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Ahstract:

We show that for each of the groups S3, D4, Q4, 24 x 2
and D6 the necessary conditions are sufficient for

the existence of a generalized Bhaskar Rao design.

That is, we show that:

{i) a GBRD (v, 3, x: 53) exists if and only
if A = 0Oimod &) and viv - 1) = O(mod 24);

(ii) 4if G is one of the groups D4. 04, and Z4 x
& GBRD{v, 3, A; G) exists if and only if
X = 0O(mod 8) and iv(v - 1) = O{mod 6)};

{iii) a GBRD (v, 3, X; D6} exists if and only if

A = O{mod 12).

From these designs,families of regular group divisible
designs are constructed.
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1. Introduction

A design is & pair (X,B) where X is a finite set of
elements and B is a collection of (not necessarily
distinct) subsets Bi {called blocks) of X.

A balanced incomplete block design, BIBD(v,b,r,k,X),

is an arrangement of v elements into b blocks such that:

(i) each element appears in exactly r blocks;
(ii) each block contains exactly k(<v) elements; and
{iii) each pair of distinct elements appear together
in exactly ) Blocks.

As r(k-~1) = x{v-1l) and vr = bk are well known
necessary conditions for the existence of a BIBD(v,b,r,
k,1} we denote this design by BIBD{v,k,A).

Let v and } be positive integers and K a set of
positive integers. An arrangement of the elements of a
set X into blocks is a pairwise balanced design,
PBD{v;K;Xx), if:

(i) X contains exactly v elements:
(ii) 4if a block contains k elements then k belongs
to K; I
(iii) each pair of distinct elements appear together
in exactly A blocks.

A pairwise balanced design PBD{v;{k}:)}., where
K = {k} consists of exactly one integer, is a BIBD(v,k,i).
It is well known that a PBD{v-1l;{k,k-1};%) can be
obtained from the BIBD{v,b,r,k,a).
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A generalized Bhaskar Rao desgign, W is defined as
follows., Let W be 2 v ¥ b matrix with entries from
Gu {0} where G = { h, = e.hz,..;,hg} is a finite group
of order g. W is then expressed as a sum W = hLAl
+ ... + thg’ where Al,...,Ag are vx b {0,1}) - matrices
such that the Hadamard product Ai * Aj = 0 for any
i # j. Denote by W' the transpose of hl_l A, + ... t
h;lAg and let N =.A1 ¥ ... + A . In this paper we are
concerned with the special case where W, denoted by
GBRD(v,b,r,k,x:C), satisfies

+

: A
(i} WWT = reI-+§jh1 +oa.t hg){J—I}, and

{ii} NN" = (r-A} I + MJ.

It can be seen that the second condition requires
that N be the incidence matrix of a BIBD(v.,b,r,k,XA)
and thus we can use the shorter notation GBRD{v,k,1;G)
for a generalized Bhaskar Rao design. A GBRD(v,k,k;zz}
will be sometimes referred to as a BRD{v,k,}}.

A GBRD{v,k,x;G) with v = b is a symmetric GBRD or
generalized weighing matrix.If W has no 0 entries the

GBRD is also known as a generalized Hadamard matrix.

A group divisible design, GDD, on v peoints is a
triple {X,5,A) where

{i) X is a set {(of pcints),
(ii) 8 is a class of non-empty subsets of X (called
groups} which partition X,
(iii) A is a class of subsets of X (called blocks),
each containing at least two points,
{iv) no block meets a group in more than one point,
{v) each pair {x,y} of pointg not contained in a

group is contained in precisely A blocks.
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Bhaskar Rac designs with elements {,-+1 have been
studied by a number of authors including Bhaskar Rao
{1966, 1970}, Seberry {(1982), 1984), Singh (1982),
Sinha (1978), Street (1981}, Street and Rodger {1980}
and Vyas{(1982). Bhaskar Rac (1266) used these designs
to construct partially balanced designs and this was
improved by Street and Rodger (1980} and Seberry (1%84}).
Another technique for studying partially balanced
designs has involved looking at generalized orthogonal
matrices which have elements from elementary abelian
groups and the element 0. Matrices with group elements
as entries have been studied by Berman (1977, 1978},
Butson (1962, 1963), Delsarte and Goethals ({1969),
Drake {1979}, Rajkundilia {1978}, Seberry (1979, 1980},
Shrikhande (1964) and Street (1979).

Generalized Hadamard matrices has been studied by
Street (1979), Seberry (1979, 1980}, Dawson {1985), and
de Launey (1984, 1986).

Bhaskar Rao designs over elementary abelian groups
cther than 32 have been studied recently by Lam and
Seberry (1984) and Seberry (1985) .de Launey, Sarvate
and Seberry {1985) considered Bhaskar Rac designs over
24 which is an akelian (but not elementary) group.
Some Bhaskar Rao designs over the non-abelian groups
83 and Q, have been studied by Gibbens and Mathon
{1987).

