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Abstract

Let o(n) be the maximal excess of all Hadamard matrices of order
1., We find relations between the decompaositions of the order 4w, w the
order of four Williamson-type matrices, into squares and ¢, the order of
T-matrices, into squates, in some cases. These are then illustrated and
used to find Hadamard matrices with maximal excess for the following
Dew Cases:

(ia) n=(4m+1)*+3for m = 9, 11 with o(n) =n(4m + 1) = n/n — 3.
(iia) B = (4m + 3)* + 3 for m = 14, 18, 24 with o(n) = 2(4m + 3} =
NN — 3.
(ifia) n = 4(2m + 1)? for k = 2m + 1 = 31, 49, 55, 57, 61, 85, 87, 91, 93
with o(n} = n{4m +2) = n/m,
This means Hadamard matrices with maximal excess are known for
(ib) n=(4m+1P¥+3form=0,1,2,3,8,9,11, 13,18
(iib) n=(4m +3)* +3form=10,1,2,3, 4,5, 12, 14, 18, 24
(iiib) » = 4(2m+1)? = 4k* for even k when there is an Hadamard matrix
of order 2k {in particular all 2k < 210) and k€ { 1, 3, 5, ..., 45, 49,
... 57, 61, ..., 69, 75, 81, ..., 95, 99, 115, 117, 625, 32™, 25 . %™,
m > 0}
and
(iv) n = 4m(m — 1), {z(n) = 4(m — 1)*(2m + 1)) where m is the order
of a skew-Hadamard matrix or the order of a conference matrix.

Hence there exist SBIBD{H:’, 2k kK24 k) and regular Hadamard
matrices of order 4k® for all k described in (iiib).
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1 Introduction

An Hadamerd matriz of order n is an n x n matrix H with elements +1, —1,
satisfying HTH = HH7T = nl,. The sum of the elements of , denoted by
o(H), is called ezcess of H. The maximum excess of H, over all Hadamard
matrices of order n, is denoted by o(n), i.e.

o(n} = max o(H) for all Hadamard matrices of order n (1)

An equivalent notion is the weight w(H)} which is the number of 1’s in H,
then o(H) = 2w(H) — n? and o(n) = 2w(n) — n?, see [9,18,20,27}.

Kounias and Farmakis [16] proved that o(n) = ny/n when n = 4(2m + 1)?
thus satisfying the equality of Best’s inequality:

o(n) < nv/n

Infinite families of Hadarnard matrices satisfying this bound have been found
by Seberty [20] and Yamada {29}, more have been found by Koukouvinos and
Kounias [12].

A regular Hadamard mairiz has constant row and column sum. These are
discussed by Seberry Wallis [22,pp341-346].

A symmelric balanced incomplete block design or SBIBD{v, k,}) can be
defined as a square matrix of order v with entries 0 or 1, with £ 1’s in row and
eolumn and the inner product of an pair of distinct rows is A. For more details
see Street and Street [24].

An orthogonal design D = 2,A; + 2345 + ... + z,A, of order n and
type (s1,...,8,), written QD(n;sy,9s,...,5,), on the commuting variables
21,...,Ty I8 a square matrix with entries ¢, +z,,..., %z, where x; or —z; oc-
curs §; times in each row and column and distinet rows are formally orthogonal.

That is .
DDT = Z:sj zf.
j=1

Each 4; is a (0,1, —1)-matrix satisfying A,-A;r = 8;I, and is called a weighing
matriz of weight s;. A weighing matrix of order n and weight n is called an
Hadamard matriz.

We define the ezcess of the orthogonal design D as

a(D)=o(A))+... +o(4,),

where o(Y;) is the sum of the entries of A;, this is equivalent to putting all the
variables equal to +1.

Suitable matrices are matrices with elements +1 and -1 which can be used to
replace the variables of ODs to form Hadamard matrices. Of special interest are
Williamson {ype matrices, which are 4 matrices, W, Wy, Wy, W, with elements
+1 or -1 of order w which satisfy
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Our construction follows that of Hammer, Levingston and Seberry [9] who
formed orthogonal designs O[}(4¢;1,1,1,1) and then replaced the variables by
suitable matrices.

