A survey of base sequences, disjoint
complementary sequences and OD(4¢;¢,t,t,t)

Gavin Cohen®
David Rubie®
Jennifer Seberry”
Christos Koukouvinos!
Stratis Kounias!
and

Mieko Yamada?

Abstract

We survey the existence of base sequences, that is four sequences of
lengths m + p,m + p,m,m, p odd with zero auio correlation function
which can be used with Yang numbers and four disjoint complementary
sequences (and matrices) with zero non-periodic {periodic) autocorrela-
tion function to form longer sequences.

We survey their application 1o make orthogonal designs OD{4t; 4, ¢, t, ).

We give the method of construction ol OD{(42 8,1, t, ) for t=1,3,...,.
41, 45, ..., 65, 67, 69, 75, T7, 81, 83, 87, 91, 93, 95, 99, 101, 105, 111,
115, 117, 119, 123, 125, 129, 133, 141, ..., 147, 153, 155, 159, 161, 165,
169, 171, 175, 177, 183, 185, 189, 195, 201, 203, 205, 209.

1 Definitions and Introduction

An orthegonal design of order n and fype (s1....,384), 8 positive integers, is
an n x n matrix X', with entries from {0, %z,,...,2z,) (the z; commuting
indeterminates) satisfying

u
XXT = () sizh)..
i=1

We write this as OD(n;s;,8a2,...,8,}

Alternatively, each X has s; entries of the type 4r; and the distinct rows
are ortliogonal under the Euclidean inner product.

We may view X as a matrix with entries in the field of fractions of the
integral demain Z{zry, ..., 24}, {Z the rational integers), and then if we let
(34, 8ix?), X is an invertible matrix with inverse LXT Thus XXT = fIn,
and so our alternative of the rows of X applies equally well to the columns of
X,
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An orthogonal design with no zeros and in which each of the entries is
replaced by +1 or -1 is called an Hadamard mairiz. Alternatively, an Hadamard
matrix of order n, H, has entries +1 or -1 and the distinct rows are orthogonal

50
HHT = nl,

Orthogonal designs and Hadamard matrices are extensively described in [4]
and {14].

A special orthogonal design, the OD(4¢;¢,1,1,1), is especially useful in con-
structing Hadamard matrices. An OD(12;3,3,3,3) was first found by Baumert-
Hall [2] and an OD(20;5,5,5,5) by Welch. OD(44;4,¢, 1,1} are sometimes called
Baumert—Hall arrays.

Early work of Golay [5,6] was concerned with two {1,-1) sequences, bui Welti
[27], Tseng [21] and Tseng and Liu [22] approached the subject from the point
of view of two orthonormal vectors, each corresponding to one of two orthogonal
waveforms. Later work, including Turyn’s [23,24] used four or more sequences.

Since we are concerned with orthogonal designs, we shall consider sequences
of commmuting variables.

Let X = {{ay,.--,a1a},{az1,-. ., 020} ... {@m1,.. ., amn } } be m sequences
of commuting variables of length n.

The nonperiodic aulo-correlation function of the family of sequences X (de-
noted Ny) is a function defined by

n—§

Nx(§) = ) (0146104j + 62462445 + -« + Gm i0m i)

i=1

. Note that if the following collection of m matrices of order n is formed,

ag11 212 ... G1n @71 022 ... d2n
2381 2lin=-1 @21 Q3n-1
. 1 N LIRS 1
O d11 O a2
2m1  Om2 Qmn
am1 Tmn-—1
O O

then Nx () is simply the sum of the inner products of rows 1 and j + 1 of these
matrices.

The periedic auto-correlation funclion of the family of sequences X (denoted
Px) is a function defined by

n

Px(3) =) (@1481445 + 0240241 + - -+ Qm iGm it ),

i=1
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where we assume the second subscript is actually chosen from the complete set
of residues  {mod n).

We can interpret the function Px in the following way: form the m circulant
matrices which have flrst rows, respectively, -

[ﬂuﬂlzu-ﬁln],[aman v--GEn] ?-v-,[ﬂmxﬂmz ---ﬂmn];

then Px{j) is the sum of the inner products of rows 1 and 7+1 of these matrices.

We say the weight of a set of sequences X is the number of nonzerc entries
in .X.

If X is as above with Nx(j} = 0,7 = 1,2,...,n — 1, then we will call X
m-complementary sequences of length n.

If X = {A;, Az, ..., Am} are m-complementary sequences of length n and
weight 2k such that

Y o= {(Ar + A2)/2, (A - A2)/2, . (Azicy + A} /2, (A — Ani)/2,. .}

are also m-complementary sequences (of weight &), then X will be said to be
m-complemeniary disjointable sequences of length n. X will be said to be m-

cemplementary disjoint sequences of length n if all f; paits of sequences

are disjoint, e, A; %+ 4; = 0 for all 4, j, where * is the Hadamard product.
Forexample {1101}, {0010-1},{000006100-1},{000000
1-1} are disjoint as they have zero non-periodic autocorrelation function and
precisely one aj; # 0 for each j. (Here -I means “minus 1".)
Notation: We sometimes use - for -1, and z for -z, and A* to mean the order
of the entries in the sequence A are reversed,
One more piece of notation is in order. If g, denotes a sequence of integers
of length r, then by rg. we mean the sequence of integers of length r obtained
from g, by mulliplying each member of g, by z.

Proposition 1 Lef X be a family of sequences as abore. Then
Px(j1=Nx(ji+Nxin=-7), j=1,....n~1

Corollary 2 If Nx(j) = 0 fer all j = 1,...,n ~ 1, then Px(j) = 0 for all
j=1,...,n—-1

Note. Py{j} may equal 0 for all j =1,...,n — 1, even though“lhe Ny(;) are
not.
HX ={{a,...,an} {b1,...,bn}} are two sequences where a, , b; € {1,-1}
and Nx(j) = 0for j = 1,....n~ 1, then the sequences in X are called Golay
complementary sequences of length n. e.g. {writing - for minus 1),

n=2 1land 1—

n=10 1—--1-1—-——-—-landl~—-~—— = 11—

n=2 1l-—111=1———-—— 1 1l—m—]————
_ 1l =-=1=-il-1-1=-1l--1—====
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We note thal if X is ag above and A is the circulant matrix with first row
{ay,...,a,} and B the circulant matrix with first row {¢;,...,ba}, then

n
AAT + BBT = Y "(af + b))

i=1

Consequently, such matrices may be used to obtain Hadamard matrices con-
structed from two circulants.

We would like to use Golay sequences to construct other orthogonal designs,
but first we consider some of their properties.

Lemma 3 Let X = {{ay,...,a.},{b1,...,02}} be Golay complemeniary se-
quences of length n. Suppose ki1 of the a; are posifive and ky of the & are
positive. Then

n= (kl + ko — n)z + (kl — kg)z,

and n i5 even.

Proof: Since Px(j) = 0 for all j, we may consider the two sequences as
2 {n;ky, ko; A} supplementary difference sets with A =k; + k2 — 1 n. But the
parameters {counting difference two ways) satisfy AMn—1) = k;(ky — 1)+ kao(ka—
1). On substituting A in this equation we obtain the result of the enunciation.

Geramita and Seberry {4, ppl133-7], Andres [1] and James [9] have studied
the smaller values of r, k{1, ky of the lemma showing the only orders for Golay
sequences of order € 68 which exist are 2, 4, 8, 10, 16, 20, 26, 32, 40, 52 and
64. Malcolm Griffin [7] has shown no Golay sequences can exist for lengths
n = 29" The value n = 18 previously excluded by a complete search but 1s
now theoretically excluded by Griffin’s theorem and independently by a result
of Kruskal {13] and C H.Yang [29], [30], {31]. Recent work of Andres [1] and
James {9] has led to a greatly improved computer algorithms for studying these
Sequenees.

Summary of Golay Properties
Two sequences £i,...,T, and y1,..., 4, are called Golay complementfary se-
quences of length n if all their entries are 1 and

n—f

Z(E;I,'+j + pyis;) =0forevery j#£0, j=1,...,n—1,1e, Nx =0
1=1

These sequences have the following properties:

Loyt (zizig; + pivigy) = 0 for every j #£ 0, j = L...,n— 1 {where the
subscripts are reduced modulo n), 1e. Px =0.

2. nis even and the sum of two squares.

3 Dpoigr = 6T &= Yu_ip1 = —el; where g = =1,
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2 2 2
[Zx‘-ﬂe(c”“) + Zz.-Im(cg"f*)] +[Zy.-1m(c““) +
€S ieD i€s

2

[Zysﬁe(C““)] = in,

e

where § ={i:0<i<ne=1},D={i:0<i<ne=-1}andisa
2n-th root of unity.

5. They exist for orders 2910%26%, 4,5, ¢ nonnegative integers.

8. They do not exist for orders 2.9° (¢ a positive integer), 34, 36, 50, 58 or
68,

7. They do not exist for orders 2.49° (¢ a positive integer) (Kounias, Kouk-
ouvinos and Sotirakoglou).

Wa now discuss other sequences with zero auto-correlation function.

