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Abstract

We give new sets of {0, 1, —1} sequences with zero autocorrelation fune-
ticn, new constructions for weighing matrices and review the weighing mna-
trix conjecture for orders 4¢, t € {1,...,25} establishing its veracity for
orders 52, 68 and 76. We give the smallest known lengths for sequences with
gero autocorrelation function and weights < 100.
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1 Introduction

Definition 1 Let W be a (1, -1, G)-matrix of order n salisfying WW' = kI,.
We call W a weighing matriz of order n with weight k, denoted by W{n, k).

There are a number of conjectures concerning weighing matrices:

Conjecture 1 There ezisls a weighing matriz W{At, k) fer k€ {1,...,4¢}.

Conjecture 2 When n = 4(mod 8), there erisi a skew-weighing matriz (also
written as an OL0(n;1,k)) when k <~ 1, k = «® + 82 + £%, a, b, c integers
ercept that n — 2 must be the sum of two squares.

Conjecture 3 When n = C(mod 8), there exist a skew-weighing matriz {alse
writien as an OD(n; LK)} forallk £n— 1.

The reader in referred to Geramita and Seberry [17) for all other undefined
terms.

In Geramita and Scberry [17] the status of the weighing matrix conjecture is
given for W(dt, k), k € {1,...,4t — 1} and t € {1,...,21}. We give new results
including resolving the conjecture in she affirmative for 52, 68 and 76. Turther
we give the lenglh of the smallest r for which 4 ~ C'§(n,w) are known for all
w < 100,

Given the sequence A = {a;,az, .. a5} of length » the non-periodic aulocor-
retation function N,(s) is defined as

Na(s) = Za;aiﬂ, s=0,1,...,n~1. (1)

=1
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I A(z) = a1+ az2+ - - - + 8,2" 1 is the associated polynomial of the sequence 4,
then

n n

A(D)A(zY) = Z Za;a_fz"_f = Na{0) + ﬂi Noa(s}£+27%), z# 0. (2)

i=1j=1 x=1

Given A as ahove of length n the periodic antocorrelation function Pa(s) is
defined, reducing ¢ + 8 modulo n, as

Pa(s)=3 gigiy,, s=0,1,.5n—1. (3}
i=1

Notation 1 We use 0; to represent the sequence of t zeros, 1 for --1, and J
for the matrix with every element 1. We call g = 2°10%26°, ¢, b, & non-negative
integers, Golay numbers. If A = {a,, a2, -, a,_1,8n} i8 a sequence of n elements
we will use A* = {an,a,_1,-++,03,41} to be the reverse sequence and A =
{—ay,—a2, -+, —8p-1,—4,} to be the sequence with all the elements negated.
We use the notation (A/8) for Lthe sequence {a;,b, ..., 44,5, } and (A, B) for the

sequence {ay,...,an, by,...0,}.
¥ A* = {ay,...,a1} is the reversed sequence, then
A'(z) = zn_lz'l(z_l). {‘1'}

Dase, Turyn, Golay and normal sequences are finite sequences, wilh zero au-
tocorrelalion function, useful in constructing orihogonal designs and Hadamard
matrices [17}, in communications engineering [39), in optics and signal transmis-
sion problems [19, 21], ete.

T A={a,..,an}, 8 = {b1,...,D,} are two binary (1, —1} sequences of length
r and

Ni{s)+ Np{s)=0 fors=1..,n-1 (")

then A, If are called Golay sequences of length n (abbreviated GS(n)). See [12,
17, 19].

From this definilion and relation {2) we conclude that two (1, ~1) sequences
of length n are G5(n) if and only if

ADAz DY+ BBz Y =20, 2 #£0. {3

Golay sequences GS(n) exist for n = 2°10'26° (Golay numbers) where a,b,»
are non-negalive integers and do not exist when n has any lactor = 3{mod 1)
[12, 19, 20}.

Definition 2 m sequences Ay, Ay, ..., Ay of length n with entries G, +1, -1 afre
called m-complementary sequences of weight w, written m — CS{n, w), if:

0, s=1..,n2-1

ANAI{S}-F ...+J'VA’“(3) = { w, s= 0 (T]
which car be replaced by
A Az b o Al A(z ) =w, 2z #£0 (%)
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Setting z = 1 in (8) we obtain
alt ot d=w (9)

where a;,...,0,, are Lhe sums of the elements of 4,,..., A, respeclively,

If there exist 4-C §(m,w) {A}, {8}, {C] and {D} which actually have lengths
my, g, My and my and weight w then {4, B}, {4,- B}, {C, P} and {C,-D}
are 4-C'5(my + my, 2w}

Example 1 {101} and {11 -1} are 2-C5(3,5).
{111071110711}and {101600710001 } are 2-C5{11,13)}.
{101y, {111}, {111}, {111} are 4-CS(3,11).

{11011}, {11111} 4171}, {111} are 4-CS(5,15).

We note, in the language of this paper, ene very important result:

Theorem 1 Suppose there ezist {-CS(n,w). Then therc exists o Wiinw). If
there exisl 2-CS(n,w)} there exists a W{2nu).

Proof. 'The sequences are used to make circulant matrices which are then used
in the Goethals-Seidel or other appropriate array 1o obtain the result, &

Definition 3 2k sequences Ay, Ag,..., Ay of length n with entries ¢, +1,~1
{where Asr may be the sequence of n zeros (o ensure an even number of se-
quences) are called fk-disjoint complementary sequences of weight w, wrillen
2k — DCS(n,w), if they have zero nonperiodic autocorrelation function, lotal
weight w, A; + A1, are also 0,+1, - sequences with maximum lenglh » and
zero nonperiodic autocorrelation function for ¢ = 1, 3, ...,2k — 1. These also
satisfy equations {7}, (8), and (9).

We note that 2-DCS5(m, w) always give 2-CS(m, 2w).

4-DC8(m, w), A, B, €, D of lengths m, m, n and n, where i = n will be
called sudtable sequences and denoted 85(m. n; w).

4-C5(m, 2m + 2n} with lengths m,m,n,n and enlries +1, =1, are called base
sequences. Base sequences of lengths » 11,0 + 1,n, » are denoted by BS{2n + 1)
and we get

a+ b di=4dn+2 (10}

where g, b, c,d are the sum of the elements of A, #,C, D 1espectively.

BS(2r+ 1) for all decompositions of 48+ 2 into four squares for n = 1,2,...,24
are given in [2, 23, 26], BS(2n + 1} [or » = 25,26,29 and n = 2°10°26° (Golay
numbers} are given in Yang [46] and for 27, 28, 30 in {37]. S$5(47,24;71) are given
in [25, 28], which are equivalent to base sequences 47, 47, 24, 24 with Lotal weighl
FE VR

Remark 1 Since base sequences BS(2n 4 1) exist for all n < 30 [37], they give
us 4-C8(n 4+ 1,40+ 27 and 4-DCS(n + 1,202 4 1) for each of these n. Also using
ihem as {A,C}, {A,C}, {B,D}, {B,D] gives 4-CS(2n + 1,8n + 4).