This practice for constructing Hadamard matrices derived from extensions
due to Baumert-Hail [1] who found the first 0D(12;3,3,3,3) and Cooper and
(Seberry) Wallis [4] who first introduced T-matrices to form OD(41;¢,¢,1,1).
The variables of these ODs are then replaced by Williamson type matrices of
order w to form Hadamard matrices of order 4wt. These are discussed exten-
sively by Geramita and Seberry [7,pp120-125]. Cohen et al [3] survey the most
recent results. This method was alsc vsed by Koukouvinos and Kounias [12] to
find Hadamard matrices with maximal excess.

The case n = (2m + 1) + 3 was studied by Kounias and Farmakis [16] (ex-
plicitly), Hammer, Levingston and Seberry [9] (implicitly) and Jenkins, Kouk-
ouvinos, Kounias, J.Seberry and R.Seberry [10}, who showed the two results
were equivalent giving

o(n) < nvn — 3. (2)

Koukouvines, Kounias and Seberry [13] have found an infinite family of
Hadamard matrices of order n = 4y, where v = ¢*> + ¢ + 1 is a prime and ¢ a
prime power, which satisfy this bound (2).

Kounias and Farmakis {16} show that if » = 4m(m — 1} then

o(n) < 4(m - D*(2m+ 1). (3)

Kharaghani [11] has given another proof of this bound and further shown
that if there is a skew-Hadamard matrix of order m, then there is an Hadamard
matrix of order n = 4m(m — 1) = 0(mod18) with maximal excess meeting this
bound. Koukouvinocs and Seberry [15] have given another proof of Kharaghani’s
result and also found that if there is a conference matrix of order m, then there is
an Hadamard matrix of order n = 4m{m—1) = 8( mod 18) with maximal excess
also meeting this bound. Since infinite families of skew-Hadamard matrices and
conference matrices are known [19], [22, p452] this means there are infinite
families satisfying this bound.

A tabulation of known orders of maximal excesa for each order 4 of an
Hadamard matrix, ¢ < 250, is given in Jenkins et al [10%.

In this paper we find relations between the decompositions of the order 4w,
w the order of four Williamson-type matrices, into squares and £, the order of
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T-matrices, into squares, in some cases. These are then illustrated and used to
find Hadamard matrices with maximal excess for the following new cases:

(ia) n=(4m+1)? + 3 for m = 9, 11 with o(n) = n(d¢m + 1) = ny/n - 3.
(tia} n = (4m +3)* + 3 for m = 14, 18, 24 with o(n) = n{4m + 3) = ny/n - 3.
(iiia) » = 4(2m + 1)? for k = 2m + 1 = 31, 49, 55, 57, 61, 85, 87, 81, 93 with

e(n) = n(dm + 2) = n/n.
This means Hadamard matrices with maximal excess are known for

(ib) n=(4m+1)2+3form=0,1,23, 8,9, 11,13, 18
(iib) n=(4m+3)2+3for m=10,1,2,3, 4,5, 12, 14, 18, 24

(iiib) » = 4(2m + 1)® = 4k* for even k when there is an Hadamard matrix of
otder 2k (in particular all 2k < 210)and k€ {1, 3,5, ..., 45, 49, ..., 57,
61, ..., 69, 75, 81, ..., 95, 99, 115, 117, 625, 3*™, 25 - 3%, m > 0}.

and

(iv) n = 4m(m — 1), (¢(n) = 4(m — 1)}(2m + 1)) where m is the order of a
skew-Hadamard matrix or the order of a conference matrix.

2 Method of Construction

We use the results of Table 1 to form circulant matrices (of order ¢ of commuting
variables) which are variations of the form

X = ATY + BL, + CT; + DT,
Y = -By + AT, + DTy - (CTy
Z = =Ch), - DI, + A7x + BT,
W = DT + CTh, - BTy + ATy

To form the circulant matrix, 7; for order ¢, we first form the first row by
replacing the (1,1} element by +1 if £ is in the set for T}, by —1 if —i is in the
set for T; and by 0 otherwise. The circulant matrix is then formed by setting
the (g,h) element equal to the (1,(h — ¢ + 1) mod t) element.