Other Sequences with Zero Auto-Correlation
Function
Lemma 4 Suppose X = {X1, X, ..., X} #s a set of {0,1,-1) sequences of

lengih n for which Nx = 0 or Py = 0. Further suppose the weight of X; 15 1y
and the sum of the elements of r; 15 ;. Then

m m
E : 2 _ E

a, = L.
=1 i=1

Proof: Torm circulant matrices Y; for each X;. Then

in m
Vil =aJand 3_¥i¥T ="
=1 i=1

Now considering
i

i YwIs=3 ali= i::,—}.
i=1 i=1 i=i

we have the result.

Example. Suppose X1, X2, X3, X4 have elements from +1 and -1 and lengths
19,19,18,18. The total weight of these sequences is 74 now the four rows sums
nrust square Lo 74 so we could have

32412482407 12412 46% 462

7¢ 4 52 402 402 or
72432 4424027 52 432 467422
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In algorithms to search for these squares the row sum of 8 and length 18
means there are 13 elements +1 and 5 elements -1 considerably shortening any
search.

Now a few sirnple observations are in order, and for convenience we put them
together as a lemma though more has been observed by Whitehead [28].

Lemma 5 Let X = {41, Az,..., A } be m-complementary sequences of length
n. Then

(i} Y = {A7. 45, ... A}, dit1, ..., Am ] are m-complementary sequences of
length n where AY means reverse the clements of A;;

() W= {4, Az, AL —Aigr, o, —Am } are m-complementary sequences
of length n;

(i) Z = {{Ay, A9} {41, -4z}, ..., {Anic, An b {Azicy, A}, ...} arem—
{or m+1 if m was odd when we let Apppy ben zeros) complemeniary se-
quences of length 2n;

(v} U ={{A,/A:}, {A1/-A2} ..., {Au1/An} {Azno1/—Au). ), where

Aj/Ap means aj1, a1, a52, Gz, .o ljn, Okn, ar€ m— {orm+ 1 if m was
odd when we let Apyy be n 2eros) complementary sequences of length 2n.
(v} Vo= {47, A5 . AL} where A7 = {ap, —a2, 23, —a,4, ...} are m com-

plementary sequences of length n.

By a lengthy but straightforward calculation, it can be shown that:

Thearem 6 Suppose X = {4),..., A2} are 2m-complementary sequences of
length n and weight w and ¥ = {B1, Ba} are 2-complementary disjointable se-
quences of length t and weight 2k, Then there are 2m-complementary sequences
of length nt and weight ku.

The same result is true if X are 2rn-complementary disjoiniable sequences
of length n and weight 2u and Y are 2-complementary sequences of wetght k.

Proof: Using an idea of R.J. Turyn, we consider

AQ,‘_I x (Bl + BE);'{Q + z-‘lg,' x (B]_ — BQ},Q and
Anicy % (B} = B3)/2 - Azi x (Bf + B3)/2, and

fori=1,..., m, which are the required sequences in the first case, and

(Azioy + A2i)/2 x By + (Anicy — A2i)/2x Bf  and
(Ag,'_]_ + Ag,‘)}? * Bg - {.42,'_1 —- AQ;J/Q ® BI' and

for i = 1, ..., m, which are the required sequences for the second case.
The proof now follows by an exceptionally tedious but straightforward veri-
fication.

Corollary 7 Since there are Golay sequences of lengths 2,10 and 26, there are
Golay sequences of lengih 2910°26° for a,b, ¢ non-negafive integers.
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Corollary 8 There are 2-complemeniary sequences of lengths 296°10°14926° of
weights 225%10°13928%, where a,b,c, d, e are non-negative integers.

Proof: Use the sequences of Tables 5 and 6 of Appendix H of [4].

Base Sequences

Four sequences of elements +1,-1 of lengths m + p,m 4+ p,m,m where p is
odd which have zero non-periodic autocorrelation function are called base se-
quences. In Table 1 base sequences are displayed for lergths m+ 1, m+1,m,m
form+1 € {2 3,...,18 21, 24, 30}, If X and Y are Golay sequences
{1, X}, {1,—X},{Y}, {Y] are base sequences of lengths m+ §,m+1,m, m. So
hase sequences exist for all m = 2%10°26¢, @, b, ¢ non-negative integers, p = 1.
The cases for m = 17, p = 1, were found by A.Sproul and J.Seberry and for
m = 23, p = 1 by R.Turyn. These sequences are also discussed in Geramita and
Seberry [4,pp129-148},

Base sequences are crucial to Yang’s [29], [30], [31} constructions for finding
longer T-sequences of odd length.

We know propose to use R.J. Turyn’s idea of using m-complementary se-
quences to construct orthogonal designs.

Table 1: Base Sequences of Lengths m+1, m+1, o, m

[Length | Sums of Squares Seq
m=1] 2+ + 12+ 1] ({11, {1, 0% 1)
m=21 F+ 12+ 0P +0{ [[111} {1113, {31}, {11}
m=3] 22400+ 12 {1111, (L1115 {11
m=4 | 343200800 [ ({11111), {101 11, {1 1411, {341 1))
m=4| ¥+ 12+2422 1 (o), (111 ey, (L), {1 11 0))
m=5| 2+ +3+3 | {11011 {10 1), {1 111), (21111
m=6| ¥F+1P+42+0 | 31111110, {11101 AL L1, 1 i
meb | S+ 124000 | (1 V 13000 {1 111 041, (100 611, (D 11 1L )
m=7| 2+0F+5+ 1| {(11131-111), {11111 BL-bh {1 L k11 b0,
{1-1-1 1-1-1 1)
m=7] 42+27+32+ 17| (A1 L1011 0 L (-1 LB
{11111 1-1.1)}
m=8| F+F¥+F+0% | 111111111, (-3 11 11131 1), {1 11111 11},
{11 1111 31}
m=9| 42+22 43+ 3 | 1111003 111 41T 10 0L 1D D), (112111 81400,
{£-1111-111-1)}
m=10 | 2 +324+24+22 [ {{11-1-1311 13 -1 {-1 1-1-1 10 111 81,
SRERERERRRINSRREERRRRE
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Length | Sums of Squares | Sequences )
. I )
m=10 | 1¥+57+ 00+ 4 u11411 113, {1 111111} ;
AR EE NN L i-11 111113} '
m=1 | +0F+3 %1% {11111 01110 {18 1] 11101 1 1e1), ;
N CORRERRCAREINER RS RES RS EEIY i
m=11 | 425224624 12" (11111111 1.4 1-1), {1-1-1-1-1-1 8 1-1 1-1 1),
c ALELLRLRLE LT ) (31 1400 6 1001 1 _
m=12 ] P+ 12402+ 0 ({11101 01001 018 (111201 1-1 1.0 1 1§, '
(1113 11-1-1 1-1-1.1], {1 1 1121 11 1 1.1.3-1))
m=12 | 2+52+¥+0  {(311011111 11 L1, (1 LT L1 TR e 1
{110 181 8114001}, {2 11 11 1-1-1 1-1-1-11)
m=12] P+ 1246 +2 11111000 01010 {11111 110 1 111, |
(11110111 114 11 1-1-1 11 1-1-1 1 1)
m=13 | 67 +47+ 12+ 1 (11111001 100 11 1), {1-1-1-1-000 1 1234 2e1 1e1),
{111 L6 L1-00ede), {100 10120 1e0-01 1 T 1))
m=id b P40+ 00| (P ILT0I I, {1 A,
(111110 1-1 8 B1-LE1), {10011 11 10 1 1Y a1
1
m=15 | 62 +4+12+37 | ({11110111 L1301 0100 E
{1-0-1-1-1 1-1-3 1 1-1-1-1 1-1 13,
{11 1-E 111 3-1-1-1-1-1 1 1),
{1-1 11111121 11 1-1:2 1))
m=16 | ¥F+3+4+4 ! {11111 111 b,
{1--1 1 43 11 11 1 1-3-1-1-3-1,
(111115113101 1101-1},
(1111103111311 1-1-1})

m=17 1t 2244248 +5 | ({1111 10-1 31101 1 110 L1,
(1-111-1 811 1 111,31 171 11),
[111-1F11-13131-11-1-1§-1),
(111111111111 111 B-11}

m=20] ¥+12++6 ] ({11111 111 -1 1141 11 310 0,
{-31-1-1 33 b 1111 111 -f 100 0
{33111 111t 31 1.0 11 21},
{1-3-11 1111111111 -1 11 1-1}}

m=20] #+5+22+2% | ({13-3-1111111-3.11 111111 11},
[(143-1131 01 3-3-111 1131131},
(1-1-8 1113131 1-3-31 L1 )30 1),
f1-1-11 1111 §-13-1-1-1 3-1 311 1))

m=23 ] 22+ 8+ 12 ({1101 01 10-1-BB 11011 B-R1 011140 1,
£-1-1 1-b1 141 1 % 1-1-1-1-1-1 1-1-1-1 1-1-0-1),
£171 112011 1-3-1 1-1-1-1-1 1-1-1-1-1 t-1 1},
{1311 111 3-1 1.1 1 3L - 10000 )

m=29 | 8+&+3¥F+F¥ [ 111111111 0-11-1-081-1-1 0 01 10 01000 01 0,
(1-1-1-1-1 1-1-1-1-1 1-1 1 [-1-3 1 3-8-1-0-0 11 11 31 L1},
(1111 1311 111 111D 1-3-1 11 06111 1110,
(1-111 11008 8310 0-8-1-1 1 11 2-1-1-1 1-1 1 1-1]}