The base sequences m, m, n, n may be given in the form {Z,W}, {2,W1,
{X}, {Y], with weight 2w, in this case {7}, {W)}, {X+Y}/2), {(X-Y)/2} are
4-CS(M w) where M = max{| Z |,| W |,n}. In the case of 47, 17, 24, 24 noted
above the shorter sequences have lengths 24, 23, 24, 18 and give 4-CS5(24,71).
The paper [25] gives 4-C8(20,59) by the same obscrvation.
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Example 2 {10111 }and {101171} are 2-C8(6,10) and they give {10
1000} and {00011 I} which are 2-DCS(6,5).

1011177111111 1}and{10171111111111 ) are2-CS(14,26)
and they give {10100010001000}and {000i1T01110111}
which are 2-DC5(14,13).

(G+H}/2 and (G — H)/2 where @ and H are Golay sequences of length g are
2.DCS(g,).

{117101}, {1F1101},{11}, {11} are55(6,2;14}. o

In this paper we give some special examples of m — C8{n,w). Also we give
constructions, based on T-sequences and TW-sequences, which form weighing
matrices.

Definition 4 The fonr sequences XY, Z, W of length » with entries 0,1,—1 are
called T-sequences if

(5) fxi[+fyif+izs|+|wi131: i=1..,n

. 0, s=1,..n~1

(1) Nx(s) + Ny(s) + Nz(s) + Nu(s) = { . aeD :
Yang [44] gives another name for T-sequences and calls them four-symbol é-codes.
He also calls the quadruple Q = X+ Y, R=X -Y, §=Z4+ W, T=2-W
regular §-code of length n, where X, Y, Z, W are T-sequences of length .

We now slightly extend the definition of T-sequences

Definition 5 Four sequences 4, B, C, I} of length ¢, with clements 0, +1, —1,
total number of non-zero clements (the weight) w, with zero non-periodic anto-
correlation function and which further satisfy A+ B+ C' % D (where addition or
subtraction of sequences means adding or subtracting them element by element)
are also sequences of 0, +1, or -1 with zero non-periodic autocorrelation function
will be called TH-sequences and denoted TW (¢ w).

Definition 6 A triple {F; G, ) of sequences is said to be a set of normal sc-
quences [ar length n (abbreviated as NS(xn)) if the following conditions are satis-

fiod,

(1) # = (fi)is 2 (1,-1) sequence of length .

(i) G = (gx) and H = (k) are sequencas of length n with entries 0,1, -1, such
that G+ /T = {gx + ki) 15 a (1, 1) scquence of length n.

(i) Ne(s}+ Nog(a)+ Npp(s)=0,8=1,.,n— 1.

We note they are also 3-C8(n, 2n), the quadruple (£,0,; &, £} gives 4-DCS(n,
2n), while the quadruple {F,G + H}, {F, -G}, {F,—-H}, {0,C — I}, are 4-
C5(2n; 6n)}. o

In (25, Theorem 1} it was shown that the sequences G and H of Delfinition
6 are quast-symmetric, i.e. if g¢ = 0, then gyp1-% = 0 and also if fip = 0, then
hy41-x = 0. This means that G £ fi* and &* + H are also 1,—1 sequences.
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Definition 7 The sequences E, F,G,H of lengths 2m, 2m—1, 2m, 2m respec-
tively, with entries 0, £1 are called near normal sequences for length n = 4dm+1
(abbreviated as NN(n)}) if the following conditions are satisfied

(i) E=(X/0,1), F = (Y/0), where X and ¥ are (41)-sequences of length m,
0 = 0 ;-1 the sequences of zeros of length m—1, and X /0 = {z,0,£5,0,+,
zm—ls{]:xm}-

(i) G and H are quasi-symmetric supplementary (0, £1)-sequences of length
2m, ie G + H is a (£1)-sequence of length 2m and zeros appear symmetri-
cally in & and H ie g; = 0 iff gayny1-i = 0, i =0 iff homy1—; =0, ;=0
HE hy # 0, gi # 0iff Ay = 0 (this condition is necessarily implied by (i) and
(iii}).

(iif} The sequences E, F,, H have zero nonperiodic attocorrelation sum. The
sequences X,Y,G, H are called Yang quasi-symmetric sequences.

All Yang’s theorems [46, 43, 44, 45, 47, 37, 27] use Yang quasi-symmetric
sequences.

Also in [25]} it is shown that from Golay sequences of length n we can always
obtain at least two sets of normal sequences NS(n) and that normal sequences of
length n always give base sequences B5(2n + 1). In fact BS(2n + 1) give NS{n)
and vice versa.

Normal sequences do not exist for n = 2%~} (86+7), @,b non-negative integers
as the numbers 42(85 + 7} can only be written as the sum of four squares. In
particular n # 14,30,46,56,62,78,94,... It is known that N5(6) does nat exist.
Yang [46] has given these sequences for n = 3,5,7,9,11,12,13,15,25,29 and he
notes they exist for n = 2°10°26° {Golay numbers).

NS(n) have not been found for » > 20 {except n = 25,29 and g, g a Golay
number). We can construct T-sequences of length (2n +1)t, if a new set of NS(n)
can be found, where t = 25 + 1 is the length of base sequences {BS5(2s + 1)).

Therefore we know these sequences

(i} exist for n € {1,2,...,5,7,8,...,13,15, 16,18, 19, 20,25, 26,29,32, ..}
(ii) do not exist for n € {6,14,17,21,22,23,30,46,56,62,78,94,..}.
(iii) n € {24,27,28,31,...,} are undecided.

From corollary 5.24 of [37] we have T-sequences or T-matrices for ali t < 100
excepl possibly 73, 79, 83, 89, and 97. Hence we have using the construction of
Cooper and {Seberry) Wallis [3] that OD(4t;1,1,1, 1) exist for these t. Setting the
first three variables cqual to 1 and the fourth equal to zero we have

Lemma 1 There csists Widt,31) for allt < 100 except possibly for 73, 79,83,89,
ani 97.

Lemma 2 If there exist T-sequences of length t, T, Tp, T3, Ty then
{(f+ L+ Db {-Th+ D+ Th{-T+D-T) (T~ T - T

are 1 — CS{t,3t). (We note that, similarly, there will be scquences with pertodic
attocorrelation function zero if T-matrices were used.} In particular 4 — C'S(1,31)
exist for ali t <71 {37 Also if TW(t;w) exist the same consiruction gives 4—
CS(t, 3w). .
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Example 3 {11 — 0000}, {0061010},{0000100}, {0000001} are T-sequences of
length 7 and so

{11 — 1110}, {- — 11011}, {— — 1010-}, {0001 - 1~}

are the required 4 — C'5(7,21).
This means there are 4 — C'S(19,57), 4 — C5(21,63), 4 — C'5(23,69), 4 —
CS$(25,75), 4 — CS(29,87), 4 ~ CS(31,93), 4 — CS(33,99). o

Remark 2 Turyn gave a construction for T-sequences using six sequences X, Y, Z,
Z, W, W of lengths n, », n, n, n = 1, n = 1. The known results are suimnmarized
it Tahle 1. Hence we have

Lemma 3 If there exist six gequences X, Y, Z, Z, W, W, of lengths n, n, n,
n, a— | and n — 1 with non-periodic aulo-correlation function zero then writing

U =(X +Y)2andV = (X - Y)2o0flengthn
{ Z\ W} (]}1{ Z! _H'!! -V}!{ Z! Un-ls _(} +V}!{ []ﬂ': W? _U' - V}
are 4~ C5(3n - 1;9n - 3}, o

Corallary 1 4—-CS5{3n—1;9n— 1) ezist for evenn = 2, 4, --- 24. In particulur
4 — C85(11;33), 4 — CS(17;51), 4 — CS(23;69), and 4 — C'5(20;87) exist.