These are then used in the Goethals - Seidel or (Seberry)Wallis - Whiteman
array to form orthogonal designs OD(4t;t,¢,¢,#). Such arrays are also called
Baumert-Hall arrayas of order ¢. The variables are then replaced by the indicated
Willlamson-type matrices to form Hadamard matrices of maximal excess. The
resultant Hadamard matrices are block-circulant.
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Order | Sum of Squares T, | Seta
31 B2+ 22 I | {15-8-9,11,-14,24,2627 )}
T, | { 2.6,10,-12,19,-21,26,-29,30 }
Ty | { 4,7,-16,17-18,20,22,23,-28}
Ty | {3,13,15-31}
39 62412412 417 { Ty | {17,20,-21,23,24,26,35,38 }
Ty | {14,15.-16,-18,19,22,25,-34,-56,-37,39 }
Ty | {-4-7,-8,10,11,13,28,-29,-31,32,33 }
Ty | {1,2,-3,5,6,-9,-12,27,30 }
43 | #2437 4+3%24+32 | 1 | {1.4-5,6,7,89,-13-14,15,16,/17,-18,21 }
Ty | {-2,3,10,11,-12,19,20 }
Ty | {-22,-29,24,26,29,31,34,36,-39,-41,42 }
Ty | {-25,-27,28,30,52,33,-35,37 - 35,40,43 }
49 2443147412 | Ty | {4,6,-18,19,21,-32,34,44,45,-46 ]
T, }-8,9,10,12,14,25,26,25,-36,37,38,—40,—42 ~48 }
Ty | {11,19,22,-23,-24,27 39,-41,47,49 }
Ty | {-1,2,35,7,15-16,-17,-20,29 -30,-31 33,35 ,-43 }
49 52442422422 | Ty { {1-2-35,7-15,16,17,20,-29,30,31,33,35.-43 }
Ty | {11,-13,-22,29,24,-27,39,41 4749 }
Ty { {-4,6,18-15,-21,32,34,44,45,46 }
Ty | {8-9-10,12,14,25,26,28,36,-37 - 38,-40,-42 48 }
55 2462422 +12 | Iy | {1,2.-5,7.8,-9,10,11,-23,-24,27,20 30,-81,32,33,-45,-47,48 }
Ty | {-14,15,17,-36,37,39,51,52,-53,54,55 }
T3 | {12,13,-16,18,19,-20,21,22,34,35,-38,-40,-41,42,-43,-44 }
Te | {-2,4,6,25,-26,.28,-46,49,50 }
57 4% 4?2 42 132 | 7y | {-24,-75,29,30,-31,32,33,-35,36,37,38,53 }
Ty | {20,21,22,- 23,-26,27 -28,-34,49,50,51,-52,54 55,-66,57 }
Ty | {5,6,-10,11,-12,13,14,-16,17,18,10,40 - 41 42 45 -46,-47 - 48 }
Ty | {1,2,3-4-7,8,-9,15,30,43,44 }
61 | 62452 71 | {2,7.10,17,25,-26,29,-30,31 -32,35,40 - 44 - 51,55,61 }
Ty | {8,4,-8,-11,-12,13,14,15,16,15,23,-25,27,- 28,36,-37 - 38,41,
-42,-47,49,52,56,-57,60 }
Ty | {-1,5,6,-9,-20,21,-23,-24,-33 - 34,39,43,45 46 48,-60,-53,54,
-58, 59 }
T3 1{¢l

