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Abstract. Suppose A4, ..., A, are (1, — 1) matrices of order m satisfying
AA; =1, ije{l,...s} (1)
ATA;=ATA,=J,  i#j,  ije{l,...s} )
}i (A;AT + AT A) = 2sml,, 3)
i=1
JA;, = AJ = aJ, ie{l,...,s}, a constant 4)
Call A,, ..., A, a regular s-set of matrices of order m if Eq. 1-3 are satisfied and a regular s-set of

regular matrices if Eq. 4 is also satisfied, these matrices were first discovered by J. Seberry and

A.L. Whiteman in “New Hadamard matrices and conference matrices obtained via Mathon’s

construction”, Graphs and Combinatorics, 4(1988), 355-377. In this paper, we prove that

(i) if there exist a regular s-set of order m and a regular ¢-set of order n there exists a regular s-set
of order mn when ¢ = sm

(i) if there exist a regular s-set of order m and a regular ¢-set of order n there exists a regular s-set
of order mn when 2t = sm (m is odd)

(iii) if there exist a regular s-set of order m and a regular ¢t-set of order n there exists a regular 2s-set
of order mn when t = 2sm

As applications, we prove that if there exist a regular s-set of order m there exists

(iv) an Hadamard matrices of order 4hm whenever there exists an Hadamard matrix of order 4h
and s = 2h

(v) Williamson type matrices of order nm whenever there exists Williamson type matrices of order
nand s =2n

(vi) an OD(@mp;ms,,...,ms,) whenever an OD(4p;s,,...,s,) exists and s = 2p

(vii) a complex Hadamard matrix of order 2cm whenever there exists a complex Hadamard matrix
of order 2c and s = 2¢

This paper extends and improves results of Seberry and Whiteman giving new classes of Hadamard

matrices, Williamson type matrices, orthogonal designs and complex Hadamard matrices.

1. Introduction and Basic Definitions

This paper uses sets of matrices first introduced by Seberry and Whiteman [1] to
find new classes of Hadamard matrices, Williamson type matrices, orthogonal
designs and complex Hadamard matrices. We write J for the matrix of ones, I for
the identity matrix and AT for the transpose of the matrix A.
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Definition 1. Suppose 4, ..., A, are (1, — 1) matrices of order m satisfying

AA;=J, G je{l,...,s} (5)
ATA;=ATA;=J, i#j ije{l,..,s} (6)
(A, AT + ATA,) = 2sml,, )

i=1
JA; = A;J = aJ, ie{l,...,s}, a constant 8)

Call Ay, ..., A, a regular s-set of matrices of order m if Eq. 5-7 are satisfied [2, 1]
and a regular s-set of regular matrices if Eq. 8 is also satisfied.

J. Seberry and A.L. Whiteman [1] proved that if ¢ = 3 (mod 4) is a prime power
there exists a regular 2(g + 1)-set of regular matrices of order g%, say 4,,i =1, ...,
1(g + 1) satisfying A4,J = JA; = qJ.

Definition 2. Four (1, — 1) matrices X, X,, X5, X, of order n satisfying

X, XT + X, X7 + X, XT + X, XT = 4nl,
and
uvt=vurT
where U, V € {X,,X,, X5, X4} will be called Williamson type matrices.

Williamson and Williamson type matrices are discussed extensively by Baumert,
Miyamoto, Seberry, Whiteman, Yamada and Yamamoto [2-13].

Definition 3. The matrix M = (m;;) of order m satisfying m, ;,, = m; ;,;, where the
subscripts are the residues of m, is called a circulant matrix. If my ; =m; ;_;.;, M is
called a back-circulant matrix.

Definition 4. An orthogonal design A, of order p and type (sy,...,s,), denoted by
OD(p;s,,-..,s,), on the commuting variables +x,,..., +x,, 0 is a matrix of order
p with entries +x, ..., +x,, 0 satisfying

AAT = (s;x2 4+ - + s,x2)1,

Definition 5. Let C be a (1, — 1,i, —i) matrix of order c satisfying CC* = cI_, where
C* is the Hermitian conjugate of C. We call C a complex Hadamard matrix of order c.