Lengths | Sums of Squares | X, Y, Z, W of lengths n, n, n, n — 1
32 [P+ +3¥+ 12X =V =(+=),Z2=(++), W =(+)
T4 240042+ X = (- + +0.Y = (= +—+),
Z=(- LW =(+4+4)
16 [4t 447412 4107 X=(++ +++)Y—(+ + 4+ ),
F=(-—+—++)W=(-+++-)
1?52y X:(+——+++)Y:(+—++ —+h
Z=(-+++-+)W={++++-)
138 1640434+ [ X =(—F++++++),Y =(+—-——+ 4 +=).
Za{—t+-++++-}W={4-++- -1}
1910 [ 22422472417 | ¥ = (— - — -+ 4+ 4+ +4),
Y={~+-+4+t-—+-++),
Z=(+4++-—+4—++)
W={—4+++-+-++4)
02 +0%+ 72432 | X =(— - -4 —+ + + +=),
Y =(+ - —~+++—-—4),
Z=(-+—-=++—+++)
W={++-+~-++++)
20,12 |42 422471 [ X == - b4+ + )
Ve{—4+-—++-+-+4)
A G O Rt i el 2
L. Ws{~++++++--+-)

Table 11 {X}, {V}, {Z,W} and {Z, -} of lengths », n, 2n — 1, 2n — 1 have
zero non-periodic autocorrelation function, ie C.S(n,2n — 1;6n - 2},
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Lengths

Sums of Squares

X, Y, Z, Wollengths n,n,n,n—1

23,12

27,14

31,16

35,18

A4+ 5% 450

22 +42 472417

4% + 4% + 5% 4 57

6% + 62 +3% + 17

42322470450

0% + 62+ 77 + 37

02422 17412

4248457 418

22422474 7R

X={—=+++++~+-++)
V=(-+++-—+-—-++4),
Z=(-—+—++~-+++-7),
W=(F+++-+++-+-)

X={——=+++++—-+++—+h
Y=(-t+--+t-—+++++-+)
Z=(++4++-—-—++-++—+)

W=(+++-+++-—+—+-)
X=(-+++-+-+++-++-)
Y=(++--++++-+—-+-4)

Z=(————4+++-t+-—4)
We=(+4++-F++++-+--14)
X={-—4---—~ + -~ =+,
Y=(4~--++-+-——-—-———— ),
Z={-+—-++-F-———++--)
We(h-+++—F-————++)

can be obtained by changing the signs of
odd elements of each sequence in
2A=82=124+4 44747

X={++-++t++-F++-—~+-)
Y=(-+-+-——++++-++—4],
Z=i{t-+++4+———F+++++ -4}
Wa=(-+++-+++-—-+-~+-)
X=(+--——+-+--—++=+++)
YV={-—=m- e
Z={+++-+—-F+--+-+-—-]
We(--4+—=—F-——+++--~)

can be obtained by changing the signs of

odd elements of each sequence in

2 =0 =2 a7 52472
X=(++++--F+++++++-+++-)

Y=(+-+—-4++-———F++++-4-+-]
Z=l———+-++-++-+—-~+++-)
W=(+----- ++-+++-+4+)

X=(+-F-——4++-+t-F-—+++-++
Y=(t+++4+-——F+-—+-4++1t++)
Z={(~t-————F++-———=++-+1+.
We=(++-+-++--—+--—-+--})

can be oblained by changing the signs of
odd clements of each sequence in
2t =106 =17 4+ 17 4+ 22 4107

X=(++++++-—-4-—+++---)
Y={——4+—++—=++++-—++-+)
Z=(—F~~+++-++-t+t+-———)

We(++d+—++—+—+++—+—+)

Table | {continned): {X}, {Y}, {Z, W} and {7, -W)} of lenglths n, n, 2n — 1,
21 — 1 have zero non-periodin antocorrelation funclion, ie C'5(n, 20 — 1;6r — 2).
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Lengths

Sums of Squares

Z, W oflengths n, n, n, n— 1

39,20

43,22

47,24

824+67+32+3°

02+6‘2+9'1+12

02+02+92+72

22 +4%+ 112+ 17

Il e

(F++-++++++--F+-F+-++-),
(—~——+++-+++++—+—F+++),
(—+-+-—F——F—F+++——++—),
=(+++++-—-—+-——F++—-F~-—++)
(+~+++-+-4+--++-————~ ++),
(~+-++—+++-F+-+++++-+-),
——————— ++++-+-—++-—+}h
We(+-+-++-+++-——-++++--1)

can be obtained by changing the signs of

odd elements of each sequence in

=118 =3"+3"+ 62+ 8*
X=(==—=+++-+4+-t+t—--++++—-+—h
Y=(—-=-4-——F++-——++++++-—-+~}
Z={-—++—-++++++-++-F+-+++-4)
W=(++—-++--—-+—-+-+-—F++++--)
X={++4+-——+-F++-F++-+—-+=-++-—-)
¥=(++t+t-++-——+t+t++-+——+=——++-}
Z={t—=—4++—t++--——F+ -+ -+ +++)
W={++++~-++-+++-+-+-+—-=-—+4+)

N e R N

o
Lot

Table 1 (continued): {X}, {V'}, {Z,W} and {Z,—W?} of lengths n, 5, 2n ~ 1,
2n — 1 have zeto non-periodic autocorrelation function, ie C8(r,2n — 1;6n — 2).
2 Muliiplication theorems

We now suminarize some constructions using sequences. Not all these construc-
tions are new but they are collected here to help construct our table.

The following lemma, which closely follows work of Turyn is to be [ound in
(371

Lemma 4 [If there crist
(1) 2—-C80my, ) and 2k ~ DCS(ny, w3} there exist 2k ~ CS(mymy, wiws)),
(ii) 2— DCS{my, wy) and 2k — C8(my, wy) there exist 2k ~ C 5 (myma, wiwn)),
{iii) 2—DCS(my, wy) and2k— DOS{my, wy) there exist 2k— DCS{mymy, wywg)).

In the special case with § sequences where Ay, Ay have length mo and Aq, Ay
have length my we oblain SS{(mymy, mymy, w w;). a

Example 4 Suppose A1, Az, Ag, Agare {1110}, {000C1},{101},{010}
then if X, ¥ are 2-CS{m,w} then

{(XXXY}IXYYY) XV X)L {¥YXY)

are 4-CH{4m, Tw).
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Suppose A, Ay, Az, Ay are {11100}, {00011},{101060},{0001 1}
then if X,Y are 2-CS(m,w) then

{XXXYY}{XXYYY), {X0XYY},{XXYO0Y}

are 1-CS{5m, 9w). So 2-C5(3,5) gives 4-C5(12,35) and 4-CS(15,45), 2-C5(6,10)
gives 4-C85(24,70) and 4-CS(30,90), and 2-C5{11,13) gives 4-C5(44,91) and 4-
C5(55,107).