Table 1: T-matrices used
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Order | Sum of 3quaren Ti | Seta
67 | 8412412 412 | Ty | {-1,5,9,13,14,15,18,2%,27,29,-31,32,-39,43,50,-67 }
Ty | {2-8,-12,16,17,23,-40,41,42,-45,-46,-47,-53,54,-56,65,66 }
Ty | {-6,7,11,19,20,.21,24,-26,-28,-37,38,44,.49,57,.53,-59,61 }
T | {-3-4,10,22,30,-83,34,-35,36,48,51,-52,-55,-60,-62,63,64 }
a5 7 462 Ty | {1,2,4,-5,-11,-12,14,-15,21,22,24,-25,31,32,-34,35,-41 -42,
-44,45 51,52,54,55,61,62,64,-65,71,72,-74,75,-81 }
T> | {3,-13,23,33,-43,53,63,73,82,83 }
Ty | {-6,-7,-9,10,16,17,-14,20.-26,-27,- 26,30,-36,-37,39 - 40 -46,
-47-49 50,56 57,.59,60,66,67,69,-70,76,77 - 79,80 }
Ty | {8,18,28,-38,-45,-58,68,- T8 -84,55 }
87 |77 4+e241241% | 1y | {-2-356,10,11,13,-14,15,16,-17,20,21,24,-25,28,29,-62,
-65,66,67,70,-73 }
Ty | {30-33,-36,-37,38,41,-47,48,51,52,55,-56,74,75,-78,79,82,
833687 }
T3 | {1,-4,7,8,9,12,18,-19,-22,-23 26,27 59,-60,61 ,63,64,68,
69,7172 }
Ty {-31,-32,34,3%,39,40,42,-43 44 -45 46 ,-49,-50,-53,54,-57,
-88,-T6 77,580,831, 84 -85 ]
91 2+ 52 4852 +4% [ Ty | {-1,-2,3,5,-6,-8,10,11,13,27,28,-29 -31,32,35,38,53,54,-55,
-5%,58,-60,62 63,65,-79,-82 }
Ty | {-4,7,6,12,30,33,34,-36,-37,-39,56,55,61,64,80,-81 -3,
84,85 }
Ts {17,zu,j.sz,-25‘40,41,-42.-44,45,-43,-51,59,72,74,77,35,33,
B9-91
Ty | {-14,-15,16,18-19,-21,23,24,26,43,46,-47,49,50,52,-66 -67,
68,70,-71,73,-75,-76,-78,87,90 }
93 6 +5° +4% + 42 | Ty | {2.34,5,-67,8,-9,-10,11,12,13-14,15,-16,17,19,21,23,-25,
-27,-22,31,-78 }
Ty | {1,18-20,22,24, 26,-28,30,-63,64,-65,66,67 63,-69,- 70,71,
72,-73,74,75,76,77 }
Ty | {33,34,35,36 -37,35,39,-40,-41,42,43,44,- 45,46,-47,-43,-50,
-53,-54,56,58,60,.62,-80,82,84,-86,88,90,-92 }
T, | {32-49,5153.-55,57,55,-61,79,-81,-33 -85,87,89,91,93 }

Table 1 (cont): T-matrices used

Case A: n=(dm+1)? +3

Hamuner, Levingston and Seberzy [9] (implicitly) and Kounias and Farmakis

[18] {(explicitly) proved that

and that an Hadamard matrix with maximal excess has row and column sum

vectora

or

g(n)<adm+1)=nyn-3

(41’“83";4, (4m + 4)811,“)

((4m — 2)enrq, (4 + 2)eanss)
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where e7 is an s x 1 vector of ones and T denotes the transpose.

Form=20,1, 2 3, 8 13, 18 Hadamard matrices with this maximal excess
have been constructed by Koukouvinos and Kounias {12], and Kounias and
Farmakis [16]. '

We proceed as in {8] and [16] to use the Goethals - Seidel or {Seberry)Wallis
- Whiteman array using T-matrices of order ¢ to construct circulant or block
circulant (type 1) matrices XY, Z, W of commuting variables A, B, C, D which
will be replaced by Williamson-type matrices of order w, where 4w = a® + b3 +
¢ +d®. We now give more details for the case where the row sums of X,Y,Z
and W are 4m 4+ 1,£1, 41 and +1 respectively.

