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Abstract

It is known that if there are base sequences of lengths m+p, m+p,
m, m and y is a Yang number then there are T-sequences of length
(2m+p)y.

Let G = {g : g = 2°10°26%, a, b, c non negative integers}.

We show that base sequences currently exist for p = 1 and m €
{1, ..., 18, 20, 21, 23, 25, 29} UG. Yang numbers currently exist for
y€{3,5, ..., 33,37, 41, 45, 51, 53, 59, 65, 81, ... and 29 + 1 > 81,
g € G}.

This means T-sequences exist for

0 = {t:todd <59}U{s:63 <s<199,s not prime,s # 183}
0. {yn : y & Yang number, m a base scquence}

03 = {g+9¢ :9,9' € G(e.g. we may take ¢’ = 1)}

E, {2yp : y a Yang number and p € 0, U0, UO03UE, }.

In particular we find a new SBIBD(4k?, 2k2 4 k, k2 + k) for k = 43,
and new Iladamard matrices with maximum known excess for n = 860
and 1204.

1 Introduction

We use the notation and definitions of Koukouvinos, Kounias and Seberry

[5].

First we reformulate some results of Yang [14] (Table 1).

'Written while this author was a Post Doctoral Iellow at University College, UNSW,
ADFA.

CONGRESSUS NUMERANTIUM 82(1991), pp.97-103




Theorem 1 (C.H. Yang) (restaied) Q,R,S,T are T-sequences of lengths
(2m + p)(2n + 1) where 0,0 are sequences of zeros of lengths m + p and m
respectively, F = {f1,...,[a}, G = {91,.- -, 9n}, Hl = {h1,... ]}, when

Q={Afn,Cg1 + Dhy 0',0;Afn_1,Cg2 + Dhz :0%,0;..3Af1,Cgn + Dhni0',0;~-B’, 0}
R={B/fn,Dgn ~ Chni0',0;Bfn_1,Dgn-1 ~ Chpu—1;0',0;...;Bfy,Dgy — Ch; ;0',0; A’,0}

§={0',0;Agn — Bhy,~C fn;0',0;Agn—1 — Bh2,—C fa—1;...;0',0;Ag) — Bhn,~C f,,0',D'}

T={0',0;Bg; + Ahn,—Dfn;0',0;Bgs + Ahp_y,-Dfn_1;...;0',0;Bgn + Ahy,—Df;0',C"}

(i) A,B,C,D are suitable sequences with elements 0, +1 or -1 of lengths
m+p, m+p, m, m, that is A and B are disjoint, C and D are disjoint
and A, B,C, D have zero non-periodic autocorrelalion function;

(i) F,G,H are Yang quasi-symmetric sequences with elements 0, +1 or
-1 of length n, that is F has elements +1, G + H has elements +1
and g;i =08 gag1-i =0, i =0 hypyp1—i =0, 9. = 0 & h #0,
gi # 06 hi =0 and F,G, Il have zero non periodic aulocorrelation
Sfunction. :

Remark 1 Let f,g,h be the row sums of F,G, H then f2 4+ g2 + h? = 2n
(counting elements and using the zero autocorrelation function). This means
Yang quasi symmetric sequences do not exist for n = 222-1(86+7), @, b non-
negative integers as the numbers 4%(8b + 7) can only be written as the sum
of four squares. In particular n # 14,30,46,62,...

Yang has given these sequences for n = 3, 5, 7, 9, 11, 12, 13, 15, 25, 29
and he notes they exist for n = 2210°26° (Golay numbers).
Therefore we know these sequences

(i) exist forne {1,...,5,7,..., 13, 15, 16, 20, 25, 26, 29, 32, ... };

(ii) do not exist for n € {6, 14, 30, ...}, 6 is decided by a complete hand
scarch;

(iii) n € { 17,18, 19, 21, ..., 24, 27, 28, 31,...} are undecided.

Corollary 2 (C.H.Yang) (restated) Under the Conditions of the Theorem
1, Q,R,S8,T are a set of 4-complemenlary sequences of length (2m + p)n,
where A, B,C,D are base sequences of lengths m + p, m + p, m, m.