Example 5 We give some useful examples of the last leinma
(i) 2—C5(3,5) and 2 —~ DCSY(8,5) give 2~ € 5(18,25);
(i) 2 - CS$(3,5) and 2 — DCS(14,13) give 2 — C5(42,65);
(i)
(iv) 2—C5(11,13) and 2 — DCS(6,5) give 2 — CS5{66,65);
{v) 2 - CS8(11,13) and 2 - DCS(14,13) give 2 — C5(154,168);

2 — C85(3,5) and 2 — DCS(g,¢) give 2 — CS(39,59), 4 a Golay number;

{vi) 2-C&(11,18) and 2 BCS{g, g) give 2— C5(11g,13g}, g 2 Golay number;
(vii) 4 — C$(3,11) and 2 — DCS(6,5) give 4 — C'S(18,55);

(vili} 2 — DCS(6,5) and 2 — DCS(6,5) give 2 — DCS(36,25) and 2 — DCS(6,
5), e > 0;

(ix) 2—DCS{14,13) and 2— DCS(14,13) give 2— DCS(196,169) and 2— DCS
(144,137, f > 0,

(x) 2— DCS5(6,5), 2— DC5(14,13) and 2 — DCS(g,g) give 2 — DCS5(6° 14fg,
5°137g), e, f 2 0, g a Golay number, o
Lemma 5 If there exial

(i} 2k—C8{my,w1) A1, Az, .., Azx and 2—-C'S(ma, wq), X, Y, then there are 2k—
CS(2mymy, wyun);

(i) 2k = CS(my,w) A1, Agy.oo, Agp and 2 — DCS(mg,wq), X, Y, then fhere
are 2k — DCS(2mymg, wun);

(iit) 2k — DC8{my,w) A, A, ..., Ao and 2 = CS(mg,we}, X, Y, then there
are 2k — DCS(2Zmymg, uny).

Proof. Consider, where j = 1,2, -- -, 2k,
{Ay x X, Agipn % Y7 hand {d x ¥, Agi41 % -X"}

or

{fl‘;" * X,AQ_H.] X Y} and {Ag.‘ X Y*3A2f+l X ‘-.X‘}

Example 6 2-C5{3,5) and 2-C8{11,13) give 2-CS(66,65). i
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Lemma & If X, Y are 2 — CS{m,w) {or 2 ~ DCS(m,w)) then

{ch []I } T {CY’, Dl}s {ﬂ., 01+m+1 } ] {b, Uf-l-m‘*'l }

are 4 — CS(m+t,w+2) when a = b = ¢ = [ for 4 — DCS{m+1,w+2)) and when
,b,c are cominuting variables these four scquences can be used to generate circu-
fant matrices te use in the Goethals-Seidel array to form OD(4{m+1);1,1,w) for
allt > 6.

Example 7 2-C§(3,5) and 2-DCS(10,10) give 2-CS(30,50), by lemina 4, which
can be used to give an OD(4{30+t);1,1,50}, and 2-CS(18,25) can be used to give
an OD(A(IB4);1,1,25) .

Lemma 7 If XV, Z,W ared — CS(mu) (or 4 — DCS{m,w)) then
{aX,bY,0.}, {bX,aY,0,), {aZ,617,0,}, {bZ,«W,0,}

arc 4 — OS(2m+1,20) when e= b = 1 for 4 — DCS{2m+1,2w)) and when b
arc commuling variables these four seqiences can be used to generate circulunt
malrices to use in the Goelhals-Scidel array to form OD({12m+tiwaw) for all
t 21

Lemma 8 Suppose there are 2-C'S(m,w), X,Y. Lel a,b,c be cominuting vori-
ables. Then {eX,a,eX*,0.),{cY,b,eF*, 0}, {eX,0,eX*,0,),{e¥,0,c¥ ™ 0.} are
the -CS(dw+2,2m+ 1+ 1) which can be used to form the first rows of four circu-
lunt matrices which then used in the Gocthals-Seidel array to form an G D{4(2m+
14+ 151, 1,4m) for edft =0,

Example 8 There exist 2-DCS{n, u) and 2-C5(n,24) where n = 2710%2676214°
and w = 2°10°26%5¢13% or 2e. By the lemma OD(4(2n 4 L {1} 1, 1, 44) exist for
all t > 0. Henee we have
QDT 4 0;1,1,61), O D413+ 0; 1, 1,40), 0 D(4(23 + £);),1,52)
O D29+ 1)1 1,1,104), 0 D(A(21 4 £); 11,50,

Giving the entries for weights 65 and 81 the table, There exist 2-C8(011,133)
and henee G420 | L) 1.1,52). 1

Fream [17, p406] Lable 114 there are d-sequences with zero poriodic antocor-
relation function which give usefid results,

Lemma & OD{An; 1, 1,60) cxist for alfw = 03, QD00 1.52) and Q4 1,1,5%)
exist for all w2 15,
3 Some ad hoc multiplication lemmas

Lemma 10 Supposc A, £, C ame N§{(n) of weight w then there are S50, 3w,
If B+ C are (0,1, —)) soyuences then there are TG0, 3w) and §-CS5{2n, Jw).
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Proof. We use the sequences
{Ag Bv C}: { He _C}I {Ay 0!11 “C}! {A! —B}’

{A| B‘+C‘}7 {OZP’U Av _E‘}H {03?15 Cy_A‘}v {05111 B_("}

and
{A, B+¢Y, { A -B}, { A, -C}, { B, ~-C}

respectively. ]

Lemma 11 Suppose A, B, C and 1} are 4 — C'S5(n,w) then there are

(i} 4 = C5(4n, Juw)

(i) 4 — C'5(6n, buw)

(iil) 4 — DCS(n, w) give 4 — DCS(6n, dw).
Proof. We use the sequences

{A B, CL{A -B O, D}, {0, —C,-D}, {8, --C, D},
and
{A, A, -A,C,0,,CY, {B,B,-B,D,0,,D}, {A,0,,A,C,—C,-C},

{Baunsﬂle_‘Ol_D}n

for (i1} and (1) respectively. a

Example 8 The following 4-CS{3,11) {111},{1 =}, {11-}.{10-} have length
3 and tolal weight 11 so Lhere are 4-C'5(18,55) of length 18 and total weight 55.
Using sequences of lengths 5 and woeights 17 and 19 gives the sequennes of
lengths 30 and weights 85 and 95 respectively.
The sequences of lengths 5, 6, 7, 7, 8, 9 and 9 and weights 19, 21. 234, 253, 20,
31 and 33 give the results for weights 57, 63, 69, 75, 87, 93 and 99 and lengths
20, 24, 28, 28, 32, 36 and 36 respeclively, 1

We restale a theoren of Yang in the language used in [27] at the same time
deteting the zeros fromn the beginnings or Lhe ends of the consiructed sequences:
4 Multiplication by y a Yang multiplier