Let T}, 13, Ts, Ty be T-matrices of order ¢ with row sums ¢;,#y,13 and £4. Let
X, Y, Z,W be formed from Ty, T3, T3, Ty either by taking

X = ATy + BT, + CTa + DT
Y = —BINT + ATy + DT3 - CTs ( 6}
X = -CIy - DT, + AT; 4+ BT,
W = -DIhT + CIh, - BT; + AT,
or
X = -ATY + BT + CI; + DIy
Y = BNy + AT, + DL - CTy (7)
Zz = Ch - DIy + ATy + BT,
W = Dh + T, - BT3 4+ AT,

If X,Y, Z, W bave row sums 4m + 1, 1, £1, 1 (n = 16m? + 8m + 4) and
A,B,C, D are replaced by Williamson-type matrices of order w with row sums
a,b,c,d (4w =a? + b2 +c? + d7) then

at; + btg + cls + dt4 = 4m+ 1
-—btl + otz + dia - Ct4 = + 1 (8)
—ect; — dtz + aiz + bt4 = = 1
—dt;, + ¢y — btz + oty = £ i
qQar
—aty + by + cly + diy = idm+ 1
bty + aty + diz - ¢y = % 1 (9)
ety — dity + atsg + Wy = * 1
di; + cta — by + aty = =+ 1

The rows can have + depending on the sizes of the variables in the equations.
A systematic, straight forward but tedious calculation shows:

» the equations (8) have two solutions up to equivalence

(8i) a=a,b=c=d,p=[(4m+ 1)b x a}/4w, ¢ = [(4m + 1)a F Ib]/4w
(Bil) a=b=c=d=1,p=m,g=m+1, 4w =a®+ 3b%,t = ¢* 4+ 3p?,
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e the equations (9) have one non-trivial solution in the positive integers up
to equivalence:

(91) g=0,p=tl,a=1,b=(dm+1)/3,t =3,dw =1+ (dm +1)3/3

Lemma 1 Hadamard mairices with merimal ezxcess n{dm + 1} and order n =
(4m + 1)? + 3 can be found using the Goethals - Seidel {or (Seberry)Wallis -
Whiteman) arrays with T-matrices with row sems m+ 1, m, m, m.

Comment: These are known (or possible) for the following values where n =

(4m+ 1)? 4 3.

m| n t| g +p°+p’+p° | Comment
28 7{2°+1°+1°+1°{ Kpown [J|
84| 21 [ 324+2242?4+2? | Known [3]

172 | 43 | 424+ 3%+ 3% + 3% | Not Known

292 | 73| 5% +47 + 47 + 47 | Not Known

444 | 111 | 62 + 52 + 52 + 5% | Not Known

Lok G B e

Lemma 2 Hadamard meirices with marimal excess n(dm + 1) and ordern =
4tw = (4m+1)?+3 can be found using Williamson-type matrices with row sums
a,b,b,b,4w = a® + 3b% in Goethals - Seidel (or (Seberry)Wallis - Whiteman)
arrays with T-malrices with row sums q,p, p,p where

¢ = [(4m + 1)a F 3b}/4w and
r = [(dm+ 1)}b 4 alf4w.
Comment: These are known or possible for
m n = 4tw a b 4w p ¢ 1 Cormunent
=(4m+1)243
2 84 3 1 12 1 2 7| Allexst[3
5 444 3 1 12 2 5 37| Allexist [t4]
6 628 Impossible as
628 = 4x prime
7 844 Impossible as
844 = 4x prime
8 1092 3 5 84 3 1 13 All exist [3]
8 1092 5 3 52 2 3 21 All exist [3]

Lemma 3 Hadamard matrices with mazimal ezcess n(4m + 1) and ordern =
(4m + 1) 4+ 3 can be found using the Goethals - Seidel (or (Seberry)Wallis-
Whiteman) array form by using

X = BI + €T + DT?
Y = Al + DT - CT?
Z = -DI + AT + BT?
W = ¢l - BT + DT?
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where T = [

010
0 o1
1 00

is of order $ and A, B, C, D are replaced by Williamson

- type matrices with row sums 1, (4m+1)/3, (4m+1)/3, (4m+1)/3 respectively.