From [14], any complex Hadamard matrix has order 1 or order divisible by 2.
Let C= X +iY, where X, Y consist of 1, —1, 0 and X A Y =0 where A is
the Hadamard product. Clearly, if C is a complex Hadamard matrix then X X7 +
YYT=cl,  XYT=YXT

2. Product of Two Sets of Matrices

Theorem 1. If there exist a regular s-set of matrices of order m and a regular
t(=sm)-set of matrices of order n then there exists a regular s-set of matrices of order
mn.
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Proof. Let {4, = (a}), A, = (a}),..., A, = (a}})} be the regular s-set of matrices of
order m and {By, B,,..., B,} be the regular t-set of matrices of order of n.

Define C; = (c;) = (a};Bu—1ym+j+x-1))» i = 1,..., s a block back circulant matrix,
so that

i i i
ai1Bi-1ym+1 a2 Bi—iymi2 A1 Bim
X : ;
C = a1 Bi_1yymr2 22Bi-1ymss AamBi-1ym+1
i = .
i i
Ay Bim AmaBi-pymer GpumBim—1

Since both {4,, 4,,...,A,} and {By, B,,..., B} are regular r-set of matrices, r = s,
t respectively, we have

CCi=Jp x Jy=Jpp ije{l,...,s}
= CTCi=dp X Jy = i#j i je{l,....s}
To show
(C cr + Crc) = 2smnl,, %)

IIMn

i

note that (a;;)* = 1 so the diagonal element of C,CT + CI C;is
21 (Bii—tym+;Bii-1ymsj + B(f—llrnﬂB(i—'l)m*'j)
and hence the diagonal element of Y i_, (C;C] + C[ C)) is
2 (B;B[ + B B;) = 2tnl, = 2smnl,
=
The off-diagonal elements of C;CT are given by

m
Z ahjakj (i~1)m+j+h— xB(. Lym+j+k— 1) h#k
=

m . .
13 i
= E ap;ai;J
j=1

So the off-diagonal element of Y -, (C;CT + C[ C)), is, taking into account diagonal
elements of Eq. 9 for A4,, ..., A, is zero,

n[\/]h

Z (ai;ai; + ahal)J =0 O

We also note that if BjJ,, = bJ, and A;J,, = aJ,,, (part Eq. 8 of the Definition 1),
then
j=1 j=1

and C,J,, = abJ,,. Similarly J,,,C; = abJ,,,. Thus we have

Corollary 1. If there exist a reqular s-set of regular matrices of order m and a regular
t(=sm)-set of regular matrices of order n then there exists a regular s-set of regular
matrices of order mn.
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We now use a result of Seberry and Whiteman [1] who showed that if ¢ = 3 (mod
4)is a prime power there exists a regular 3(q + 1)-set of regular matrices of order g2.

Corollary 2. If both q = 3 (mod 4) and (q + 1)q* — 1 are prime powers there exists a
regular 3(q + 1)-set of regular matrices of order ¢*((q + 1)g*> — 1)2.

Proof.Note (g + 1)g* — 1 = 3(mod 4). By [ 1], there exist both a regular 1(g + 1)-set
of regular matrices of order ¢ and a regular 3(q + 1)q*-set of regular matrices of
order ((q + 1)g*> — 1)%. Using Theorem 1, we have a regular (g + 1)-set of matrices
of order ¢*((q + 1)q* — 1)~ O

A result of Seberry and Whiteman (see Theorem 12 of [1]) would now give the next
Corollary which is new. We shall give another proof of their results in the section
entitled “Williamson Type Matrices.”

Corollary 3. If both q = 3 (mod 4) and (g + 1)q* — 1 are prime powers there exists
an Hadamard matrix of order q*(q + 1)((g + 1)g* — 1)%.