Lemma 12 fet A, 0. ¢, 2 be 58(p,myw) and XY G H of lengths m, m,
Zrt, P orespoctively be obtained from NN {4 4 1), then the following sequernces
QRS T are TW.-sequences, TWiylp + nhiyw), ¥ = 4m + 1, where X =
{Il 12 s Ban-1s IFH}J Y o= {yl y¥20 Mmoo W }! = {91192' st fam—t ;y2rn} '
el AT = {hy, Brgy o0 chogn o1 B )

(¢ = {"192;!; — Bl —Cyps Afam-1 — Blg, ~1%xy5 5 A — Bhog 1. _C"ym;

Ay = Bl — D2 0, — D50, 00,0, 0, 0; 07,0}
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R = {Bq + Ahgm, —Dy1; B2 + Ahgn—1,C™ 215+ - s Bgam -1 + Ahg, —~ Dym;
Bgom + Aby, C*20; 0,050, 0;0°,0;- - -5 0°,0; 07,0}
§={0,0;0°,0;+-;0,0;0/,0; = B,0; ~ Bz, C* g2 + D" Ao A" 11,
C@am_t+ D ham_1; -5 - By, C g2+ D ho; A"y . C g1+ 1" Iy }
T ={0,0;00,0;; 0, 0:00,0; A,0; Az, D™y — C*hy; BTy, D g2 — C¥hgi - -
vy Azy, D a1 —Cham 13 B Yy D Gom ~Cham }

where 0, 0 are sequences of zeros of length p and n respectively, If A, B,C, D
are 55(p,n;2p + 2n) then Q. R,5,T are T'-sequences.

@ = {Ag2n — B, —Cy; Ag‘zrln—l = Bhy, D ey Agy — Bhop 1, ~Cyms

Agy = Bhop, —D*x,,;: 0, —D*}
Ry = {Byg, + Ahom, —Dy; Bya + Ahy_1,C 215 - Bgam—1 + Ao, — Dy

Bygm + A, C* 20 07,07}

81 = {=B,0; B2, C"am + D" hom; A%v1,C* g2m-1 + D ham 1y -3 — By,
Crge 4 Dk A%ym O gy + D7y}

1= {4, 0, Az, D1 —C i BTy, D72~ Chas -+ Ay D7 @21 —C " a1

B* Yo D" g2 — C ham }

of lengths (y+ 1)(p+ n)/2 and total weight yw ie SS((y + 1)(p+ n)/2iyw).

Now sinee §, R, §, T are TW{y(m + n); yw)
{Q, R }{Q, R}, {5, T"},{T, 57)

are TW {2yfp+n);2yw). These TW -sequences can be used lo form circulant mao-
trices used in the Goethals-Seidel array which give O D{(ds;yw, yw, yw,yw) for
s > y(p + n) and OD(4¢; 2yw, 2yw, 2yw, 2yw) for t > 2y(p+ n).

Let o and b be commuting variables. Then a@y -+ bR, b — a By, a8y + BT,
a8y —bT) can be used to form circulant matrices used in the Gorthals-Seidel arvay
which give OD(du;yw, yw) for u 2 (y 4+ 1)(p + n)/2.

Lemma 13 If there exist S5(p, n;w) end NN(y) then there czist SS({y+ 1)(p+
n)/2, yw.
Example 10 Let B = {1 1}, F= {1}, G ={ 1-},1T = {0 0}.
Then ey = 1,y = b, g1 = 1,92 = =1, iy = 0 and ko = 0 giving
G ={-4,-CA,-D"0,- D"}
Ry ={B,-D;-1,C"0,07)
Sy ={-B,0: -8,-C" A", C"}
Ty ={A,0;A, D% B, - D"}

show that 4-CS(n;w) and NN{5) give 4-CS{6n;5w) and 4-CS(m,n;w) and NN(5)
give 4-CS(3(m+r;5w). a
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Example 11 4-C§(5;17) and 4-C8(5;19) can be used with NN(5) to obtain 4-
CS(30;85) and 4-CS8(30;95) respectively.

Lemma 14 If there exist 4-CS{n;w) and NN(y) then there ezist {-CS{(y +
1)n; yw).

Example 12 4-C§(3,7) gives 4-C5{42,91). o

5 Multiplication by 3

Lemma 15 Let A, B, €, D be S§(m,n;w). Then consider the following sets of
four sequences, where 09 is the sequences of m + n zeros and 0 is the sequence of
n zEms,

X = {AC500;, B*0}
Y = {BD;0n; A*0}
Z = {00; AC;0D*}
W = {00; BD;00*}
are SS(3(m 4+ n),3{m + n);3w). Now X, Y, Z, W are TW(3(m 4 n); Jw) and
{x, ¥V {y, X"}, {z,W*),{W,Z*}

are TW (6(rn+n);6w} These TW-sequences can be used to form circulant ma-
trices used in the Goethals-Seidel array which give OD(4s;3w, 3w, 3w, 3w) for
s > 3{m+ n) and GD(4t; 6w, 6w, 6w, bw) for i > 6(m+ n). Further we nole that
zeros can be eliminated giving
F = {AC;00, B*}
Q= {Hi2;00;1°}
R ={AC;0D*}
§={nD;0ol"}

of lengths 3m + 2n, 3+ 20, 2m + 2n, 2+ 2n and iotal weight 3w e §-
CS(3m 4 2n;3w)), These are also SS(3m + 2n,2m + 2n;3w) and can be uscd
recursively in the constiruction.

Lef @ and b be commuting vorinbles. Then aP + bQ, 6F — a@), o + b5,
afl ~bS can be used to furm circulant matrices used in the (oethals-Seidel urray
which give OD{4u; 3w, 3w for © > Im + 2n.

Example 13 Let A = {10}, B = {01}, = {1}, D = {0}.
X = {101;000;100}

Y = {610;000;0 — 0}
Z = {00G; }0—; 000}
W = {000;010;00—)
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are 55(9,9;9) and are also TW(9:9) and give 053{4%;9,9,9,9), for 1t > 36.
Further B
(X, Y )Y, X"} {2, W} (W, 27)

are TW(18; 18) and give . D{4s; 18,18,18,18), for 4s > 72,
P = {101;000;10}
@ = {010;000;0~}
R = {10—;000}
§ = {010;00-}

ara 4-complementary sequences of 8, 8, 6 and 6 and total weight 9 and zero
antocorrelation function, Furthermore they ate §5(8,6;9).
Tsing the construction recursively we get 7'HW {42;27) and 55(36,18;27).
We note that in this case the sequences can be shortened further to give
4-complementary sequences Py = {1016001}, @, = {100000-}, R, = {10-},
53 = {1000-1} of lengths 7, 7, 3, 5 and total weight 9. o

Lemma 16 Suppose A, B, C, and D are §-CSm,n;w) of lengths 1, m, n, n
where m > n then

{Ums A-: Crr Dms Ons B‘}s {A! Dms Orn _‘I')*} _B'! Um}’
and

{ A! _C$ Oms D*} Gn: Um}: {Um, (]m :a Orm D‘» —H*}ﬁ

are 55(4m + 2n,3m + 3n;3w), or, prefucing the last two sequences by Oumyan,
TW{7m + 5n; 3w).