Table i{cont): Base Sequences of Lengths m+1, m+1, m, m
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Four (1,-1) sequences A = (X, U, Y, V), where

X = {e1=422.29,...,Em,— %, ..., — 23, =Tz, — Ty = —1},
U = {u= l,ug,ua,“.,um,—um,:.,,—-ug,—uz,l},

Y = {91192.\‘--nym—laymsym-la---sy:hy?,yl}s

V o= {uv1,v9,.., Bmet, Feny Umnely -y U3, 02, 01 ],

which have ¥4 = 0 and 8m — 8 is the sum of two squares.
Or four (1,-1) sequences 4 = {X, U, Y, V} where

X = {z1=120.23,...,Tm; Tm41, Tms-. -, T3, 22,21 = 1},
U = {ur=1,t2,u3 ..., %m, Unp1, Um,. .., Y3, 43, —1},

Y = {ynv ¥, —Ym oy~ h

V = {v,v2,..,0m,—tm,...,— Vs, —¥1 },

which have N4 = 0 and 8m + 2 1s the sum of twe squares will be called Turyn
sequences of length n+ 1, n+ 1,n, n (they have weights n+ 1,n + 1, n,n also).

Length Sequences

m=1 | {{1-1), {11} {1}, {1}}

m=2 | [{111), (111}, {1-1], {1-1})

m=3 | ({11-1-1), {1 -1 1}, (1 1 1}, {1-11})

m=4 | ([$1-111), {11111}, {1 1-1-1}, (1-1 21})

m=5 | {{111-1-1-1}, (13-11-1 1), {11111}, {1 1-11 1)}

m=6 | {(1321111),(11-1-1-1 1-1}, {1 3-1 L.3-1], {1 1-1 1-1-1 })

ma7 | {(11-1 11010, {111 1003 1), {1110 11 1), (111 111 1)}

m=12 | {{111$31-10183 11, {11 1-1-11-1 1-1-1 1 1-1},
(01111 101 10-1-1), {11 12121 140 1 3-1-1-13)

m=14 | ({111 51311001 3-8 1), {07 11 1 1101 1 1-1 1 1.1},
f113 10000 8 1111, {10110 1D D 10D 31

Table 2: Turyn Sequences of Lengths m+1, m+1, m, m

Known Turyn sequences are given in Table 2,
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Geramita and Seberry [4, pl42-143] quote Robinson and Seberry(Wallis)
results giving such sequences where the longer sequence is of length 2, 3, 4,
5, 6, 7, 8, 13, 15 (though the result for 5 has a typographical error and the
last sequence should be 1-1-), that they cannot exist for 11, 12, 17 or 18 and a
complete machine search showed they do not exist for lengths 9, 10, 14 or 16.
So in fact the first resolved cases (and unresolved since 1976) are lengths 15, 20,
21.

A sequence X = {ry,...,z,} will be called skew if n is even and z; =
—Zn-i+1, and symmedric if n is odd and z; = Ta_iy1-

Theorem 9 {(Turyn) Suppose A = {X,U,Y,V} are Turyn sequences of lengths
m+1,m+ 1, m,m, where X is skew and ¥ is symmetric for m even and X
s symmelric and Y is skew for m odd. Then there are T-sequences of lengths
2m+1 and dm + 3.

Proof: We use the notation A/8 as before to denote the interleaving of two
sequences 4 = {ay,...,0m} and B = {b1,...,bm-1}.

AfB ={a1,b,a2,be,...,5m_1,8m}.
Let 0; be a sequence of zeros of length £. Then
Ti={{  (X+Y).0n} { $ (X700}, {01y 5 (V4V} {Omy1, 3 (Y-V)]}
and
Ty = {{1,04m42}. {0, X/¥, 02m41}, {0, Bom 41, U/0m}, {0, 02m41, Om41/V }}
are T-sequences of lengths 2m 4 1 and 4m + 3 respectively.

Corollary 10 There are T-sequences consiructed from Turyn sequences of lengths
8,5 7,8, 11, 13, 15, 19, 23, 25, 27, 29, 31, 51, 59.

Theorem 11 If X and Y are Golay sequences of length v, then writing 0, for
the vector of r zeros, T = {{1,0,}, {0, $ {X +Y)}, {0, L (X —¥)}, {0,4:}}
are T-sequences of length v + 1.

Corollary 12 (Turyn) There exist T-sequences of lengths 14 251026°, where
a,b,c are non-negative iniegers.

Corollary 13 There ezist T-sequences of lengths 8, 5, 7, ...,38, {1, 51, 53,
59, 65, 81, 101.

A desire to fill the gaps in the list in Corollary 13 leads to the following idea.

Lemma 14 Suppose X = {A, B,C, D} are §-complementary sequences of length
m+ 1,m+ 1,m,m respectively, and weight k. Then

Y = {{4,C}.{4,~C},{B,D},{B,~D}}
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are {-complementary sequences of length 2m + 1 and weight 2k, Further, if
L (A+B)and §(C+D) are also (0,1,-1} sequences, then, with Oy the sequence
of t zeros,

Z= {{ ’5 (A-i—B),Om}_.{ 15 (A‘B)sﬂm}:{om-l-l: % (C+D)}s{0m+l| % (C"_D)}}
are {-complementary sequences of length 2m+ 1 and weight k. If A, B.C, D are
{1,~1) sequences, then Z consisls of T-sequences of length 2m + 1.

Lemma 15 If there are Turyn sequences of length m+ 1, m +1,m m there are
base sequences of lengths 2m +2,2m+ 2,2m+1,2m + 1.

Proof: Let X, Y,V be the Turyn sequences as in Table 2. Then
E={1,X/Y}, F={-1,X/Y}, G={U/Vv}, H={U/-V}
are 4-complementary base sequences of lengths 2m+2,2m+ 2,2m+ 1,2m + 1
respectively.
Corollary 16 There are base sequences of lengthsm+1,m+ 1, m,m form
{a) 1, 2t + 1 where there are Turyn sequences of lemgth t 41,1 +1, ¢, 1.
(b) 9,11,13,25,29
(c) for lengths g where there are Golay sequences of length g.
(d) 17 (Seberry-Sproul), 23 (Turyn) given in Tables I and 3.

Now Coaper—(Seberry)Wallis-Turyn have shown how 4 disjoint eomplemen-
tary scquenees of length ¢ and zero non-periodic {or periodic) autocorrelation
function can be used to form OD(41;¢,t,1,1) (formerly called Baumert—Hall
arrays) [3],[4].

First the sequences {variously called T-sequences or Turyn sequences ~ but
this latter has two different usages) are turned into T-matrices and then Cooper—
{Seberry)Wallis construction, described below, can be applied.

The appropriate theorem for the construction of Hadamard matrices is {it
is implied by Williarnson, Baumert~Hall, Welch, Cooper—Wallis, Turyn):

Theorem 17 Suppose there exists an OD(4L;¢,0,4,1) and 4 suitable malrices
A B C, D of order w and entries I or -1 which satisfy

AAT 4+ BBT vt + DT = 4wl
XYT=vx7 for XY € {A,B,C,D}.

Then there is an Hadamard matriz of order 4wt {Willlamson matrices are suit-
able matrices with the extra condition that X7 = X for X € {A,B,C,D}.

n matrices X1, X2,..., X, of order m are said to be suitedle if they have
elernents 41 or -1 and they satisfy

WXy XT +0XoX] 4 b Xa XD = O udminm

XXT =Xx;XT, ij=1,...,n
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where there is an OD(} Ui 1, Uz, ..., uq). They are used in the following
theorem.

Theorem 18 (Geramita—Seberry} If there is an OD(3 uijur, uz, ..., un)
and suilable matrices of order m then there i3 an Hadamard matriz of order

(3T u)m.