Proof. By Theorem 1, there exists a regular 3(q + 1)-set of matrices of order
q*(g*(g + 1) — 1). On the other hand, from the Index, [2], there exists an
Hadamard matrix of order q + 1. Finally, by Theorem 12, [1], we have an
Hadamard matrix of order q%(q + 1)(g*(g + 1) — 1) O

Theorem 2. If there exist a regular s-set of matrices of order m and a regular t-set of
matrices of order n then there exists a regular s-set of matrices of order mn, when
2t = sm (mis odd). :

Proof. Let {A, = (a};), A, = (a}),..., A, = (af})} be the regular s-set of matrices of
ordermand {B,, B,, ..., B} be the regular t-set of matrices of order n. Note t = 1 sm,
4s is an integer as 2t = sm and m is odd. Set s =r. For i=1, ..., r, define
C; = (cij) = (a};By—1ym+j+x-1))> NOte C; is a back circulant matrix of blocks i.e.

- ) ) _
a11Biyyme1 @12Bipymez Q1 mBim
i i i
C = 31 Bi—tyme2 322Bi—iymes 0 Q2mBi—tymer
i = .
i i i
Q1 Bim A2 Bi—tymer - A Bim—1 J
. _ N _ i nT .
andfori=r+1,...,2r =5, C; = (¢r;) = (@{;Bi—pym+j+x-1)): 1.€-
[ i RT i pT i T
a11Bi-tyms1  A12Bi-tymez v A} mBim
i pT i pT i pT
C = a21Bi-tym+2  322Bi-tymes 0 @amBi-1ymi
i .
i pT i pT i pT
Ap1 Bim A2 Bitymsr GmBim-1 |

Since both {4,,4,,...,A4,} and {B,, B,,..., B} are regular [-set of matrices, [ = s,
t respectively, we have

CCi=J, xJ,=J,, i,je{l,...,s}
GG =CCi=J,xJ,=dp,, i#jije{l,... s}
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We now prove Y 3., (C,CT + CTC,) = 2smnl,,,. Note that (a;)* = 1 so the diagonal
element of C,CT + CIC;is

M3

(B(l 1)m+JB(| l)m+J+B(l l)m+jB(l l)mﬂ)

I
-

J

fori=1,...,rand
fi (Bi-tym+iBi-tym+j + Bitym+iBi-1ym+s)
fori=r+1,...,s. So the diagonal element of ) ;_, (C;CT + C C))is
2 Zml (B,BT + BTB) =2 il (B,BT + BTB) = 2-2tnl, = 2smnl,

= =

The off-diagonal elements of C;C[ are given by .
15:: a,uakj i1 ym+j+ h— Bl Lym+jrk—1)s h#k
= i ay;az;J
i=1
fori = 1,..., r. By the same reasoning, the off-diagonal elements of C;C/ are also
i aljal,J

h+#ki=r+1,...,2r = s. Hence the off-diagonal element of ) 2, (C;,C[ + C[ C))
is zero, using

n[\/]s

m
By the same reason as in the proof for Corollary 1, we have

Corollary 4. If there exist a regular s-set of regular matrices of order m and a regular
t-set of regular matrices of order n then there exists a regular s-set of regular matrices
of order mn, when 2t = sm (m is odd).

Corollary 5. If both q = 7 (mod 8) and $(q + 1)q> — 1 are prime powers there exists
a regular $(q + 1)-set regular of matrices of order q*(3(q + 1)g> — 1)~

Proof. Note (q + 1)q> — 1 = 3 (mod 4). By [1], there exist both a regular ¥(q + 1)-
set of regular matrices of order ¢* and a regular (g + 1)g*-set of regular matrices
of order (1(q + 1)g*> — 1)2. Using Theorem 2, we have a regular 3(q + 1)-set of
regular matrices of order g?(3(g + 1)g* — 1)%. O

By the same reasoning as in the proof for Corollary 3, we have

Corollary 6. If both q = 7 (mod 8) and 4(q + 1)g*> — 1 are prime powers there exists
an Hadamard matrix of order of ¢*(q + 1)(3(g + 1)¢* — 1)
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Theorem 3. If there exist a regular s-set of matrices of order m and a regular t-set of
matrices of order n then there exists a regular 2s-set of matrices of order mn, when
t = 2sm.

Proof. Let {4, = (al,), A, = (a}), ..., A, = (a];)} be the regular s-set of matrices
of order m and {B,,B,,...,B,} be the regular t-set of matrices of order of
n.