6 Multiplication by 7

Lemma 17 Let A, B, O, D be §5(m,n;w). Then congider the following seis of
Jour sequences, where 00 is the scquence of m 4+ n zeros and O s the sequence of
n ZEros,

X = {AC;00; AD; 00, AC, 00; B0}
Y o= [HD00: B 00; DD;00; A0}
Z = {00; AC; 00; B 00; AC; 0027}
W= {00; H1;00; A D 00; BLH0C™)

ull of length T{m 4 n) and tofal weight Tw, or SS(T(m + n}, T{m + n), Tw). Now
XYV, 2, Woare iW{T(m+n);Tu) and

(X9 (Y, K4 {2, W=y (W, 27}

are TW(l4(m 4 n}; Vdw). These T'W -sequences con be used to form civeutant
alrices used in the Goethals-Seidel array which give OD{4ds; Tw, Tw, Tw, Tw) for
5 2 T{m+ n) and QD44 1w, 1w, Tdw, 14w) for t 2 14(m + n).

Further we nole that zeros can be clinvinaled giving

= {AC00; AD; 00; AC;00; 87)
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Q = {BD;00; HC; 00; BD;00; A*)
R = {AC;00; BC;00;AC;0D"}
§ = {BD;00;AD;00; BD;0C*}

af lengths Tm + 6n, Tm + 6n, 6m + Gn, 6m + 6n and lotal weight Tw, These are
S.S‘(Tm + 6n,6m + 6n; Tw) and can be used recursively in the construction.

Lei a and b be commuting variables. Then aP + b, &P — aQQ, aR + bS5,
all — b5 cun be used to form circulant matrices used in the Goethels-Seidel array
which give OD{Aw; 7w, Tw} for u > Tm + in.

IfA, B, C, Dared~CS5(n;w) then P, @, R, § are 4 — C5(13n; Tw).

Example 14 Let A = {11 -0}, B = {0001}, ¢ = {101}, D = {010}, then
X = {= - 10101:04; 11 ~ 001005311 — 0101; Oy; —000000}
Y = {000 — 010;07; 0001 — 0—;07;0001010;07; 0 — 11000}
Z = {07311 = 0 — 0—3 073000 — —0—;05; 11 — 0101;00000 — 0}
W = {07:00010 — 0:07; 11 — 00 — 0; 07; 0001010; 0000101}
arc TW(49;49) and give O D{4t; 49,19,49,49), for 4t > 196. Turther

(A, V1Y, X {Zw ) (W, 27)

are T'W(0%;98) and give O D{4s;98,98,9R,98), for 45 > 392.
We also note that
P = {— — 10101;07; 13 — 00L0;07; 1} ~ 0101;07; ~000}
Q = {000 — 010: 0730001 — 0—; 0+;0001010;0+;0 — 11}
it={11=0=0-:07000— —0~;07; |1 — 0101; 00000 — 0}
§ = {00010 — 0;07; 11 — 00 — 0; 07; 0001010; 0000101}
give sequences of length 46 and weight 49 and hence O D(4w;19,49) for Au >
184. Careful observation shows that P,@, 1,5 can all be further shortened by
removing zeros from both the beginning and the end of each sequence giving
Ppo= {o — 10101 07; 11 - 0010;05; 11 - 0101;05; =}
Q1 = {—010;07;0001 — 0—; 07; 00010103070 — 11}
By = {11 = 0= 0-;07;000 — —0w; 053 11 — 0101; 60000}
81 = {10~ 0;07: 1§ = 60 ~ 05 07: 0001010; 0000101}
give sequences of length 43 and weight 49 and hence O £{4u; 49, 459) for 4u > 172
W]

Corollary 2 Al O D(4s,98,98,98,08) caist for 45 2 392, Henee all W{4s,1302)
cxist for 1s > 302,

Example 15 Using the SS(3,-4;7) {161}, {010}, {11 - 0}, {0001} and using the
NS(3) we oblain S5(45,415;91). t

Example 16 4-CS(3,7) gives 4-C5{19,49), 4-CS(3,11) gives 4-C5{39.77} and 4-
CS(4,13) gives 4-CS(52,91). 0
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Length=13 | Sequences with zero periodic autocorrelation function
1,42 {-++--0a0++-—+},
{~+-0-+0++++++}
{++++-+-0+ 00+-},
{++---+00+++-—-}

Table 2: Sequences of length 13 wilk zero periodic avtocorrelation function

Length=15 | Sequences wilth zero non-periodic autocorrelation function
1,42 {04+ 0+~-—+a—++-0- 0},
{+00+++ 8+~-0+~-004},
{00++0+4+++-+-—-—+}
{-0-+4++0~-+ 0+~ 0+}
1,48 {(+++-—-+-ae+-++-~-}
{+04~+—-00+ 0-+4+ 0},
{+~++ 0+ 00+++-0- 0}
{F+-——+-04+ -+ 444}
1,54 H—+-——--0+++4+-+-},
{—+-t++++0++++-+-},
{++~-+++0+-—++-0},
(H——++-+0++-~4++0}

55 {~+++-+-+++-0+ 04},
{—+-+-++-+++4+-+4+),
{—++-=-~-0++++++-}
(+4++-—+-——++-0- 0+}

1,56 {+ ~+-—~-—ae++++-+-},

{(—+-++++0++4++-+-),
{(++-—+++++-—=++- 0},
(+-—++-—+—-++-~++ 0}
56 [0 — -+ —++—-——F+—++4+}
{—++++~+++~+-++ 0}
++—+++ 0+ -~ —++1},
{(+4+++-+ 00—+ -~ -4 4~}
1,59 {——+-+—-a++-+-++}
{(+++++—+—+——++ -~}
{(—+-—+t+++++-—+4++}
-4+t -++-———-++}

Table 3: Sequences of length 15 with zero non-periodie antocorrelation funciion
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Eength=15 | Sequences with zero periodic antocorrelation function
1348 {+++0‘+_a+_+ U_"_}!

(04— 4+-+-004++~++4},

{~+++++ 00++---+0}

{—++0++- 04+++0-+-)

1,56 fa-——+-++-—+-+++}

{-+4+++-+++-+-++0},

{(++—+++0—+———+++},

{(++++—4+0—+———++-]

Table 4: Sequences of length 15 with zero periodic antocorrelation function

Length=17 | Sequences with zero non-periodic antocorrelation function
61 (—++ -+ +++H0~ 40—+ - +},

f+=++0+++++-———++--}
{—++—-+++-0-+-++++-}
{+++0- -0~ ++—--40+—+}

62 O++++-++-++-+-+-+},
O-+++-++++-+0+—- -4}
{(--0++-——+++++--0+-},
{—-——=0+4++-+-—++-+]
63 {+—t-+-++ b+ +++++--1,
{H+-+-++-++-++-—++}
0—4+-0-~-—+++-+++}
{(+-—+++-——+++0-+--0}

Tabla §: Sequences of length 17 with zero non-periodic autocorrelation fanction
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Length=17

Sequences with zero periodic autocorrelation function

1,42

1,49

161 .