2 ODs and Hadamard matrices

Welch's O1(20;5,5,5,5) composed of block circulant matrices is:

- B-C-C-F C A=D=D =4 —B-A C=0C=A A=FH=0 D-F
—EBE-D Bag=C —A 2 4A-D-D AP = D ~B A-B-0O D
—C—-8-0 A=C D=4 O a-D -C=A=B~ A O o8B A-B-Ir
—-C=C=BF-0 B -D-D—4 & A C=-C—-A-B—a -0 LD=-B A=-F
B-C—-C=B=D A=D=Do-A C —A C=C=4-B ~BE-DO D—-H A
- 4 D D-A —D-B-C-C B -4 B-D¢r D B ~HeArD C=daA
-A= A O D B=D=B=-C=0C B—-A EB=-D O —d e - -0 O
D—A-C a b - B=D=8-C 0D B=aA B=D Dl =B ==
D D—A=-C 4 -C=C B-D-—Hg -0 0O Be4 B 2 C—A-—-B-A
A D D—a-c -8 =0 = B=D B-0 I F=D —-A=C C—A-—8
B-3-C C—a 4 EF=D D75 -U-8 & T 5 =L A-D-I— 4
A Bra- B A B-D Db B=D-B o C —-A=C A=-D=pP
C=d B-A-C D B A B=D C EB=-D-B C DA - A-D -
-C T=A Ba~A - D B a B C C B=DO=F L= —A=-C A
—A-C =4 B B-0r D B 4 - O C B-D A=De D= A=
A =B=f 08 Hmd L=il=d < A D Bb=A4 «~L 8B & &-F
—-B-4 FBF=-D D ~A B-A O=¢ -A O A DD -B=-D B O
DueB—-A-8=p -C=-d B-A C O-A & A D C-B=0O 8 O
-0 D-B-A-P C-C~-4 B-A 0 D—A © A = C=B-0 B
—-8=0 D-H-—A -A C=C=4 B A D D=4 C B ¢ C=-8HB-D
Lemma 19 Let X;, i = 1,...,4, be T-mairices with row sum {and column
sum} x;, respectively. Then
1

Proof: X,J = z,J: so considering Y_f_, Xy X}J = nJ gives the result.
The following result, in a slightly different form, was also discovered by
R.J. Turyn.

Theorem 20 (Cooper—Wallis) Suppose there exist T-malrices

{or T-sequences) X;, i = 1,...,4 of ordern. Lel a.b,c,d be commuting vari-
ables.
Then
A = CLX1+6X2+C}(3+G‘X4
B = —-bX)+aX;4+dX3—cX4
C = w—eX) —dXs+aXz+5X,

D = —dX,+eXy—08Xz4 0l

can be used in the Goethals-Serdel {or Wallis-Whiteman) array o oblarn an
OD{4n;n,n,n,n).

Proof: By straightforward verification.
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Example. Let

1 00 g 18087 0 0 1
Xi={o0o 10|, X=100 11, X3=|10 04}, x;=0
0 0 1 1 00 010

Then X1, X3, Xa, X4 are T-matrices of order 3, and the 0D(12;3,3,3,3) is

a b c| -b a d | —c =d a | ~d ¢ -b
c a b a d b | —d a =-c e =b —d
b e af .d =% a a =~¢c =-d| —=b -—d c
b —a -—-d a [ c| -d =b c ¢ —a d
—a —d b ¢ a | —b ¢ —d| ~a d e
~d b —a b c a ¢ —d =& d ¢ —a
& d =—a d b -e a 2 el —b d a
d -a ¢ b —c d e a [ d a =b
—a c d | —e d b b c a a —h d
d -z b -t a -d b —d -a a b €
- b d a2 —-d —c| -~d —a b = a [
b d —¢cj~d -—c¢ af —-a b —d 13 ¢ a

We will not give the proof here which can be found in Wallis [25, p.360] but
will just quote the results given there. Cyclotomy may be used in constructing
these arrays including the orders { =13,19,25,31,37,41 and 61.

A most important theorem which shows how Welch GI(20;5,5, 5, 5) can be
used is now piven. One of us (Yamada) has reported that Ono and Sawade [15]
have found a Welch type ©(36:9,9,9,9). This is being translated at present.

Theorem 21 {Turyn) Suppose there 1s a Welch type OD of order 4s con-
structed of sizteen circulant {or dype 1} s x & blocks. Further suppose there are
T-matrices of ordert. Then there is an OD(4st; st, 3¢, 51, 5t).

Proof: Since the Welch type OD, W, is constructed of sixteen circulant {or
type 1) blocks, we may write the OD as (Nj;), t,7 = 1,2,3, 4, where each N,
is circulant (or type 1).

Since WWT = s(a2 + 62+ 4 d*}I4, where a,b,¢,d are the commuting
variables, we have

JN',']_A'PJJ-II + N,'gf\-j-}; + N“aN;’é + ATMAN?; =

s{a® + 024 4 d0,, i=j4, i=1,2,3,4
0 R

Suppose the T-matrices are T, 7%, 7%, T3. Then form the matrices

= TixXNu+TexNoy+Tax N+ Tax Ny

Ty x Nio+Tax Nog +Tax Naa+ Ty x Nyy

Ty x Myza+Tox Npa+Tax Nag+ Ty x N3
= T1XN14+T2XJV24+T3XNr34+T4XAT44

DO W
1l
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Now
AAT + BBT +¢CT + DD7 = st(a? + B2 + ¢ + d*) L,

and since A, B, C,D are type 1, they can be used in the Wallis—Whiteman
generalization of the Goethals—Seidel array to obtain the desired resuit.

Since the OD of order 20 given by Welch is constructed of sixteen circulant
blocks, we have:

Corollary 22 Suppose there are T-mairices of order i,
Then there is OD(20t;5¢,5t,5t,5¢) and an OD{(36¢;9,9t, 9¢.9¢).

As we have seen, Baumert and Hall's array of order 3, discovered to ob-
tain the Hadamard matrix of order 156, has led to one of the most powerful
constructions for Hadamard matrices.

In fact, to prove the Hadamard conjecture it would be sufficient to prove:

Conjecture 23 There ezisis OD{4t:1,¢, ¢, 1) for every positive indegert.

3 On Yang’s theorems on T-sequences.

Let Z be the rational integer ring and z,y independent variables. R =Z[z,y]
denotes the polynomial ring in #,y. Furthermore we consider the residue class
ring R = R/f(zy — 1)R. We have R =2z, z71].

Let U = (ug,...,uq—1) be a sequence of length n such that u; €2. Define
the polynomial U(z)} in R associated with a sequence I/ = (uy,.. ., ;)
n-—1
Uiz) = Z u;zt,
i=0
For the reverse U* = (un_q1,un_2,...,tp) of a sequence U = (ug, ..., us_1), the

correspanding polynomial is

n—1 ) -1 )
U-(x) — Z u‘_xn—-l-s — g1 Z U,-.?:_l - xn—lU(x—}.)_
i=0 i=0

Tor a sequence ', we note that the non-periodie auto-correlation function
of the reverse {/* is the same as that of a sequence U: Ny (j) = Np.(J).

Now Yang {29], {30], [31] found that base sequences can be multiplied by
3,7.13 and 2°10%26¢, a, b, c > 0 so we call these integers Yang nuinbers. If yis a
Yang number and there are base sequences of lengths m 4+ p,m + p,m, m then
there are 4 complementary T-sequences of length y{(2m + p}. This is of most
interest when 2m + p is odd.

We reprove and restate Yang's theorems from {30] to illustrate why they
work.
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Multiplying by 2¢g + 1 where g is the length of a
Golay sequence

Theorem 24 (Yang {30]) Let A, B,C, D be base sequences of length m + p,
m+p, m, m, p: odd and F = (f) and & = (g3) be Golay sequences of length .
Then the foliowing Q, R, 8, T become §-complemeniary sequences (namely, the
sum of non-periedic aulo-correletion functions is 0).

Q = (Afi,Ce:1;0,0,Af,-1,C92:0,0;...;4f1,Cq,;0,0,~-B",0)

R (Bf,, Dg,;0,0; Bf,_1, Dg,_1;0,0;...; Bf1, Dg1;0,0; 4", 0)

g (0,0; Ag,, ~Cf1;0,0; Agy—1, —Cf2;...:0,0; Ag1, —Cf,;0, - D*)
T = (0,0;Bg:,-Df1,0,0;Bg;,—Df2;...;0,8, Bg,, —Df,;0,C")

Furthermore if we define sequences

X=@+R)/2 Y=(@-RY2 V=(5+T)/2 W=(5-T)2,

then these sequences become T-sequences of length (25 + 1), t =2m +p.
Proof: Let A(z) = Z:.":'Ep_l a;zt, B(z) = Z:.’_‘__?'l bir!, Cley = Ef"__tp_l cixt,
D(z) = $S7tP=1 4,2 be the corresponding polynomials associated with base
sequences A = (a;}, B = (&), C = (&), D = (d;}).

Let F(x) and G(z) be the corresponding polynomials associated with Golay
sequences F = (f;} and G = (g;):

-1 =1

F(z) = Ef,-+1x", G(z) = Zg.v.i_lz"‘

i=0 i=0

We define the polynomials f(z) and g{z} by using F(z} and G(z),

=1
F(xm) = Z f|'+132h:

flz) =
=0
=1

gz) = G@E*) =) ginz™
i=0

Thus we have

=1

f‘($) — Ef:'+132t(,-l_i) — xﬂ(a—l)f(z—l)'
=0
-1

g‘(.’\.") = zgi+lx2!(s-1—i}=x2t(a—-1)g{x_1).

i=0

Now we define the polynomials

Q(z) = A(2)f(2)+ C(z)g(z)zM — B*(2)z**,
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R(z) = Blz)f*(z}+ b(z)g‘{x)xM + A'(x)xz“,
S(Jf) = A(z)g' (z)xt _ C(z)f(r)xM'-i-t . Dt(x)$2:1+M,
T(:!:) = B[i‘l)g(:)zt _ D(r]f(x}xm'“ + C‘(I}$2“+‘H,

where M = m 4+ p.
For convenience sake, we shall use the same A to represent A(z). A~ stands

for A{z=1).