Remark: These are known (or possible) for the following values where n =

(4m+ 1)2 + 3.
- m nit] dw | W at + 044 b° + b° Comment
2 84737 28 7] 1T+3%74+3%+37 | Exist 22, p.388-9)
5| 444 | 3| 148 ) 37| 1P+ 7F4 7247 Not known
8 {1092 3364 91| 12+112 41124112 Not known
11 | 2028 | 3} 676 { 169 | 12+ 157 4 152 + 152 Not known
Results

Using the results in Table 1 we now can construct Hadamard tnatrices with

maximal excess for the two orders n = 1372, m = 9 and n = 2028, m = 11.

() m=9,n=1372 = 4749 { = 49 = 47 + 4% + 42 + 1%, 4w = 28 =
32 4 37 4 32 + 12 (see [22, p388-9)).

The following circulant matrices of commuting variables give an O [}(4.49

49, 49, 49, 49):

X
Y
zZ
w

ATy
—BTh
cTy
DT

BT,
ATy
DT,
CTy

|+ + +

|+ +

+

CTy
DT
ATs
BT,

+

DTy
CTy
BT,
ATy

¥

(i) m = 11,n = 2028 = 4.13.39; t = 39 = 62 + 124+ 12+ 12, 4w = 52 =
72412 + 12 + 1% (see (22, p388-9)).
The following circulant matrices of commuting variables give an O.D{4.39;
39, 39, 39, 39):

X

Y
Z
w

L1
Q'
g.’ﬁ:ﬂ?ﬁ

BT
ATy
DT
CT:

+ 1+ 4+

Case B: n=(4m +3)*+3

Hammer, Levingston and Seberry [9] (implicitly) and Kounias and Farmakis
[16] (explicitly) proved that

o(n) <n(dm+3)=nVn—3
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and the Hadamard matrix with maximal excess has row or column sum vectors
((4m + 2)8811{4: (4m + 6)811,\"-1) (10)

ar
(4mem"41 (4m + 4)83!1[4)' (11)

Ferm=0,1,2, 3, 4,5, 12 Hadamard matrices with this maximal excess have
been constructed by Koukouvinos and Kounias [12], and Kounias and Farmakis
[16].

‘We proceed as in case A. In this case X, Y, Z, W have row sums 4m + 3, +1,
+1, +1:

If X,Y,Z,W have row sums 4m + 3, £1, 1, £1 (n = 16m® + 24m + 12)
and A, B,C, D are replaced by Williamson-{ype matrices of order w with row
sums a,b,¢,d (4w = a® + 6 + ¢2 + d?) then

b’

aly + by + s + dty = 4m+ 3
— Wy + al; 4+ diz — ¢ty = %1 \ (12)
- ¢ty - dity + atz + Hy = £l
- dt] + dg - 613 + Clt‘i = #1 )
Oor
— at; + b3 4+ otz + dty = 4m+3 )
by + aty + diy — ety = =1 | (13)
Ctl _ dtg + ata 4 bt4 = =l
dtl + Ctg - bta + I'It4 = #1 J

The rows can have & depending on the sizes of the variables in the equations.
A systematic, straightforward but tedious calculation shows:

s The equations (12} have two soluticns up to equivalence

(12i) a = a, b=c=d, p= [(4m + 3)b £ a}/4w, ¢ = [(4m + 3)a F 3]/4w;
(12)) a=b=c=d=1,p=m+1,g=m, 4w = a® + 3b%, t = ¢ + 3p%;

s The equations (13) have cne non-trivial solution in the positive integers
up to equivalence.

(13i)) g=0,p=1,a=1,b=(4m + 3)/3, ¢ =3, 4w = 1 + (4m + 3)?/3.
Lemma 4 Hadamard matrices with mazimal ezcess n(4m + 3) end ordern =
(4m + 3} + 3 can be found using the Goethals - Seidel (or (Seberry)Wallis -

Whiteman) arrays with T-mairices with row sasms m+ 1, m+1, m+1, m.