Q={Afa,Co1 + Dhy ; Afn_1,Cg2+ Dhy ;...; Af1,Cgn+ Dh,}

R={Bfu,Dgn — Chy ;Bfy_1,Dgn_1 — Chyn_1;...; Bfi,Dgs —Chy}

S§={Agn — Bhy,—C fn; Agn—1 — Bhy,—C fa1;-..; Agi — Bh,,Cf;}

T={Bg, + Ahn,~D fu; Bgs + Ahn_1,—Dfu_1;...;Bgn + Ahy,~D fi}

Theorem 3 (C.H. Yang) (restated) Q,R,S,T are T-sequences of lengths
b(4m+1) = (2s+p)(dm+1), where 0/,0 are sequences of zeros of lengths s+p
and s respeclively, X = {z1,...2m}, Y = {y1,--,¥m}, G = {91, -1 92m},
I = {hy,...,han}, when
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R={Bg) + Aham,~Dn;iBg2 + Aham—1,C'z15. . ;Bgam—1 + Ahz, —Dym;
§={0',0,0",0;...;0',0;0',0;— B, 0;— Bz, C’g2m + D'ham;

T={0',00',0;...,0',0;0',0;4,0;Azs, D'g) — C'hy;

function.

have zero non-periodic autocorrelation function

and the sequences used are {Q,02ms}, {&,02mb}, {O2ms, S},

n+1, n+1, n, n. Then the following Q,R,S,T

Q ={Afn411Cg1;—B'e1|Dh1;Afn|Cg2i—B'e2|Dhy;. .
R ={Bfn41|Dgn41:Acei| — Chn;Bfn|DgniAcz| — Chnyi. . 5
S ={Agn41] - Cf1;~Bhy| — D'e1;Agn} - C f2;~Bha| — D'ez;..

T ={Bgi| — Df1;Ahn|C'er;Bg2| — D f2;Ahn_y|Ce2i. .
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Q={Ag2m — Bh1,~Cy1;Ag2m—-1 — Bh2,~D'z1;. . ;Ag2 — Bham—1, —Cym;
:Agy — Bhap, = D'2m:0', - D'0',0,0,0;. . ;0’,0;0’,0;}

iBgam + Ahy,C'zmi0’,C'0',00',0:.. ;0',0,0",0;}
iA'Y1.C'9am—1 + D'ham15.. ;= B71,C'g2 + D'h2;A’ym, C'g1 + D'hy}

iB'y1,D'g2 — C'hz;.. ;Az1, D'gam—1 ~ C'ham—1:B'ym, D'92m — C'ham}

(i) A,B,C,D are suilable sequences with elements 0, +1 or -1 of lengths
s+p, s+p,s, s, that is A and B are disjoint, C and D are disjoint
and A, B,C, D have zero non-periodic autocorrelation function;

(ii) X,Y,G,H are Yang quasi-symmelric sequences with elements 0, +1
or -1 of lengths m, m, 2m, 2m respectively, that is X,Y have elements
41, G+ II has elements £1 and g; = 0 <& gam41-i = 0, h; = 0 &
hom1-i =0, =08 ki #0, gi # 0 & h; = 0 and the sequences
E = (X]|0,1), F = (Y|0), G, H have zero non-periodic autocorrelation

Remark 2 Yang has given these sequences for n = 4m + 1, m < 11.

Remark 3 in Theorem 3 there are in fact five sequences used of length
4m + 2, where G’ + I and G + II have elements £1 and {G,H,Y,X 4 W}

iBgnl ~ Dfn;Ah;|C'eniBgni1| — Dinsr }
are {-complementary (1,-1)-sequences of length (2m + p)(2n + 1).