Define
i i i
a1 Bi—1ym+1 a1,Bi_yym+2 - a3 mBim
i i i
C = a21Bi_tym+2  22Bi-pymes 0 G2mBi-yme
i = .
i i i
A1 Bim 2B tymer - Qpm Bim-1
and
i i i
a11Bi—tymse1 @21Bi-ym+2 A1 Bim
i i i
aj;Biiyme2 @22Bictymis 0 Am2Bi-ym+
Cs+t = N
i i i
A mBim AomBitymer Apm Bim -1

i =1,...,s. By the same reasoning as in the proofs for Theorem 1 and Theorem 2,
we have

Cicj:meJu=Jmn’ i,je{l,...,s}
CCT=CICi=dp X Jy=Jp i#) hje{l,....s)

and

(C,CT + CI'C,) = 2smnl,,

»-Mu

Corollary 7. If there exist a regular s-set of regular matrices of order m and a regular
t-set of regular matrices of order n then there exists a regular 2s-set of regular matrices
of order mn, when t = 2sm.

Corollary 8. If both g = 3 (mod 4) and 2(q + 1)q*> — 1 are prime powers there exists
a regular (q + 1)-set of regular matrices of order ¢*(2(q + 1)q* — 1)%.

Proof. Note 2(q + 1)q*> — 1 = 3 (mod 4). By [1], there exist both a regular 3(g + 1)-
set of regular matrices of order ¢* and a regular (g + 1)g*-set of regular matrices of
order (2(g + 1)q® — 1)%. Using Theorem 3, we have a regular (g + 1)-set of regular
matrices of order ¢?(2(g + 1)¢* — 1) O

By the same reasoning as in the proof for Corollary 3, we have
Corollary 9. If both q = 3 (mod 4) and 2(q + 1)q*> — 1 are prime powers there exists
an Hadamard matrix of order of 2¢*(q + 1)(2(g + 1)q* — 1)~

We note thatif t = 2 in Theorems 1, 2, 3 the conditions t = sm, 2t = sm,t = 2sm
can be removed and a completely different proof obtained.
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Lemma 1. If there exist a regular 2s-set of regular matrices of order m and a regular
2-set of regular matrices of order n then there exist a regular 2s-set of regular matrices
of order mn.

Proof. Let {A,,...,A,,} be the regular 2s-set of regular matrices of order m and
{B, C} be the regular 2-set of regular matrices of order n. Set
Dyi_y = Agiy X (B + BT) + Ay x 3(B — B")
Dy = Az X 3(C = CT) + Ay x 3(C + CT), i=1..,s

By long verification, we prove that {D,,...,D,,} is a regular 2s-set of regular
matrices of order mn. O

Corollary 10. If there exist a regular s-set of regular matrices of order m there exists
a regular s-set of regular matrices of order 9'm, wherei =0, 1, ....

Proof. From Seberry-Whiteman (Lemma 2 and Corollary 3 in [1]), there exists a
regular 2-set of matrices of order 9,i = 1, 2,... . Using Lemma 1, we have a regular
s-set of regular matrices of order 9'm, where i =0, 1, ... . O

Using Corollary 10, we extend Corollary 3, 6, 9 to give

Corollary 11. (i) If both q = 3 (mod 4) and (q + 1)q* — 1 are prime powers there exists
an Hadamard matrix of order q*(q + 1)((q + 1)g*> — 1)*9', where i =0, 1, ....

(i) If both q = 7 (mod 8) and (g + 1)g> — 1 are prime powers there exists an
Hadamard matrix of order of q*(q + 1)(3(q + 1)q* — 1)*9', where i =0, 1,....

(iii) If both q = 3 (mod 4) and 2(q + 1)q> — 1 are prime powers there exists an
Hadamard matrix of order of 2q*(q + 1)(2(q + 1)g®> — 1)*9, where i =0, 1, ...

3. Hadamard Matrices
We give another proof of Seberry and Whiteman’s Theorem [1].

Theorem 4. If there exists an Hadamard matrices of order 4h and a regular s(=2h)-set
of matrices of order m there exists an Hadamard matrix of order 4hm.