QR = QQ
= (Af 4+ Cge™ - B AT T 4 O e
—B*_I:'E”),
— AA'lf‘f'hl +AC_1f‘g"lx_M _ AB'_lf‘;r"E”
_I_CA—lgf‘_’ .'-,"M + Cc—igg-—l
—CB"gx“"PE” _ B’A“lf'_lxm
_B.C—lg-lxht—M + B.B*‘_I,
R(z})R(z™') = RR7!
= (Bf + Dy My a2 (BT 4 D g
+A"_1-J:"2"‘)
= BB YT 4 BD gt T a M BATT
+DB‘lg'f‘_l.1:M + DD'lg'g"-l
DA MRy gt g T g
+A'D‘1g"1 =M A*A"-l i
S(z)S{z~Y) = S§5°!

= (Ag"—CfzM + D";!:(2"1)"""“').«":‘(f’i_lg'_1 — gl
_D.“r-(zs-—l]:—M)x—-t

- AA_lg"g"_l _ AC_lg'f_lz_M _ AD‘*‘y‘r-—(zs—l)z—_.'.!
—CAT Yy T M cC p Y
~CD* ppmtam
+D.A_1g-—lr(zs-1)r+.\f _ Dxc—lfwlx("?s—l)t + op'

TYz~Yy = TT!

= (Bg- Dfx‘” +C‘x(2""”’+‘“(B_lg_l _prlf-lpeM
+C.—1:—(23—-1)1-M)

- BB*igg_l _ BD-lf—lgx-M’ + BC—‘lgm—(Zs—l]t—.\f
_DB—lfg—}.xM + DD—lff-—l _ DC——‘fr—(zs—l):
+C-B—xg—1x(2s—1):+u _ C-—D—lf—lr(h—-l)t + C'C'_x.
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Hence we have

Q@ '+ RR 14+ 5814771

— AA—lf-f-" —+—CC_lgg_l+B'B'-l+BB"1f'f"-1+DD_‘g'g'd
+4% 4" ~t~AAl'lg."gr"-1 I
+CC L ff 4 DD + BB lgg~  + DD ffY
+cr

= AATNFST 4 ) A BB ST A aam) +CCTI (S 497
+DD7Nff 4%
+A‘A‘_1 +B!B:-l +C‘C*_‘ +D‘D.-

= (AA™ 4+ BB '+ CCT L+ DD Y ff V4 gg )+ A4 + BB

1

+CC' 4 pD!

= (AAT 4+ BB '+ CCT DD M g 1)

= 2(2s+1).

I we define
X(z) = {Q(z)+ R(2))/2.
Y(z) = (Q(z)- R(z))/2,
Viz) = (S(z}+T(z)}/2
W(z) = (S(z)-T(z))/2.

then we have

X(@)X (= D+ Y)Y (e )+ V(e D)+ W)W )

= H@+RQ+R D +(Q-B@ " - R
+SHTST 4T )+ (S=THS™ - T
= %(QMZ?‘l +RR7+ 85714 TT 1)
= {2+ 1),
and the corresponding sequences for X(z),Y(2), Z(z), W{z) are disjoint. D

Note: The interesting case for Yang's theorem is for base sequences of
lengths m + p,m + p, m, m where p is odd for then Yang’s theorem produces
T-sequences of odd length 3(2m + p).

Restatement 25 (Yang) Suppose £, F,G,H are base sequences of lenglhs
m+tp mtpm,m. Define A= L(E4+F), B= }(E-F),C= } (G+H) and
D = 1(G~— F) o be suitable {pairwise disjoint) sequences. Then the following
sequences are disjoint T-sequences of length 3{2m + p).

X = 4 ¢ 0 0'; 5 o
Y = B Dy 0 o —Ar o
Z = 0 0 A —C; 0o D
w = 0 0 B Ik 0o -c*



and

X = &B* o A O o o
Yy = -4 o B Dy 1] o’
zZ = 0 D% 0 o; A —-C
W = 0 —-C=; 0 o B -D

where 0 and O’ are the zero sequences of lengths m + p and m respectively.

Multiplying by 7 and 13

The next two theorems can be used recursively but as the sequences produced
are of equal lengths the next recursive use of the theorems gives sequences of
{equal) even length.

Theorem 26 (Yang) Lei(E, F, G, H) be the base sequences of length 2m+p =
t (TBS(t)). Define the suilable sequences A= }(E+F), B= }(E-F),
C= }(G+H),and D= L (G—H) of lengths m+p,m+p,m and m. Then
the following XY, Z, W are j-disjoint T'-sequences of length 7t (RD(Tt)):

X = (A C; 0,0; AD; 0,0; AC; 0,0; 5,0,
Y = (B,D, 0,0, BC;, 0,0, B,D; 0,0; A0}
z = (0,0; AC; 00; BC; 0,0, AC; 0D},
W = (0,0, B,D; 00; AD; 0,0, BD; 0C)

{in Yang's paper on the Lagrange identity for polynomials and 8-codes of lengih
Tt and 13t [81]}.

Theorem 27 (Yang) Let (A, B, C, D) be the base sequences of length 2m4p =
t (TBS(t)). Define the suilable sequences A = L{(E+ F), B= } (£~ F),
C= }(G+H), and D= } (G~ H) of lengths m+p,m+p,m and m. Then
the following X,Y,Z, W are {-disjoint T-sequences of length 13t (RD{131)).

Q =(AD; AC, A D AC; A D; AC; 0,C;
0,0; 0,0; 9,0, ¢,6; 0,0, 0,0),

R = (B,C; B,D; B,C; B,D; B,C"; B,D; 0,D,

0,0; ¢,0; 00; 00; 0,8 0,0),
5= (0,0; 0,0; 0,0; 0,0; 0,0; 0,0; AQ0;

AC; B'.C; AC; B',C; AC; B, (),
T = (0,0; 0,0; 0,0; 0,0; 0,0; 6,0; B,0; _ .

B,D; A, D; B, D, A, D; B, D, A',D).

{in Yang's paper on the Lagrenge ideniity for polynomials and §-codes of
length 7t and 13t {31]).

Yang shows how to multiply by 11. The sequences obtained are not disjoint
and so cannot be used in another iteration.
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Theorem 28 (Yang) Let{E, F, G, H) be the base sequences of length Im+p =
i (TBS t)). Define the suitable sequences A= {(E+F), B= L(E-F),
C= ;(G+H),end D= L(G~H) of lengths m+p,m~+p,m and m, Then
the foHou nng (@, R,5,T) are 4 complemeniary sequences of length 11t

Q = (A,C; AC; B,C; AC OD

0,D; 0,D; 0,0 4,05 0,0; c,0),
R = (A C; AD;, AC, AC, B

B0 B,0; 6,0; 0,0; 0,0, 0,0)
S = (0,0; 0,0, 0,0; 0,0; A0

A’OE A! 0! BI D; BJ C’; B}D; B' D)]
T = (0,00 0,0 0,0, 0,0; 0,C;

0,c; 0.¢C; B,D; BD;, A,D; B D).

However Theorem 28 becomes less important when the next resuit is known.

4 T-sequences and T-matrices of length up to
200

From Table 2 and Golay sequences we can ccnstruct 4-disjoint T-sequences for
all lengths up to 33, and also for 51 and 59. These are given in Table 3 with
the corresponding decomposition into squares.

We now give an example showing how to use Yang's theorem to find se-
quences 3(2m + p) and how the results can be clearly inequivalent as they
correspond to different decompositions of 3(2m <+ p) intc four squares.
Example Suppose we have m = 1. Then four suitable sequences of lengths 2,
2,1, 1 are
1 0
0 1
1
0

Note that A and B are disjoint and € and D are disjoint.
Suppose we want to use these in Yang’s construction to multiply by 3 finding
sequences of length 9. The construction gives the T-sequences

X = AC, 00 B*¢

Y = BD;0D, ~-4"0
Z = 00 A—C:0D"
W = 00B-D;0-C"

Use the suitable sequences A =10, B=01,C =1,D =90 to get

X =101 6 0 0 1 g 0
Y =010 00 0 0 -1 0
Z = 0 0 0 1 0 -1 0 ] 0
W =90 0 0 01 0 0 g 1
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Length Sum of Squares Sequemce!

