=(+-—--~—-~— ++-+++-+++-)

12442452482 can be obtained by changing the signs of
odd elements of each sequence in
2t =106 = 12+ 12 +22 + 10?

24+22 472472 X=(++++++-——F——d++-—2)
Y=(-—+—++——++++——++—4),
Z=(—+-——+++—F+~—+++—-——=)
We=(++++-—F++—F+—+++—-+—4)

20 32 +32 + 6% + 82 X=(+++—++++++——++—+—-++-),
Y=(-———+++—+++++—-+—++++).
Z=(—F—F—F——F—++++——++—-),

W= (+++++-——+—-—++—+——++)
0 +12+62 492 can be obtained by changing the signs of

odd elements of each sequence in

2t =118 =32 +32+6% + 82

22 0% +0% + 72 + 92 X=(-———+++—++-+-—++++—-+--).
Y =(———F+———+++——F++++++——+-),
Z=(——++—++++++—++—F+—+++—+).
W=H++—-++-——+—-F+—-F+=-=++++—--)

24 12422 +42 4112 X=(F+++———d—F++—F+—F—F+—++—=——),
Y=(++++—Ft -ttt t—t——F =~ — ),
Z=(+-——4++—+++————++—F+—++++),
W=(++++-—++-F++-+—-+—-F+—-———++)

algorithm from that described in [13]. The results for n = 4, 6, 8 were first given in [18].
We recall that BS(3n — 1) can be used to construct T-sequences of lengths 3n — 1 and
Hadamard matrices of order 4(3n — 1).-
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