Proof. Let {A,,..., A} be the regular s-set of matrices of order m and H = (h;;) be
the Hadamard matrix of order 4h. Set L, = (h;;Aj1i—1), Ly = (h,-,z,,+jA§,,+j+,-_1),
Ly = (han+i jAon+jri-1), Lo = (h2h+i.2h+jAjT+i—1), where i, j=1, ..., 2h and all the
subscripts j + i — 1 are the residues of 2h. Set

Ly L,
E =
s v

We now prove E is an Hadamard matrix of order 4hm. Let
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where E,, E,, ..., E,, are of order m x 4hm. It is easy to verify E;E] =0, if i # j
and E;Ei = Y 28 (A AT + AT A,) = Y- (A AT + AT A) = 2sml,,, = 4hmIm. Thus
EET = 4hm14hm- El

4. Williamson Type Matrices

We find new constructions for Williamson matrices not given by Miyamoto [11]
or Seberry and Yamada [2, 13]. This theorem differs from that of Seberry [6] as it
does not need regular sets of regular matrices.

Theorem 5. If there exist Williamson type matrices of order n and a regular s(=2n)-set
of matrices of order m then there exist Williamson type matrices of order m.

Proof. Let A = (a;;), B = (b)), C = (c;;), D = (d;;) be the Williamson type matrices
of order n and {R,...,R,} be the regular s-set of matrices of order m. Set E =
(@;jRjvi-1), F = (bjRp1j1i-1)s G = (CinjTJri—x), H= (din:-+j+i—1)’ where i, j=1,...,
n and the subscripts j + i — 1 are the residue of m. It is easy to show UVT = VUT,
for U,VeE,F, G, H we now prove

EET + FFT + GGT + HHT = 4mnl,,,

E, F G, H,

E F G H

LetE=| *|, LetF=| 2|, LetG=| *|, LetH=|?

E, F, G, H,
where E;, F,, G;, H; are of order m x mn. By the conditions of Williamson type ma-
trices and Eq. 1-3, it is easy to verify that if i # j, E,E] + F,F| + GG + HH =
0. On the other hand, E,ET + F,FT + G,GF + HHT = Y, (R.R] + R{R,) =

Si_ (RRT + RIR) = 2sml,, = 4mnl,,. Thus EET + FF" + GGT + HH" =
4mnli,,,.

Corollary 12. If nis the order of Williamson type matrices and 4n — 1 is a prime power
then there exist Williamson type matrices of order n(4n — 1)29',t =0, 1,....

Proof. Clearly, 4n — 1 = 3 (mod 4). By [1], there exists a regular 2n-set of regular
matrices of order (4n — 1)2. Using Corollary 10, we have a regular 2n-set of regular
matrices of order (4n — 1)?9". From Theorem 4, we have Williamson type matrices
of order n(4n — 1)?9,i=0,1,.... O

Letn = 5,t = 1in Corollary 12, then we obtain new Williamson type matrices
of order 5-19%-9 = 16245. Let n = 13, t = 0, then we have new Williamson type
matrices of order 13-15% = 33813. Also special cases of Corollary 12 give more
Williamson type matrices.

Corollary 13. If both p=1 (mod 4) and 2p + 1 are prime powers there exist
Williamson type matrices of order 3(p + 1)(2p + 1)*9', wherei =0, 1, ....
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Proof. From the Index of [2], there exist Williamson matrices of order 3(p + 1).
Using Corollary 12, we have Williamson type matrices of order (p + 1)(2p + 1)*9,
wherei=0,1,.... O

Corollary 14. If 28-3' — 1 is a prime power there exist Williamson type matrices of
order 7-(28- 3" — 1)23*% wherei, j=0,1,....

Proof. From the Index of [2], there exist Williamson type matrices of order of 7- 3/,
where i =0, 1, .... By corollary 12, we have Williamson type matrices of order
7-(28- 31 — 1)23i*2), O

Leti = j = 1in Corollary 14, then we have new Williamson type matrices of order
7(28-3 — 1)-27 = 15687.

5. Orthogonal Designs

Theorem 6. If there exist an OD(4h;s,,...,s,), where 4h =Y %_,s; and a regular
t(=2h)-set of matrices of order n then there exists an OD(4nh;ns,...,ns,).