G'={92m,0i92m—1,0:92m~2,0392m—3,0;...,0,93 92,0  ig,0 0,0}
H={h1,0 ;2,0 :h3,0 ;  h4,0;...h2m—2,0:h2m—1,0:h2/m, 00,0}
Y ={0,1n 0,0 Oz 0,0;...  0,ym;0,0 0,0 0,0}
X={0,0 ;0,; 0,0 i 0,z23... 0,Zm_1:0,0 0,zm 0,0}
W={0,0 ;0,0 0,0 ; 0,0;... 0,0,0,0 0,0 0,1}
So that writing P’ for the reverse of the sequence P
Q= AxXG - BxIll - CxY - D'xX - D'xW
R= BxG + AxI' — DxY 4 C'xX + C'xW
S= D'xll' + C'xG + AxY - BxX - DBxW
T=-C'xH + D'xG + B'xY + AxX + AxW

{Ozmb, T} Of

length (4m + 1)b where b = 2s+ p (A, B of length s+ p, C, D of length s).

Theorem 4 (C.H. Yang) (restated) Let A,B,C,D be base sequences of
lengths m + p, m + p, m, m and F,G,II,E be base sequences of lengths

iAL2{Cgni—B'enlDhn;AN1|Cgn41}
iBf21Dg2iAen| — Ch1;:Bf3|Dgr }

iAga| — C fni=Bhn| — D'en;Agi| — Clns1}




2 Preliminary Results

Theorem 5 If there ezist §-complementary sequences of length t and y is
a Yang number then there ezist {-disjoint T-sequences of length 2yt.

Example 1 Yang’s construction allows us to multiply base sequences E, F, G, /I
of lengths m + p, m + p, m, m by 3 by first forming suitable sequences

1 1 1 1
A=Z(E+F), B+5(E~F), C=3(G+1), D=(G-H)

which are then used to form T-sequences (0,41 and 0}, are sequences of
m + 1 and m zeros respectively)
X = (4,C;0,0,B%,0)
Y (B, D;0,0";—A*,0")
VA (0,0';A,—C;0,D")
w = (0,0 B,-D;0,-C")

for example, of length 3(2m + p). X* means the elements of the sequence X
are written in the reverse order. Clearly if p = 0 the construction can still
be used to form sequences but of even length.

Remark 4 We also note that the construction can be used to multiply
by any Yang number and can be used recursively because X,Y, Z, W just
formed (or any T-sequence) can be used to form 4-complementary sequences

of lengths 2ym:

-X+YY3Z+W

X4+Y+4+Z4+W or E

El

F' = -X+Y-24+W o= X-Y+Z4+W
G = -X-Y+Z+W G = X+Y-Z+W
H = -X+Y+Z-W H = X+Y+Z-W

Then the method used again to form similar sequences and then longer
T-sequences of lengths 4y, y2m.where y; is a Yang number.

Remark 5 Yang numbers exist for y € {3,5,...,33,37,41,45,51,53,59,65,81,
..,and 29 + 1, g = 2°.10%.26°, a,b, c are non-negative integers}.

3 A new maximal excess and SBIBD

Using the base sequences of lengths m + 1, m + 1, m, m, m = 21 as follows,

which have been obtained by correcting a typographical error in Yang [14]:
2m+1 =43 =424 324+ 32+ 3?

1 1-1 1-1 1-1-1-1-1-1-1-1 I-1-1 1 1-1 1-1-1
1 1-1-1-1-1 1=1 1-1 1 1-1-1-1 1-1 1 1 1-%1 1
i-111-1111111-1-1-111-1-11 11
11-1 1-1 111 1-1-1 1-1-1 1 1=1-1-1-1 1
we can construct the following T-sequences (T-matrices) of length 43.




T, = {1,4,-5,6,7,8,9,—13,-14,15,16,—17,~18,21}
T, {-2,3,10,11,-12,19,20}

T {~22,-23,24,26,29,31,34,36,~39, —41,42}
T, = {-25,-27,28,30,32,33,35,37,-38,40,43}

Then using Lemma 1 in [6] we can construct an lfadamard matrix of
order n = 172 with maximal excess g(n) = ny/n — 3 = 2236, using only the
above T-matrices with row sums 4,3,3,3.

n=25
25(2s 1) (5d)? + (5¢)? + (56)? + (5a)?

n=25
25(2s+ 1) (~2a = b+ 4c+ 2d)? + (a — 2b — 2c + 4d)? + (4a — 2b+ 2c — d)?
+(2a + 4b + c + 2d)?

