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Ahstract

G-matrices for the new orders 21, 23, 25 and 27 are constructed. Some
constructions for Hadamard matrices and orthogonal designs using Gomatriees
are also presenled.
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1 Introduction

Let Xy, X3, X3, X4, be four type | £ mairices on the same group of order n
{odd) with the properties :

M{Xi-N = ~(Xi—-D)i=172

(i) XT = X;, i = 3,4 and the diagonal clements are positive,

(i) XiX; = XA,

(iv) X XT + X8 4+ XoXT + xx7 = dud

Call such matrices (-matrices. These wore [irst introduced and applied to

construet MMadamard matrices by Jenniler Seberry Wallis [3]. (-matrices of arders

3, 5.7, 9,13, 15, 19 wera known previously, see {3, 5, 6], ‘This note constructs
(-wnatrices of order 21, 23, 25 and 27 fur the firsi time.

Remark 1 Multiplying botlh sides of (iv) by J shows G-watrices can only eorist
for orders n for wlich

a

dn = 1 4+ 12 4 af 0 8®

where g, b are odd integers. So. for cxanple, they cannot exist for the following
orders < B0: L, 17,29, 45,30, 17,

(F-malrices which are constructed wsing four cireulants exdst for at Jeast o=
3,5, 7,9, 13, 15, and 198, sce {3. 5, 6], and for n = 20,23, 23, and 27 wlhici are

conslructed in this aote. This means the first unresolved case is for n o= 31,
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2 Construction of G-matrices

The following first rows may be used to give circulant matrices which can be used
in the Goethals-Seidel array to find G-matrices of order:
dn=4x20 =8 =17 § 1% 4+ 1% + 93,

(+++-~—++-F+t-——+-—-+++--}
{(t++t=ttt+t-—--—Fttt-——-+--}
{(+-4-+—-F4+-+——+-Ft=-t -4~}
++4+++4+--+—-—-+-—~++++++}

dn=4x23=84=1% 4+ 12 4+ 3% 4 02,

H++ -4+t -ttt ++———+- -}
++++-—+++++-+t-——-—— ++---}
{(+-~++-+t+-+-F++-+-++-++--}
(H+-4+--——F+-—-————4 -~~~ 4 - +},

dn=4A%25=100=1% 4+ 1% 4+ 7% 4+ 7%,

+t+++-F+-=-++t+--++--—-++-+---}
t+++t—+++-++-+-—-4-—~+-~-—--}
-ttt t+-—-—F-=—+~--}
++-+----- R e e i + - +}

and dn = §x 27 = 108 =17 + 1% 4 5% 4 @9,

(F+4++-F-+-———F+- -+t =t -t -~}
4ttt - R e e e i o |
R i o e B M H H i }
i+t —F -t —+-—-——+}

3 Constructions using G-matrices
First we note that we have

Lemma 1 [If there caist circulant ((-mairices of order n then there exists an
OD{dn; 1,125 — 1,20~ 1}.

Corollary 1 Letn = 3,5,7,9,13,15,19,21,93,25, or 27. Then an OD(4n;1,1,2n—
1,2n ~ 1} exists,

We recall the following definitions and results from [3]. The following the-

orem shows how the Williamson construction (the B;) and the Goethals-Seidel
construction {the 4,) may be combined to construet Hadamard matrices.
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Theorem 1 (Jennifer Seberry Wallis (1975)) Suppose A; and H;, 1 = 1, 2,
3, 4 arc type 1 (£1) malrices of order @ and b, respectively, which satisfy
(1) AjA; = A; A4, 7 = 1,2,3,4
(i) B:BT = BBT 4, j = 1,2,3,4
(i} i (A x Bi)( A x By = dablyy
then N definad as
f‘ll)(B]_ AQRXBQ AsRX.Bg A4R>< H.i
—Ag it X By Ay x By AE—R » f1y -—f’lg‘R ® Hy
~AsfRx DBy —ATRx By A1 x B AYR x By
—ARlx By AYRxBs -ATRxDB; A x I
is an Hadamard matriz of order 4ab.
We will call the matrices A; x B, , i =1, 2, 3, 4 of the theorem F-matrices
and we will say J7 is a Wallis-Whiteman like Hadamard matrix.
Tha A; will be called the G'5-part and the £; the W-part of the #-matrix.

The following theorem shows how G-matrices may be used to construct F-
matrices.

Theorem 2 {Jennifer Seberry Wallis (1975)) Lot X1, Xy, Xa, Xy be G-
matrices of order n, Suppose A,D.C are suitable £1 matrices of order m for an
OD(An;1,1,4n — 2) te they satisfy
(i) ABT, ACT, BCT are symmetric,
(i} AAT + BBT 4+ (4n - DOCY = 4dnml,,.
Then
Ay = Ixd + (X1 - =
Ay = IxH A+ (Xy-1)x(C
3’[3 = X:* x (:
g"l.* = X,l x
ove F-matrices of order mn.
Coroliary 2 Lel n = 3,5,7.9,13,15,19,21,23,25 or 27. Suppnse A, B, O ar
prirwise amicable (11} matrices of order m satisfying

AAT 4+ BET 4 (4w —-20CT = dmnd,,.

Then there are F-matrices of order mn ond ¢ Waellis-Whiternan fike Hadameard
mairiz of order dmn.

Corollary 3 Fetn = 3,5.7,9,13,15.21,28, Sef A == Jougr, H ={(F — 2N2nq1.
and € the back-circulant or type 1 matriz of order 2n 4+ | obtained from the
quadratic residues. Then

AAT + BBT + (dn-2)0CT = 420+ V)nlaa,

and kence there are Fomairices of order (2n + 1)r ond ¢ Wallis-Whitcman lifi
Hadamard matriz of order 4(2n 4 1)n.
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We further extend the last theorem by observing

Theorem 3 Let X7, Xa, X3, X4 be G-matrices of order n. Suppose A,B,C. D
are suitable +1 matrices of order m for an OD(4n;1,1,2n — 1,20 — 1) ie they
safisfy

(i) PQT is symmetric for all P, Q € {A, B, C, D},
(i) AAT + BBY 4 (2n-1)CCT + (2u—1)PDT = 4nml,,

Then definingY, = (X14+X2-20/2, Y2 = (X1—X3 )/2,¥a = (Xa+ A4 )/2
and Yy = (X3— Xq)f2

By IxA +Yi=xC + YoxD

By

IxB 4+ Y1»D + YoxO
By = Yax(C + ¥YyxD
#y %XD-I—Y;;XC

are F-malrices of order mun.

Corollary 4 et n = 3,5,7,9,13,15,19,21,23,25 or 27. Suppose A, B, €, D
are patrwise amicable (£1) malrices of erder m satisfying

AAT + BBT ¢ (2n-1)CCT + (20— 1)DDT = dmnil,.

Then there are F-matrices of order mn and « Wallis- Whiteman like Hadumard
matriz of order dmmn.

Corollary 5 Tel n = 3,5,7,9,13,15,19,21,23,25 or 27. Set A = B = Jyr1,
and C — I = D + I the back-circulant or type | matriz of order 20 — 1 with
zero digginal obtained from the quadratic vesidues or the core of u symmetrie
conference mairiz of order 2n 4+ 2. Then

A4T + BBY &+ n-1)0CT 4 (20-1)DDY = A9 — Unlon1.
and hence there are F-matrices of order (20 — 1)n and « Wallis-Whitemnn like
Hadamard matriz of order 4(2n — 1)n.
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