3 12412442 100,010,001.000

5 2412 11000,00110,00001,00000

7 2+12+12+12 1 .1110100.0001000,0000610,0000001

g 32 1191006000,001001000,000010-100,00000061-1

¢ 24242 111-100000,000011-110,000000001, 000000000

11 34 12a1? 1-11-10:0700680,000101011-10,
60000000001, 00000000000

13 32422 0010101000000,110-10100000080,
CO0000011.11-1-1,00000800000000

13 22+ 2422412 11011010000000,01001060000000
0000000001001, 0000001110110

15 32+ 17412 011:111000000000,7000060100000000¢
00000Q01101.10.10,000000000100101

17 4ty 2 011-11111-100000000,10000000000000000
00000000000 000000, 0000000001 1.1 2-1-1-11

17 Ryt 2? 11000011000000000,001-1-1100000000000
60000000001000101,0000G000601101110:10

19 2412412412 [ 14411011110000000000,0000300000000000000
GO00000000000110061, 00000000011 1-F0011-10

19 Py 12 011111-11.11000000000,000000000010101010.1,
1000000000000000000,00000000000-10101010

21 2y, 01-1-1111111-100000600000,0;-1211-11-111.1,
10000000000000000006D0, 0y,

21 421224 12 11.101010000000-1000080,000-1010,1-1-1008,
00G000011-10-10100000618, O;p-1 0100000181

21 32422422422 101000010100000000006,01011-11010,
0,;1000000011,0000000000101-1-111110¢

7 2+3+22+12 {011111-1-11-11-100000000000,0,,1010101010,
C0000R0000001010:1010101,10,

25 5 see 1ext

25 52 0111100800011110000000100,
1000000000-10000000001-1000,
00BO001000000000100000001-1,
006G0001-1110000001.1-1.100000

25 | a4 3? 11101111101 100,,00801000001001 0y
0000610010000,0,3171-101-101-1-1-1

25 | 2422422412 | 1110600001110, 0001111110000,
C21111-11-3-111-1-16,0,3000000000001

2 sty g O3 1011310 1111010 10 0111 -5-311 111121010y O

27 #2435 12412 160000000011 1-100000000001-111,
111-10000000000000CG100000D00,
6000111.1100000000601-11.10000,
pOGO00C000000111.11000000000

27 R L I0-100000011010100-1000000000,
0101100000010-101100000600000,
0000081 1000000000015010.10601,
00000100100000000000-1010110

29 524 22 110011-10111001 00,
001100010001.101 Oy,
051000-100001000.1,
Os01EL00 1101110

Table 3: 4disjoint T-sequences
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Length Sum of Squares Sequences

29 41432427 1-10011061-10011000000000000000,
DO00000G0000006.1.10120001101-11,
00.110011001.100000000000000000,

; 0p0H0000000600-100G10011-100-1000
b3l | 82422412412 | 0111111101 11141 1-1 Oy,
i 0,1010101010-10:101,
0010101010101 0-10,
105

3] 3% 432 4 32 4 22 | T.matrices are known, see text.

33 52420402 11001011-111000008000000101-10000000,
0000000000011 001011-11100060000000,
00000000000001-161000000000001 1111,
001-10100600000000000000-10011008000

a3 42 4 47 417 Let X, Y be Golay sequences cach of length 16 and row sum 4,

The sequences are X Op7, Oy ¥ 0, 04z 1, Oy

33 4434224+ 2210,0011010,;11-111,11001011-3110;-1011000
01100101 3-1110,,,001101000000,01001105

35 | 52432412 110110001-10;1.10103,0010013-108:111001010,
0301010100100301010,0,31010101-10:1101010-1

35 | 4243203417 | 11101 16110;11-305 051109105110 1-1,
001110101 1-10,2 100, -1-1051101-105 11010000

a7 6+ 1% T-matrices are knowrtw see jext

37 | R+ iRyt

EL I R R S G

39 | 6=174 17412 [ 0,10011011010000000010010,

031 1-1 011061001 0101101,
0001001-1011010,1-10111000008,
I 1110-1100160-10,,10018000000690
39 P +32:27417 | 0010101051 010110,0,5101010,51-11-111,
03110101 01-19-11 105, 1101010111118 03101010,
| 4 60+ 224 12 Le;x.Yb.cGolyseqummeachnrlmgm 10 end row sums 4 and 2.
! The sequences are 0X 0,5 Y 015 0y X Oy -Y, 1 Oy, Oy
14y +224 12 11111 011112 1-1 11 1 1 1D Oy
Oy 1311111111 111 141 1111 3,
0,10600000C0000000000000C, By

41 52 5 42 T-matrices are known, scc text,

4) 2424 ¥

43| 2+t 24l

43 | £+

a3 {4rp3trg32

a5 16732 07100.10110000010000000001 11110,

! 1101-1010011-1110,,-10100-1000000000.

i Oys1103-10-100-1-11.1.1000000030010600001,

: 00100610110000050,4101101-10060000
45 62+224+22+ 121 10100-10000000001101-101010600001 0y,

2101.101-1000000000.10010101 11110,
00000000012.1110,1101.1010.1000001,
GO00000016000010,7108101011-1110

Table 3(cont): 4-disjoint T-sequences
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Length

Sum of Squares

1

Sequences

5

45 F+a 422 110110100111110,410-10010003008000,
0;51-10-11010011-31100000000601000001,
00-10010110000010,,-101101100000080,
0,710010:1.100000-1000000006011-1110

45 242437422 1 05-1-1011010100000100000000011-1110,
1101-10-1010000010,5101001000000000,
0010010101131110,;-10-110110000009,
0;7100101011-111000000600-100000.1

47 6 +324+124 17 _

47 152437432427 [ 101001 110 1-1.1 00.11 Oy, ;
060-110001-1-1111110001-1001 05, :
Oy-10100001-1111000010-100, '
0,,11010111-100000-11-1-10-1-11

o |7 A1101010,113001011.1010100000001000000,
0001010,-1-1010,41010000000600-111000,
0;111010:10,g1-161000000011-1010100000-10,
0-10-10000000011-50010,,-1010000010

9 J6t+32422 Op1010311-10010000000000010100000101,
11101010;11-10010511-10181C,-10000800,
0001010,11010,7101000000000-111800,
GO0000011-101010,5-1-1010;11-101010000010,

49 | F+42 4242 11101010;11.10010411101010,-1000000,
0101051 1-106-10000008000010100000101,
0001010,110-10,101000000080-111000,
0;-1-1101010,4110100080000-1.110-10-16000810

49 4744714242 0001010"4IDIOWJOIUOOOOOOOUILIODQ
0r11101010,511010000000:11181010000010,
0,0101051-1.10010000000000010-100000101,
13101010;1-1-10010,1-1-101010,-600000

51 FLES L CII11E 101311300 -0 1 0-1 31 1-1 3 g5, 1 Ogg
0i10101010-10101010:10-101010-1,
0y 01010101010101010181010-10,

51 52482412 S110111010001.1110,,10100010000000008,
0;51000101-11000011000000080000.115300
00-1000-10-1110600110,-1011101-100000000.
D3-1101110-1000111-1000000000006-1.10000-7 1

5) 52442432012 | 10000000011 1.1-0.11.10,51-11 1.1 111000000000,
Cig111-111-11000000000000000001-1311-1-1-1,
011111111051 00000000,
0,710000000011-1311.1100000000000000000

53 | P+

53 624'424-]2 Let X, Y be Golay sequences each of length 26 md row swms 6 and 4.
The sequences are 01X Oy, 0 ¥, 1 02 0

53 8 +32e 22 “ e e

$5 [ P+2+1P41200,111110100010,1-11110.100010000000.1110,
Os101-110,;1011-10000000-10001,
1110000010, 111110100010, 1000000000¢,
000001&111&?10111&31111100000 J

Table 3 cont): 4-disjoint T-sequences
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Length Sum of Squares Sequences
$5 162432432412 10100111 1-1110,31001-1-11-1110,4,1-10100000,
S10110,510010,11001000000,
0210011-11-11103100111-11-1-100000000000,
0000000000010 10,;-10310;311-11-1
55 $2+524+ 2+ 12 110010111110,--1601031-1110,4-101100000006,
001.10-10;,-1101000060000000000000300-1.300000,
0,11001011.8110;110010-3-11-1-100060000006,
CO000000000001-1010,41-101000000000001-11-1-1
57 | TR+2en? 01115-1-11-1110501010.1 0510,
1 G101 0101057111 1-1-1-1-1 Oy
01,101010-101010,001&1010401
s ms 2 Og1111-1-11.11-10-10-1 0101015010101 0.10
57 6+ 45+ 254 ) see [ext
57 524 424 42 see text
57 £2+4824+4243 0000110001 1-1110111103-11001-1-1.10060000000,
111-1001110000010,-100061100000000000600,
031-100015-111011110000000000000010000,
0pi111-10011-10000010,,111-1011-11
59 | Paate? 01113111311 L3I 1 1-5-1 111 141 1111 11 1 Qg
0101010121010 010101020101010-1,
105
s o 001010618101010301010101031010-30
59 5+ 54+3
se [ 5*r4t4a2y 32
61 P2 4224 22
61 6; + 5; N T-malrices are knowr, see lext
61 6+ 44+ 3
61 | 55 +42+47 422
63 T2 22412 | sectemt
63 324224121 01000000011-10100001010551-1-3-111-1 010
A011111110001011-110105,11000000010;;,
Op-106000001-1-10100001010,,181-11.1010,
s o2 iz g G TOLLIIIII0G0101133010,1010000101
63 BE+ 55+ 1541 see Lext
63 | 62+52+1%+1% | 0010110010,10101-10,;10110010,,10.1-100040,
4.101001.10“,13@1(;10&10,11@100110,010 O,
0,101-10010,-1-101010010,,10110010g1-10,
091101{1(1110111010-110..,11 1001-10,1001
63 |68 +32+37+32 1011010 10010..,&10110010,11010100.105-110.
210101001C110100110,,110101060-20,10-10,
010101103101.10010,1010110,;16110000,
05101011031 101001-10;310:20110,01001
63 2458432422 1 10:1000.101000:10100010;10;1051051901...
0001010G00101000-100
010101 04110,1-10,110,5-1000010104-10410
00010103-10101-1010,1104-110,110,11...
00610100010-10001010,
| 000010510510000.1 05104305105105105-10001