25(2s 4+ 1) (~2b— a + 4c + 2d)? + (b — 2a — 2c + 4d)? + (4b — 2a + 2¢ - d)?
+(2b + 4a + c + 2d)?

25(2s+ 1) (—2a — b+ 4d + 2¢)* + (a — 2b~ 2d + 4¢)? + (4a — 2b+ 2d ~ ¢)?
+(2a + 4b + d + 2c)?

25(2s + 1) (~2b—a+4d +2¢)? + (b — 20 — 2d + 4¢)® + (45— 2a + 2d - ¢)?
+(2b+ 1a + d + 2c)?

n=29
29(2s + 1) (2b + 3¢ + 4d)? + (2a + 4c - 3d)? + (3a — 4b + 2d)?
+(4a + 3b — 2¢)?

29(2s + 1) (2a + 3¢ + 4d)? + (2b + 4c — 3d)? + (3b — 40 + 2d)?
+(4b + 3a — 2¢)?

29(2s + 1) (2b + 3d + 4¢)? + (2b+ 4d — 3¢)? + (3a — 4b + 2¢)?
+(4a + 3b ~ 2d)?

29(2s 4+ 1) (26 + 3d + 4¢)? + (2b + 4d — 3¢)? + (3b - 4a + 2¢)?
+(4b + 3a — 2d)®

n =37
37(2s+ 1) (c + 6d)? + (6¢c — d)? + (a — 6b)? + (6a + b)?

37(20+ 1) (¢ + 6d)? + (6¢c ~ d)? + (b — 6a)? + (6b+ a)?
37(2s 4 1) (d+6¢c)? + (6d ~ ¢)? + (a — 6b)% + (6a + b)?

37(2s+ 1) (d + 6¢) + (6d = c)? + (b — 6a)? + (6b + a)?

n =45
45(2s+ 1) (2a ~ 4b — 3¢ — 4d)? + (4a + 2b+ 4c — 3d)? + (3a — 4b+ 2c + 4d)?
+(4a + 3b - 4c + 2d)?

45(2s + 1) (2b — 4a — 3¢ ~ 4d)? + (45 + 2a 4 4c — 3d)? + (3b — 4a + 2c + 4d)?
+(4b + 3a — 4c + 2d)?

45(2s+1) (2a — 4b — 3d — 4¢)? + (4a + 2b+ 4d - 3c)? + (3a — 4b + 2d + 4¢)?
+(da + 3b — 4d + 2¢)?

45(2s 4 1) (2b — 4a — 3d — 4¢)® + (4b + 2a + 4d — 3¢)® + (3b — da + 2d + 4c)?
+(4b + 3a — 4d + 2¢)?

Table 1. Decompositions arising from Yang’s composition n(2s + 1) where
2541 =a2 4524+ +d? using theorem 3.




We can also extend tlie values of k£ in thcorem 8 of Seberry, see [8], to
include & = 43, by using the method which was developed in Koukouvi-
nos, Kounias and Seberry [6]. For & = 43 we use T-sequences with row
sums (&1,12,13,24) = (4,3,~3,3) to form the following circulant matrices of
commuting variables which gives an 0D(4.43;43,43,43,43):

X AT, + BT; — CTs + DT4
Y = -BT,+ AT; - DT3-CT,
z —CT, - DT, - ATs + BT,
W = DT+ CTy+ BTs + ATy

The variables are then replaced by Williamson matrices with row sums
(a,b,¢,d) = (7,7,7,5) see [9, p388-9] to form an lladamard matrix of order
n = 7396 = 4.43% with maximal excess.

Hence there exists an SBIBD(4k?,2k? + k,k* + k) for k = 43.