1,62

1,1,64

167

{+0+ 0++——e++-—0-0-},
{-+0+0+00+40+ 04 0- 0},
{0+ 04+ 0+4-~+0- 0+—++4},
{+004+ 04+ 0——-+ 0+ 00— 0- 0}
{==0—=40+a— 0—+4 0++},
{-+ 04-+4+00+ 0+ 4+~ 0+},
{(++ 0~++++ 0+ 0——+—0-},
{—++0+0-00+~--—++0+}
{(+4++-4+-0+a=-04-+---}
{~+++—F~— 0+ + 0+ +4+ -},
{(+0-+-0-—++-++++ 0+}
{+4+~4—=+—U0+++ 0+~ 04}
{-—=04++—~+a-+-——0+44+},
{-+-+++++++++-+-- 0}
f++-4+—-+++-++-++-- 10},
{(++—=0+-+++-0—++—+}

(—+++-—tF-at-++-—-+]},
{0+++++-+++-+-++--}
{0++4+4++ 4044 ~+—4-~-},

{0++--+-0++-——++-+}

(t++-F++-+s-F-—+~--},
F++-———+-b+-+++---}
{(F++-—++-F0+-++-+++},
(H++-——+-0-+-——+++)}

(++-+++++a-————- +--1
==+ -—t+——+-—=+++}
{~— =ttt -t —— =444}
-t -t}

Table 6: Sequences of length 17 with zero periodic autocorrelation function

1,56

mgfhrzﬂ-i—lﬁ, t > 0 | Sequences with zero non-periodic anlocorrelation funé—ti_cm
N {6l —~ 4~ t+——F-+++ 0},
{~++++—4++—+=4+ 002},
{H+—+4++ 0t —— -+ + 0u}y
B a1 I

Table 7: Sequences of length 26415, 1 > 0 with zere non-periodic autocarretaiion

function
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Length | Weight Comment
3 7 {17, Table H.1 and H.2]
5 15 [17, Table H.1 and 11.2]
fw/d] |w <20 |w#7, 15 [17, Table H.1 and 11.2]
6 21 [17]
6 22 base sequences
7 23 [17]
6 24 double sequences of length 3 [17, p401} "
7 25 [17)
7 26 117]
7 27 [17]
7 28 [17)
8 29 11
8 3c i17]
9 31 |7
8 32 {17}
9 33 [17]
g 3 (17}
9 35 [17]
9 36 [17]
10 37 (17
10 38 base sequences: remark 1
10 39 [17]
10 40 Golay sequences [17)
13 41 [17]
11 42 base sequences: remark |
1 43 [17]
11 44 (17]
12 15 17]
12 46 hase sequences: remark |
13 47 (17]
12 48 douhle sequences of length 6 weight 24
15 49 Table 3
13 A0 base sequences: remark 1
13 51 {17]
i3 52 [17]
15 53 [29]
14 54 hase sequences: remark 1
15 55 ‘Table 3
14 56 double sequences of length 7 weight 28
15 57 [29]
15 58 base sequences: remark 1
15 59 Table 3
1A 60 base sequences of l__L_-pgt}ts &, 8,7, 7: remark 1

Table 8: The smallest length for which there are four sequences with zero non-
periodic antocorrefation function.
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Length | Weight Comment

17 61 Table 5

16 62 base sequences: remark 1

17 63 Table 5

16 64 | [17]

17 65 Golay: example 8

17 66 base sequences: remark 1

18 67 | [17)

18 68 (17}

18 69 | [17]

18 70 base sequences:” remark 1

24 71 base sequences: remark 1

18 72 double sequences of length 9 weight 36
73

19 74 base sequences: remark 1

25 75 example 3

20 76 double sequences of length 10 weight 38

39 77 example 16

20 78 base sequences: remark 1
79

20 80 Glay sequences: [17]

21 81 Golay: example 8

21 82 base sequences: remark 1
83

21 84 base sequences of lengths 11,11,10,10; remark 1

30 85 example §

22 26 base sequences: remark 1

29 87 example 3

22 38 double sequences of length 11 weight 44
]

23 80 base sequences: remark 1

44 91 example 4

23 02 from base sequences of lengths 12,12,11,11: remark 1

31 93 example 3

24 94 base sequences: remark 1

30 a5 cxample 9

24 b 14) double sequences of length 12 weight 48
97

25 98 base sequences: remark 1

KX a4 examnple 3

25 100} base sequences of lengths 13, 13, 12, 12: remark 1

Table 8 (continued):The smallest length for which there are four sequences with
zero non-periodic antocorrelation [unction.
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7 Numerical consequences

We use the tables of Appendix H of Geramita and Seberry [17] with non-periodic
autocorrelation function zero and note that sequences with periodic autocorrela-
tion function zero exist for W(4t, 4t — 1}, W(4t,4¢) for all t € {1,...,31} [37].

We extend Theorem 4.149 of Geramita and Seberry [17] using the results of
[29] and those given in Tables 2 and 3:

Theorem 2 There ezists an orthegonal design O D(4n;1,k) when
(i) forn>t,t=3,57,9withke{x:z g_4t—1, r = a® + 8 + )
(i) forn2 1, withke{z:z <43, 2 = a* + 0% + 2, z #£42};
(i) forn > 13, with kef{z:z2 <51, x = oa® + 6% + 2, o # 46, 19}
(iv} fern> 15, withk e{e:z <59, 2 = a® + b + %, = #£46, 49, 57}

(v)forn 2 17, withk €{z : = < 67, 2 = a® + b + % z #
46, 49, 57, 60, 61, 62, 66, 67}.

Al are constructed by using four circulant motrices in the Goethals-Seidel array.
Proof. The sequences for OD(dn;1,34), n 2 13 are given in [28]. The
O D(36;1,34) is given in [17, Lemma 8.31] and the O D{44;1,34) is given in [17,
Lemma 8.36]. This completes the case for i = 9.

The sequences for G D{4n;1,37), n 2 13 are given in [20]. The O P(44;1,37)
is given in [17, Lemma 8.36]. This gives case (ii).

The sequences for O(52;1,42), are given in Table 2, while the sequences
for OD(4n;1,42}, n > 15 are given in Table 3. The sequences for OD(4n;1,43),
n > 13, 0D{4n;1,53) and OD{4n;1,56), n > 15 are given in [29]. The sequences
for O D{4n;1,48) and OD{4n;1,54), n > 15, are given in Table 3. Hence noling
O1(52;1,48) is given in [29] we have cases (ii), (iil) and (iv).

Now there are Golay sequences of length 8 and total weight 16 so by [17,
Lemma 4.118] we have OD{4n;1,1,64), n > 1T. '

0D(4n;1,66) and O D(4n; 1,68), n > 18 are given in [17, Table 11.2]. |

Theorem 3 There exrists ¢ W(dn; k) when
() form >80 =3,579 1l withke{zr:2<4};
{ii} forn 2. 13, withk =1,...,52;
(iii} forn > 15, withk =1, ..., 60;
(iv) forn > 17, with k = 1, ..., 68;
(v} forn > 19, with k =1,...,70, 72, 74, 76.

All are constructed by using four circulen! malrices in the Goethals-Seidel arvay.
Proof. Case (i) follows from the previous theorem by setting variables equal to
each other or to zero.