Comment: There are known {or possible) for the following values where n =
(4m+ 3)2 + 3.
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n t ¢ +p°+p° +p° | Comment
52 |18 | 12+2°4+22+2° | Known [3] |
124 |31 |{22+32432+3% | Known {3]
228 |57 | 32442 4+4% 447 | Known [3)
364 | 91 | 42452452 +5% | Known {3)
532 | 133 | 5% + 6% +6% + 6* | Not Known
732 | 183 | 82+ 72+ 72 + 7% | Not Known
964 | 241 | 72 + 82 + 8% + 82 | Not Known
1228 { 307 | 8% + 9% + 9% 4+ 92 | Not Known

- W RN s k]

Lemma 5 Hadamard mairices with mazimel ezxcess n{4m + 3) and ordern =
41w = (4m+3)2+3 can be found using Williamson-type matrices with row sums
a, b, b b, 4w = a® + 35 in Geothals - Seidel for (Seberry)}Wallis - Whiteman)
arrays with T-matrices with row sums q, p, p, p, where

g [(4m + 3)a F 3b]/4w
r = [(4m+3)b+a]/dw.

Comment: These are known or possible for

m|n=4dw=(4m+3)*+3 |a b 4w p ¢ Comment

3 278 1T 12 1 4 191 Allexwst[3]

4 364 1 3 28 2 1 13 All exist [3]

4 364 5 3 52 1 2 7 All exist [3]

5 532 5 1 28 1 4 19 All exist [3]

5 532 7 3 7 1 2 7 All exist 3]

8 732 31 12 2 7 861 Not Known

7 964 Impossible as
964 = 4x prime

8 1228 Impossible as
1228 = 4x prime

Lemma 6 Hadamard matrices with mozimal excess n{4m + 3) and ordern =
(4m + 3)% + 3 can be found using the Goethals - Seidel (or (Seberry)Wallis -
Whiteman) array form by using

X = BI + CT + DT
Y = Al + D - CT?
Z = -DI + AT + BT?
W = CI - BT + DTt
0 10
where T=| 0 0 1 | isoforder3and A, B,C,D are replaced by Williamson-
1 00

type malrices with row sums 1, (4m+ 3)/3, (4m+3)/3, (4m +3)/3 respectively.
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Remark: These are known (or possible) for the following values where n =

(4m+3)2 + 3.
m{n t|4v | w a*+b*+ 4 + 4 Comment
3 |228 |3f76 |19 1 +5* 4+ 5%+ 5% | Do not exist |22, p388-9]
8 [732 |3[244 ]| 61 12492492 492 Not Known
9 11524 [ 3| 508 | 127 | 12 +13% + 132 4+ 13? Not Known
12 [ 2604 | 3 | 868 | 217 | 124172+ 172 4+ 173 Not Known
Results:

Using the results in Table 1 we now can construct Hadamard matrices with
maxima] excess for the three orders n = 3484, m = 14; n = 5628, m = 18 and
n=9804, m =24,

(i) m=14,n = 3484 = 41367, t = 67 = 82+ 12 + 13 + 12, 4w = 52 =
72+ 12 + 1% + 12 (see [22, p388-9]).

The following circulant matrices of commuting variables give an O{4.87;
87, 67, 67, 67):

T NN

i

AT, + BT, + CTi
BT, - AT, - DT
cChy + DI, - ATy
Dh - CT; 4+ BT;

+
+

DT,
CT,
BT,
ATy

(i) m = 18, n = 5628 = 4.21.67; ¢ = 67 = 87 4+ 12 4+ 17 4 1%, 4w = 84 =
9% +12 + 1% + 12 (see [22, p388-9)).
The following circulant matrices of commuting variables give an O D(4.67;
67, 67, 67, 67):

X
Y
Z
152

i nn

ATy + BT + CT
-BTy + AT, + DT
-7 — DT, + AT
-0 + ¢, - BN

+ 4+ +

DT,
CTy
BT,
AT,

(i) m=24,n=9804 =44357, t =57=4" 4424+ 42 + 3%, 4w =172 =
724 72 4+ 72 + 52 (see [22, p388-9)).
The following circulant matrices of commuting variables give an O D(4.57T;
57, 57, 57, 57):

X

Y
Z
w

o

BTy, + CI, + AT
-ATy - DT, + BT;
~DIy 4 AT, — CT,

cTy, - BT, - DT,
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DTy
CTa
BT,
AT,




Case C: n = 4(2m + 1)? = 4k?