New constructions for T-sequences are listed in Table 2.

t Suin of squares Commicnt KF Excess
Upper Bound
129 | 3x43 | 107 %47 +37327 Jy=3m=21 11696 10320

215 | 5x43 | 112492432422 |y=5m=21 25184 21500

215 | 5x43 | 102 4+92 +52 432 {y=5m=21 25184 23220 ¢
225 | 25x9 152 y=25m=414 27000 27000 * #
225 | 25x9 14% 4 5% 4+ 22 y=25m=4 27000 25200

225 ) 25x9 12248442412 |y=25,m=4 27000 22500

225 | 25x9 | 122462462432 |y=25,m=4 27000 24300

225 | 25x9 | 1024102 +4243% |y=25,m=4 27000 24300

2611 29x9 122 4+ 9% 4 62 y=29m=4 33708 28188

261 | 29x9 122482477422 |y=29,m=4 33708 30276

275 125x11 | 1224112432412 |y=25,m =35 36432 29700

301 | 7x43 | 162452442422 |y=7m=21 41736 38528

301 | 7x43 | 1124102 +8%2 442 |y=7m=21 41736 39732 t
301 | 7x43 {102 4+102 4102 +12 | y=7,m=21 41736 37324

Table 2. New constructions for 4-disjoint T-sequences. (this table should be used in
conjunction with [5])

* Hadamard matrix with maximal excess
tNew maximum known
# Previously known maximal excess [8]




References

{1] G. Cohen, D. Rubie, J. Seberry, C. Koukouvinos, S. Kounias, and M.
Yamada (1989), A survey of base sequences, disjoint complementary
sequences and O D(4¢;,t,1,t), JCMCC, 5, 69-103.

[2] A.V. Geramita and J. Seberry (1979), Orthogonal Designs: Quadratic
Forms and Hadamard Matrices, Marcel Dekker, New York - Basel.

[3] J. Hammer, R. Levingston and J. Seberry (1978), A remark on the ex-
cess of Ifadamard matrices and orthogonal designs, Ars Combinaloria,
5, 237-254.

[4] B.A. Jenkins, C. Koukouvinos, S. Kounias, J. Seberry and R. Seberry
(1988), Some results on the excesses of Hadamard matrices, JCMCC,
4, 155-188.

[5] C.Koukouvinos, S. Kounias and J. Seberry (to appear), Further results
on base sequences, disjoint complementary sequences, O D(4t;,1,1,t)
and the excess of Hadamard matrices, Ars Combinaloria.

C. Koukouvinos, S. Kounias and J. Seberry (1989), Further Hladamard
matrices with maximal excess and new SBIDD(4k?2k? + k,k? + k),
Utilitas Math., 36, 135-150.

(6

—_—

[7] S. Kounias and N. Farmakis (1988), On the excess of Iladamard matri-
ces, Discrete Math., 68, 59-69.

{8] J. Seberry (1988), SBIBD(4k?,2k?+k,k* + k) and Hadamard matrices
of order 4k? with maximal excess are equivalent, Graphs and Combina-
torics, (to appear)

(9} J. Seberry Wallis (1972), lladamard matrices, in W.D. Wallis, A.P.
Street and J.S. Wallis, Combinatorics: Room Squares, Sum-Free Sets,
Hadamard Matrices, Vol 292, Lecture Notes in Mathematics, Springer
Verlag, Berlin - Heidelberg - New York, 508 pages.

[10} R.J. Turyn (1974), Hadamard matrices, Baumert-Hall units, four sym-
bol sequences, pulse compression and surface wave encodings, J. Com-
binatorial Th., Ser. A, 16, 313-333.

{11] C.H. Yang (1982), Hadamard matrices and §-codes of length 3n, Proc.
Amer. Math. Soc., 85, 480-482.

[12] C.H. Yang (1983), A composition theorem for §-codes. Proc. Amer.
Math. Soc., 89, 375-378.

[13] C.H. Yang (1983), Lagrange identity for polynomials and §-codes of
lengths 7t and 13t, Proc. Amer. Math. Soc., 88, 746-750.

[14] C.H. Yang (to appear), On composition of four-symbol é-codes and
Hadamard matrices.