Tahle J(cont}: 4-disjoint T-sequentes
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010100

011,

5111001 10g,

1
5
1
1

oo o

wlll111000,

— et b £ = e

Sum of Sguares

T

Lengih |

10100017,
11100000,

1
1

Og 1041111051111 0,

1111111 0,51:1010,
0,5-10000,

A0;-1011 8110010000080,

0410011 101 01001 1-1 11110,

161 0110;311-11-1

CMpOsition e squares.

A1 111110, 0100, 1110 0,410 131111 0,51 0000,

d031000013310510000-1.1 1.3 01091.1.1100000
10000000001 1-7-1,

A1 01000611141 0y

B
o

1
-1
1

1
1.1

Og110000710,1000110,2101011.

P 11010011 00000014001

]

e101-1103111-1100000

1021011 10006006.106001,

0,
1 O

EENENEER

1
1
1
d-disjoint T-sequences

q

111000000
61100010, 111110100010,2110,

i1-11011001-110121-311101 0510, 10,

-1-1
-1l
1

1
1
1

1001000000
93

O 111311 11 01 00 1-1 13 Og E O1-1 31 Dy 11 111 31 1 Dy,
Table Jcont}

0105111 10,41 111 0y31 0yl 1141

O 1111137110110 181 1-1-1 1L

B +4+1?

9‘2

S e v
[ =1 .,mwln‘.
e
s
oy
+
[} hal
i -
+ +
" -
vy va
+ +
(=} Ll
v v
w3 Lal
[ [l

™
81
81




Lenpth Sum of Squares Sequences

81 62+ 62+ 3 Op1120-1601-10,0-1-3211001-10,5111-100 11 Gy 111,
00-110000001001.
03110010;3110010,51100610,31-100100006001-140,
A1-1100110,11 810011093 1110011 01511 1-1..,
00110,-100000000,
00001-10010,;3110010;331001031-100-10,5111104

81 (62452442422 (1010001010101 0105 L1111 1111111 10,
01111 1-1-111311110161 01010101 0,1 0,5,
Oz 10,,10:101010101610,5-10-1010:1010109,
0111111111 1-110101010101...
010,510-10101010101

83 Net kmown for any decomposition into squares.

85 | 92+2? 110410011 0; 1301101101101 1.,
0s11031101-105110510000,
00111041051 11 0,1091091.110,1091.11000000.1.100,
071110511 0-1 1 0411 170511 0 11 Cgel-1e
0110;111053102-10;1-11 0,
0000011051 04-1-1 Oyl 0 0,1101¢1071100000011

85 | 8 +42422412 001o.r1110,1091-1-1011 O;1001110;10521-100,
1-1 0-1-1 Og-1 1 0y 1-1 0-1-1 05 1-1 03110,1.1.‘.
B110;1-10; 110110510009,
O11011041110110110;1-210411 1.,
051-1011041-1-105 1-10 1 1 05,
0;10;1-1 Qg1 031 101 10,61 07 1110151 000001 1

35 [ P+6° 11012 05-1-100.1 06 F100-1 0 8100 10g-1-1 0 1.,
Os110-11051101-105110-11 0510,
003 0p1 01051051051 051053051180,
05110110511 01 101101 1 05-1-1 011 0511 041 L.,
Os130-110s1101-1051101105
07105105101 Og1 0p1 By 10510000811

85 | P+ 4%+ 4422 | 110111601 0110000110,73-10-1-1.101011
0000110,1010001 0y,
O;110111010310000110;3:11011 1010481
0000-1-10;-111-100,
G 100010100111-10,1000101001-1-7 1.
000000000001-10000-11,
00100010:1001-1-110, 100010100111 L.,
Op-1011101-100000000

85 16 +6°+12+22 | 001000101-410000110,5-1000-101.11000011..,

O3 E0-1.1.1 0.1 104

101110100021 110140 1-1-100000-11 5.1
Ol0100010,
Op3000101110000130,510001011-100080-1.1...
Oy 111100,
O31101110.10060111-10,61101118-10001-111...
Oy 11000011

Table A(cont): 4-disjoint T-sequences
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i Length
87

[B?

87

i
21

91

Sum of Squares

. Sequences

92+ 22112412

7ret+ 124 0?

a5ty 2t

62+52+52+12

91+32+12

P84 12 12

Op1-10110001101111-10011001-1601 1.
0110011001100
Op100.100111001000001-100-1-1 0011
P 0;711001100010011,
011011000-1-1¢11.11.10011001-10811...
031 001110010010y,

0010011-100-1000001-100-1-100-11...
Oy 11101100011 01.]0;

01-101106001101.111.10011001-1001 L.
D31 001110010010y, !

Opl00-10011100100000.118008 8001-1.,
07110011001100-11,
100.100-1-11001000000.100-1-1 00117

031 1-1101]0001101-101
Oy-1-1011000¢3108-110100-1-100-11¢0-1-1...
0p-110011001100

110011.1011100101006-100001000-1..
O 1011000:0001.10,,

00110005 00011010-1.1101-1 13011 L.,
03, 10011-1011100110,,

Op1:0011-10:1110010100010000:10001..
016-3-1-1 0110101116,

041100010001 1010-1-1.101-11-1011 L.,
F0,e1000100001000-1

Dy 100-100-1-110010001-10011001-10011
0110011001100,
0301-10310001104110011001-1081 1.

O 11001106110011,
01-16110001101-1100110011001-1...
044-100:11100100-10,,

1001001 1.100-10000-100110015-1001 1.,
Op-11-103-10001-101 1045

Not known for any decomposilion inte squares.
000-1001.1011010,,1001010010;,1001-101101...
0)41-10-111000000,

I3 G1100100104,-1-1102-1010-1-1¢-1.,,
013111011081 0010,,1001 0y,

D 10011051010, 1106110181101,
D1 003-1011010;-700.1 0,
03-1-1101100-100-10,10010-100-1...
4111011001001 0,101102
GO01101D00101000011010001 01,
000011010001010000001 Qua.

-11100101110101111001011101,.,

Table 3{cont); 4-disjoint T-sequences
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Length Sum of Squares Sequences

91 8432032432 [ 03 11-10-130:1011010,410011011071.,
0311-10-110101-10-1 0510010,
05100101001 0y43-1101-100100-1 Oy
10601010010000000010110-1,
15-101101011010,51-1101-100100 1.,
0;02-110 1101011010551 001 0,
00010010106010,71061 1011010,
1001010010,51101-1.1000000

91 P+ 52 +42 417 [ 0110-1-1-11000010,411011 101111 Oy
10111100001 Oygd 001 O,
-100104.111-10141omoomoooﬂ-lols,,.
1001000611 1101110110,
Opg110111:1000010,,100100010000-1...
0110111100001 053-1-110,
0310010000111 0,511011101-1-11
0,,10010000111-10,100001

91 | 52452442 11101-104011810,311-10-1100100 1.,
001110310101 101 0,51 00105,
000:100-3010010;5100110-1-1 810y
1001010010,51-10-111000000,
010010106010, 11-101100100-1..
0;1001010010000000010110-1,
031110 1.10-1011010,,1001.10110 L.,
Orl-1101-10101-1 01010010

93 92422422422 | 0100.110110110011100101111101001 0.
1100100001101 Oy,
-10-11{:-1:3100400L110\0(}1101000001011032
110011011081.100-1 0
0331001-10110:1-1001-1100-161 111101003
0,;1101080000101-10,
0y 101-100100100110001101000001011..
0,7100101-1-1-1101 001

93 814504 22 CLITF11 1111 1110101 0161010-101 041 Oys
A0l 0106161010103 0512011 11:111.177 180,

' 01110111111l LT 01000301
01010-10;1010101610-1010,
01 0 10-10101 01030105101 0201010310101

93 8044243222 1105101010701 010:3010, 1011138111131 (hy
0111111311101 10101000103 0101 0" Oy,
Oy-105 10F01010:10:10:1010,5-101010:1010¢ 0-1 0,
Ol 1111111 110 010103010100,
O l010108010 010} !