In this case X,Y, Z, W hav row sums (2m+1), £(2m+ 1), +(2m+1,+(2m+1).
If X,Y,Z,W have row sums (2m + 1), £(2m + 1), £(2m + 1}, £(2m + 1),
(n = 16m?416m+4) and A, B, C, D are replaced by Williamson - type matrices
of order w with row sums a,b,¢,d (4w = a? + b? + ¢? 4 d?) then

aty + b3 + ey + dig =  (2m+1)
bty + aly + dtz — cty = F(2m+1) (14)
—ety —~ dty + aty + ¥y = (2m+1)
—dt; + ¢tz ~ My + aty = £(2m+1)

The rows can have + depending on the sizes of the variables in the equations.

It is known (see [16]) that o{n) € n{4m + 2) = n2k = n./n and the corre-
sponding Hadamard matrix has all row and column sums equal to 4m+2 = 2k,
i.e. it is regular (see also [22, p280]).

Seberry [20] proved the following theorem:

Theorem T (Seberry) Hadamard mairices of order 4k? with mazimal excess
8k exist for

{i) & even k < 210, or an Hadamard mairiz of order 2k ezists,
(i) ke {1,3,5, ..., 29,33, ..., 41,45,51,5%,61,...,69,75,81,83,89,95, 99,
625, 3?™, 52.37™ m > 0}.

This means that regular Hadamard matrices of order 4k and SBIBD(44?,
22 L k, k* L k) also ezist for these k values.

In this section we extend these values to include k£ € { 31, 43, 49, 55, 57, 85,
87, 91, 93} and find a new construction for & = 61.

Lemma 8 Hadamard mairices with mazimal excess n(4m + 2) and ordern =
4(2m+1)7 can be found using Williemson-type matrices with row syms a,b,¢,d
(4(2m + 1) = @® + 6* + ¢ + d?) in Goethals - Seidel (or (Seberry)Wallis -
Whiteman) arrays with T-matrices with row sums 1, t2,82,44 2m+ 1= 12+
12 412 413).

Results:

Using the results in Table 1 we now can construct Hadamard matrices with
maximal excess for the twelve orders in Table 2.
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m n o(n) T-matrix squares | Wiliamson squeres | Method | Rel
Ty Ty 3 &4 a L] [ d

15| am2= | 5-:12 3 a a 1|8 s 7 B 1G [25]
3844

2t | 4437 = | 8- 42° « & 8 sls 7 7 7 G [25,30]
1386

24 | 4-497 = | 8.49° 5 4 I 2} 38 9 % B 1G (25}
9604

27 | 4-862= | &-55° 5 § 2 1] 3 9 11 = 1G (28]
12100

28| 4.57%= | &.57° 4 4 4 a3l 7T *r 9 71 1G [28]
12998

30 | 4-617= | &2.617 & 5 1 o1 o1 2G [25,28]
14884

42 | 4-88% = | a-88° 7 6 1 13 1 i3 2G {25]
28500

43 | 4.8 = | 8-87 T & 1 1| 1 13 13 3 1G {25
30276

a5 | 4-91°= | 8.94° 5 6 S 4| 9% 9 11 e 1G {25]
33124

46 | 4-932 = | 3.93° 6 5 -4 4|13 t 3 1 2G [25])
34596

s7T|]4116°=|8.115* | 1 1 v &|15 3 1 15 1G [10,25)
52900

sej4-11P= (8117 | 7 6 4 4 7T 13 18 9 1G [10,26]
54736

Table 2: Constructions of Hadamard matcices with maximal exceas 47

Remark: For the construction of Williamson-type matrices of order 93 we
have used (31, 25, 20) and (31, 16, 8) cyclic difference sets with row sums of
the corresponding incidence matrices 19 and 1 respectively in Seberry Wallis
construction [23]. So the Williamson-type matrices of order 93 have row sums
19, 3,1, 1
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