The previous theorem gives us all values for case (1i) except 47 which may be

found in [17, Table IL.2).
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Given the results in case (ii) we need to consider & = 53, 54, 55, 56, 57, 58, 59
and 6. The result for 58, 59 and 60 can be found in [17, Table H.4], the result
for 53, 54, 56, 57 can be found in [29). We give the result for 55 in Table 3.

For case (iv} we consider 61, (2, 63, 64, 65, 66, 67 and 68, The OD(4n;1,1,64),
n > 17, mentioned in the proof of the previons Theorem gives 64, 65 and 66.
There is an (.L{68;1,67) (from good matrices [37]) and O D{4nr;1,2,66), n > 18
are given in [17, Tuble H.2] giving the result for 67 and 68. The sequences for 61,
G2 and 63 are given in “Lable § for n > 17. This completes case {iv) and gives 69
for n > 18,

We note that if {4}, {B}, {C} and {D} are sequences of lengths m+1,
m, m+1 and m and weight w then {4,1}, {4,-B}, {C,D} and {C, - P} are
sequences of length 241 and weight 2w. Now [17, Table H.2] gives us sequences
of this type for m = ¢ wilth weights w = 35, 36, 37 and 38 giving sequences of
length > 19 for 70, 72, 74 and 70. a

Lemma 18 There exisls a W(52,%) for k € {z : 0 < » < 52}. Al may be
constructed from four circulunt maltrices using the Geethals-Seidel array,

Proof.  Geramita and Seberry [17] give a W(52,k) for all k # 16. Table &
shows that W(4t,46) exist for all { > 12 and may be constructed using sequences
to give first rows of circulant matrices to use in the Goethals-Seidel array giving
thie resuit. 0

Lemma 18 There exists ¢ W{G0,k) for k € {z : 0 < z < 60}. All ure con-
structed from four circulant mudrices in the Gocethals-Seidel array.

Proof. Use Theorew 3. ]

Lemma 20 There exists o W68, k) for k € {2 : 0 < z < 68}. Al are con-
siructed from four civeulant matrices in the Goethals-Seidel array.

Proof. Use Theorem 3. a

Lemma 21 There exists a W(T6,k) for for all k except possibly 71,73, which are
untdecided. Al are constructed by using four cirennnt malrices i the Goethals-
Seidel array.

Proof. Theorem 3 gives all values exrept T1, 73 and 75, The result for W{76,75)
is olitained from [37]. ]

Lemma 22 There exists « W84, k) for wll k except possibly 71, 79, which are
andecided. AU but W(B4,77) are constructed by wsing four circulant matrices in
the (oethals-Seidel array. .

Proof.

This resull appears in {35] except for the cireulant properly.

The Theorem 3 gives all values except 71, 73, 75, 77, 78, 79, 80, 81, 82, 83,
84, From [17, p335] proof of Lemuua R.20, we sce W (42, &) constructed from two
cireulants exist for k € {0,1,2,4,5,8,10,13,16,17,20, 26,32, 34,40,41}. Hence
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we have W(84,k) constructed from four circulants for £ € {6] ,73,75,80,81,82}.
There are sequences of lengths 11, 10, 11, 10 and weight 39 from [17, Table K.2]
and so the construction mentioned at the end of the proof of Thearem 2 gives
sequences for the W (84, 78). In addition, [37, 17, p345] gives a W(84,83) and a
W(84,84) constructed using four circulants.

There is an QD(28;7,7,7,7) and so rteplacing the variables by the back-
circulant matrix with first row {0 + -}, and the circulant matrices with first
rows {— + +}, {— + +}and {+ 4 +3 respectively gives o W(84, 77} O

Lemma 23 There exists a W(92,k) for all k except possibly 71, 73, 75, 77, 79,
83, 85, 87, 80 which are undecided. AN are vonsiructed by wsing four civenlant
matrices in the Goethals-Seidel array.

Proof. We have the result from our Table 8 and Lheorem 3 W(92,k) k €
{1,...,70,72,74,76,78,80,...,82,84,86,88,90,92}, The skew-ladamard ma-
trix in [37] gives the required W({92,91).

Lemma 24 There erists a W(L00,k) for all k cxeept possibly 71, 77, 83, 87, 89,
91, 93, 95, 97 which are undecided. All are constructed by using four circulant
maitrices in the {Joethals-Seidel arvay.

Proof. The proof is as lor Lemma 23 but now the appropriate skew-Hadamard
matrix gives a W({100,99).

8 A new construction for weighing matrices

Seberry and Whiteman [36, 37] showed that for many orders there are n4-1 sets of
regular matrices A), Az, . ., Ang1. with entries 1,—1 and order n?, which pairwise
satisfy A,-A}— =aJ, 1 # j, ¢ constant, and EA‘-,-",,T = n¥{n + 1),2. Using the
bipartite graph tochnique of Rodger, Sarvate and Seberry [33] we can ensure any
weighing matrix W{m, &) can be roloured with £ colours so that each colour is
attached 1o one and only one non-zero clement in cach row and column. Thus,
we lave, replacing cach element coloured f—i) by Ail-A;) and each zero by a
zero matrix of order n?

Lemma 25 Letn = 3(mod 4) be o privee power. Suppose there exists a Wim, n-t
1y, Then there s a W{mn® #?*(n + 1)),

Proof. Since the +1 and the —1 cancol each other when the inner product i3
taken of any two rows or colnmns of a weighing matrix the aJ contributions from
the matrices will also cancel. g

We note Lhat R. Craigen [5, 7] has proved related rosnlts using isoclinic k-sets
and systems of distinct representatives.

Corollary 3 Since a W(m,4) exists for all m > 4, m # 5,9, there exists o
W{%m,36) for allm > 4, m £ 5.9

Corollary 4 Since a« W(2in,5) erists for all m > 3, there erists ¢ W(18m, 45)
Jor all m > 3.
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Corollary 5§ Since a W(2m,8) exists for all m > 5, there exists a W(98m,392)
for allm > 5.

Now corollary 4 gives W(m,392) for m = 490, 686 and 892. The circulant
W(57,49) can be used to give a W(114,98) and then taking the Kronecker prod-
uet with a W(7,4) we obtain a W(798,392). Combining these results with those
of corollary 2 gives:

Corollary 6 AllW({n,392), = = O{mod 2}, n > 880 exist and they also exist for
n = 490, 686 and 798.

Nete. We note the circulant W{57,49) also gives a W(114,100).

9 New results on the W{n, 45)

Since a W{n, k) can only exist for » odd when k is a square we know a W(n,45)
can only exist for even k.

Lemma 28 There exists a W(n,45) for
{i) all m = O6{mod 4), m >48,
(ii) all m = 2(mod 4), m > 88 and m = 46, 54 and T8.

The unresolved cases are m €{50, 58, 62, 66, 70, 74, 82, 86}.

Proof. Geramita and Seberry [17, pp346-7] give the existence of W(r,45) for
n = Kmod 8), = > 11, and » € {52,60,68,76,84}. This combined with the
W(46,45) found by Mathon [31] gives (1) of the enunciation and all W(2m, 45},
m > 46, Corollary 2 gives W(n,45), n € {54,90,126} and the Kronecker product
of a W(6,5) and a2 W(13,9) gives a W(78,45). This completes the proof. o
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