93 gl 2t 2? 011111111111111101010101010;010,10; i
A0 10101010001 010105111115%, ;
AEREEERRE R !
037 1111110311110 010:101080:10:1 03

: 0,7-1010101010.10.1 0.1,
0510101010101 000.1610,,1

01010161010

N

Table 3(cont): 4-disjoint T-sequences
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Length Sum of Syuares

93 6T+ 5%+ 42+ 42

95 9ty 32422412

95 L R L E

95 S LS S

9 9744l 1Ty

% 924 3% 4 32

99 82+ sT.3ty? ]

00101000101 000101000-101040
PRI ORI 0001 0100010110

Dt

01111 - 1111 3-1101010101030-1010410
1041010101 010101055-11-17 110331811110,
00 1111233113 1110101 0103010104
0,,101030101010.10,
Oy 1041 01010-101010-10;101010102010101
10, 101010101,
m¢1m1010101&1091111111110000000000
Opl111-1-11-1161010101085 1111110118101 0-
0190, 101050104,
0104101010101 0531000000000101010-101..,
010101010,
011111111101 0101010,4 1111111010101,
010,;,1000000000
00001100011-17101111051-100011-111.,
0-11110,51-11001-1-1-1 04,
113.160011-130000105,-1-1-11001-11000001...
1100011111&41110311000111110
11 1-1 010000,
1110411087 10:100.1105,-1-1-1000011081 1,
019011 1y 1001 111 O,
0001L110&10001&1054414001000104m
01100001110,
Dwptl1100001-101110103.710,111000073-1..
0.1.3-101011-1 03101000,
Dop 1111010001010, 1-1100100010 L.,
O3 t-110-10111
21111001000, 811001 10011110 1.
021110,211*1111:!.‘.1110]210_0
O 11t 1105111051 11110211105 1.0 1 L
0211103 1-1111601 11051051,

UUDUDIlODGIONIIGOOIDmIIUGUdm
0161100010,,111.110000C,

O 110005 0,6110001 Ggl b

000101 1000106000001-1.10
1008140 1-130001 1 1 11-11 1.1 10 1 1-1-1.,

033 111000-1111-1000811 Oy,

071000117 1.100011105511-1000081-1-1001 Q.
0431 0011 100000111000111 1131711111114
0 1100011-1110001 11 0431 1-1-11-1 113 1 1-1-1-1-1-
00010610001Ct000101000101000101...

000101000-1G10003010001010001010001..,
GLOODIOL OB 1IG1 000101000 000103000

k0

1.

-

0000100000100000100G000-1000001000001..
00000-100000100000-100000-100000300000..

100GO0IG00001000G00100000143001,

0.100000100000100000700C000-1000031000..,
QOIO0000FB0000100000TG0000100000200..

000.100000100000100000100000-10,
A 000T 10001010001 01000-10000010:10.
1910
Ti40

L]

00101,

Table B{ront) 4- dlSJOlnt T -SEQUENCES
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99 | P+

99 ¢ P4 5P+ 8t

9 | TP4+504474 30

Length Sumn of Squares L__ ) Sequences

A1 100510 1111 I 010510 1311101,
0310, 111110005101, 1 Oy,

O 11t 108051 0)-11-1-1-10105-104, 1-111 101
O 10 113010105 051110,

0000010111051 01-11051011-10,5301 11
0000,
1

i |
i
|
{

~rla

o
0111071 011101710111 0410001
-10100010-101000101010001051...
0106.100010;10100010510100010101000-100,
0.3 05 1.1 041 Oged 10,105 1-1 04105 1-104 110441,
Oc110,1051.10,105110,10510,
0;1010,10 03 101041100010-10,1-1051010,1-10
0001010,1-10001010,110001010,-1.10001071
041042305 10,10670: 501 010105100001
0 10:10,10410,10001
41001011-3110,;1100-1 0511001,

1L |
0oo, !

071106108 1-1110;-10110,
001101051 1011-11-1-1 (a1 301 1111 1.,

Dt 101051001100000,

0110010111 110,31.10141-1110;3110111-111,,,
0p;-1-1 001011 1.1-1 0y,

03-11 0101 100103110010y 1010, 7101110

Table 3(cont}: 4-disjoint T-sequences

Remark: Multiple solutions have been found for many of
these lengths. Full demails are available in a Technical

Report CSADFAR8/6 from the authors,

Corresponding to the decomposition 3% + 0% + 07 + 0%.
Using A=10,H=01,C=90,D =1 gives

A =1 ¢ 0 00 ¢ 1
Y = 0 1 1 6 0 0 0
Z = 0 0 0 1 0 0 ¢
W = 0 0 0 g1 =1 0

The sequences correspond to the decomposition 27 + 17

Some detailed results
t=13andf =19

|
—
S = oo

+2% 4+ 0%,

Koukouvinos and Kounias [12] had found T-matrices corresponding to the

decompositions

13 PLIEN LN LN B
19 = 42417417417,

but we now give T-sequences corresponding to these decompositions

o8



=25

Hunt and (Seberry) Wallis (see Geramita and Seberry p125} give T-matrices
{not T-sequences} which are type 1 and defined over the abelian group FA(25))
which correspond to the decomposition

25 =57 + 02+ 0% + 07
t =31

Hunt and (Seberry} Wallis {Sce Geramita and Seberry pl25) give T-matrices
wliich correspond to the decomposition

31 =3+ 32 +3% 4+ 2%

The rows of these T-matrices are:

1300100 -2-101 GO0-10 00 GOCQC Q001101 0O DO 0
0100010 0 010-10 0O 00 010-10006010 0-11 O
oo0l1c01 0 00O GO O0O0-11-101 O11000G-1 OO0 O
0010000 0 000 01 01 00 OO0 QCGOOOCGO O 001

t=37

Hunt and (Seberry) Wallis (see Geramita and Seberry pl23) give T-matrices
(not T-sequences) which are type 1 and defined over the abelian group EA(37))
which correspond to the decomposition

3T=6"+12 40"+ 0°
t=41
Hunt and {Seberry) Wallis (see Geramita and Scberry p125) give T-matrices
{not T-sequences) which are type 1 and delined over the abelian group EA(41)
which corresponds to the decomposilion 41 = 52 + 4% 4+ 0% 4+ {2,

=43
T-sequences are not yet known of length 43 for any decomposition of 43 into
squares.

=237
Use the sequences
E =1 90 0 ¢ ¢ 0 0 0 0 0
F =98 1 1 1 -1 -1 1 -1 1
¢ = 0 1 0 -1 0 1 0 -1 0
H = 1 0 1 0o 1 0 1 0 -1

with A= F B = E,C =G, D = Il in Yang’s Theorem (see Restatement
2.2} to obtain decomposition '

5T=4"+1°+6% 4927

and with A = £,B = F,C = G,D = H in Yang’s Theorem (scc Restatement
2.2) to obtain the decomposition

57 = 47 + 5% + 4% 4 ¢?

99



1 =25%

Use Theorem 9 (Turyn) on the Turyn sequences of lengths 15,15,14,14 given
in Table 2.

t =61
Hunt and (Seberry) Wallis {see Geramita and Seberry p125) give T-matrices

{not T-sequences) which are type 1 and defined over the abelian group EA(61))
which correspond to the decomposition

61 =62 +52+0% 407

t =63

Let X and Y be Golay sequences of length 10 with row sums 4 and 2. Use
the sequences

A = 104
B = 0XY
C XY
D = 04

in Yang's Theorem (see Restatement 2.2) to obtain the decomposition
63 =743 4+17 +2°

Use the sequences

A = 01 1 1 -1
B =1 0 0 0
¢ =1 1 -1 1
D = 00 00

in Yang's Theorem (see Theorem 3.1) to obtain the decomposition
63 =52 + 1% + 17 4+ 6°
t =67

T-sequences are not yet known of length 67 for any decomposition of 67 but
two inequivalent T-matrices of order 67 have been found by Kazue Sawade for

67 =8+ 17 417417

t=71,73,79,83,88,97
Neither T-sequences nor T-matrices are known for these lengths for any
decomposilion of { into squares.

5 Summary

The sequences constructed in seetion 4 and table 3 can be used with the Cooper-
(Seberry)Wallis construction [3] to obtain orthogonal designs OD(4t;1,1,1,) for

100



t=1,3,..., 41,45, ..., 65, 67, 69, 75, 77, 81, 85, 87, 91, 93, 95, 99, 101, 105,
111, 115, 117, 119, 123, 125, 129, 133, 141, ..., 147, 153, 155, 159, 161, 165,
169, 171, 175, 177, 183, 185, 189, 195, 201, 203, 205, 209.

Williamson matrices which can be used with these orthogonal designs to form
Hadamard matrices are the subject of a separate report. The paper (Seberry
{18]) gives a recent listing of the orders for which Williamson matrices are known.
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