Proof. The proof is the same as the proof for Theorem 4, except the Hadamard
matrix is replaced by an orthogonal design. O

Corollary 15. If there exists an OD(4h;s,,...,s,), where 4h =3 %_, s;, then there
exists an OD(4h(4h — 1)29%;(4h — 1)*9's,,...,(4h — 1)*9's,), wherei = 0, 1,..., when
4h — 1 is a prime power.

Proof. Since 4h — 1 = 3 (mod 4), a prime power, by [ 1], there exists a regular 2h-set
of regular matrices of order (4h — 1)2. Note Corollary 10, then we have a regular
2h-set of regular matrices of order (4h — 1)29', where i = 0, 1, ... . Using Theorem
6, we have an OD(4h(4h — 1)9';(4h — 1)?9's,,...,(4h — 1)?9's,), wherei = 0, 1,... .

O

By corollary 15, for example, we have an OD(20 - 192 - 9%, 5-19%- 91 5-192-9! 5 -
19%2-9%5-19%-9%),an OD(60-59%-9%;15-59%-9% 15-592- 9415-59%-9% 15-59%-9i),
an OD(108 - 107% - 9%; 27 - 107% - 9%, 27 - 1072 - 9%, 27 - 1072 - 9%, 27 - 1072 - 9'), an
OD(140- 1392 - 9%, 35- 1392 - 9% 3513929 35-1392- 9 35-1392- 9,

6. Complex Hadamard Matrices

Theorem 7. If there exist a complex Hadamard matrix of order 2c and a regular
s(=2c)-set of matrices of order m then there exists a complex Hadamard matrix of
order 2cm.

Proof. Let {A,,...,A,} be the regular s(=2c)-set of matrices of order m and C =
X + iY be the complex Hadamard matrix of order 2¢, where both X and Y are
(1, — 1) matrices satisfying X A Y =0, XX"+ YY" =2cl,,, XYT = YX". Let
P=X+Yand Q = X — Y. Then both P and Q are (1, — 1) matrices of order 2c
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and PPT + QQT = 4cl,,, PQ" = QPT. Let P =(p;;)and Q = (q;)), i, j =1, ..., 2c.
Set E = (p;jA;i4j-1) and F = (q,.jAHj_l)T, where i, j =1, ..., s and the subscripts
i +j— 1 are the residues of m. Clearly, both E and F are (1, —1) matrices of
order 2cm, since both P and Q are (1, — 1) matrices of order 2c. We now prove

El Fl
F,

E
EET + FFT = 4cml,,,,. Rewrite E=| . |and F = , where E; and F; are

E, K,

matrices of order m x sm. Note

EiEiT + FiFiT = z (pijpiin+j—1Ai1;-j—l + Qij‘IiinT+j—1Ai+j—1)

j=1
= j; (A,-AjT + AJ-TAJ-) = 2sml,,
On the other hand, if i # k,

N
EiEkT + FiFkT = zl (PijpijHj-lAkTﬁ—l + ‘Iij‘ijAiT+j-1Ak+j—1)

=
= Zl (pijPx; + 4ijGxj)Im = 0
=

Thus
EET + FFT = 2sml,, = 4cml,,,

Finally, Set U = (E + F) and V = }(E — F). Note both E and F are (1, —1)
matrices of order 2cm then both U and V are (1, —1,0) matrices of order 2cm
satisfyingU A V =0,UUT 4+ VVT = L{(EET + FFT) = 2cml,,,. Since PQT=QP7,
EFT = FET and UVT = VUT. Thus U + iV is a complex Hadamard matrix of
order 2cm. O

Corollary 16. If both p = 1 (mod 4) and 2p’(p + 1) — 1 are prime powers then there
exists a complex Hadamard matrix of order p’(p + 1)(2p(p + 1) — 1)?, where j =
L2,....

Proof. Obviously, 2pi(p + 1) — 1 =3 (mod 4). By [1], there exists a regular
p’(p + 1)-set of matrices of order (2p’(p + 1) — 1)%. From Corollary 18, [15], there
exists a complex Hadamard matrix of order p/(p + 1). Using Theorem 7, we have
ap/(p+ DQ2pi(p + 1) = 12
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