In this paper we are concerned with generalized

Bhaskar Rao designs over the non-abelian groups
S3,D4,Q4,D6 and over the small abelian group z2 ® 24.
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We use the following notation for initial blocks
of a GBRD. We say (a“,bB

when the latin letters are developed mod n and the greek

.....CY) is an initial block,

subscripts are the elements of the group, which will
be placed in the incidence matrix in the position
indicated by the latin letter. That is in the

(i,b-1+i)th position we place f and so on.

We form the difference table of an initial block
(aa‘hB""‘CY )} by placing in the position headed by
x6 and by row yn the element {x-y)én—l where (x-y) is
mod n and Gn_l is in the group.

A set of initial blocks will be said to form a
GBR difference set (if there is one initial block)
or GBR supplementary difference sets(if more than cne)
if in the totality of elements

{x—y}sn_l {mod n, G)

each non-zero element g a{med n), g € G, occurs Ai/|{G|
times.

Examples of the use of thesé GBR supplementary
difference sets are given in Seberry (1982).

2. Construction Theorems

The following theorem which was established in
Lam and Seberry (1984) and the asscociated corcllaries
will be extensively used in the remaining sections of
the paper.

Theorem 2.1

Suppose we have a GBRD(v.k,);H) and a GBRD(k,j,p:G).
Then there exists a GBRD(v.j.hu; # x G). )
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Corollary 2.2 {Lam and Seberry (1984)}

Suppose we have a BIBD(w,k.XA) and a GBRD(k.,j.W:G).
Then there exists a GBRD(v,7F,AM:G). '

Corollary 2.3 ({(de Launey and Seberry (1982, 1984))

Suppose there exists a pairwise balanced design
PBO(v;K; %) where K = {kl,...,kb} and a GBRD (k,,j,W;G)
for each ki € K, then there exists a GBRD(v,F,AU;G).

3. Existence of GBRD in 53

The symmetric group, 83, can be generated by means
- of the defining relations

p3 -a? - 1, ap = pza. (3.1}

We firstly establish the necessary conditions for
the existence of GERD over S3 with block size 3.

For a GBRD{V,3,X;S3} to exist
X =20 (mod 6) (3.2}

and there must exist a BIBD{v,3,X ). ‘We, therefore,
have the necessary conditions for the existence of a
GBRD{V,3,1:83}

v » 3 : : {3.3)
A{v=-1} 2 O{mod 2} (3.4)
Av{v=1) = O{mod 6} {3.5)

Gibbons and Mathon (1987) have proved the following
Theorem 3.1

Let W be a GBRD(v,k,A;€) and suppose that G contains
a normal subgroup T. Then there exists a GBRD(v.k,Ai:H},
where B = G/T is the factoer group of G with respect to
T,
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It should be noted that this theorem is a genera-
lisation of Proposition 4.1 appearing in Lam and
Seberry (1984).

We now derive an extra necessary condition for
the existence of a GBRD(wv,3,X: 53}.

Theorem 3.2

A necessary condition for the existence of a
GBRD(V,k,K;S3) is the existence of a BRD(v.k,X).
Proof: As 22 is §SOmorphic tg the factor group
53/{1,p,p } of {l,p,p"} in 53, we see that
a GBRD{v,k,l;S3} exists only if a GBRD
(v,k,A;zzl - which is merely a BRD{v,k,i) -
exists,

Corollary 3.3

A GBRD(v.,3,): 33J exists only when Jv(v-1) = 0
imod 24) {3.6)

Proof: By Theorem 1 of Seberry (1984} the BRD(v,3,A}
can only exist when Av{v=-1l) = O{mod 24).

Remark 3.4

As an immediate application we see that a GBRD
{3,3,6; S3] does net exist; and hence, for h 3,
a GBRD(h,h,G,S3) does not exist because if it did
exist any three, distinct rows could be taken to be
a GBRD(3,3,6:5,),
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Theorem 3.5

A GBRD(v.,3,Xk:;S

and

Proof:

Case 1:

Case 2:

) exists if and enly if

3
A = Otmod 6}, v 3 3 (3.7)
Av(v-1) £ O{mod 24}, v » 3. {3.8)

It is clear that (3.7} and {3.8) are necessary
conditions for the existence of a GBRb(v,B,l;S3}.
To prove that (3.7) and (3.8) imply that a GBRD
(v,3,1:33} exists, we put XA = 6t and cbserve
that (3.7) and (3.8} are equivalent to one of
the following conditioas

(a} t O(mod 2), v > 3

(b} t= l{med 2), v= 0 or l{mod 4).

t = 1{mod 2). By applying Corollary 2.2 with
Hanani's thecrem {Hall{1967), Lemma 15.5.1)
we only have to establish the existence of
GBRD(v,3,6:;S;) for v € K = {4,5,8,9,12} to
demonstrate the existence of all GBRD{u,3,6:83)
for u =0 or 1{mod 4), u > 4. The GBRD

(v.3,6;s3} for v € K; are given in the A ppendix,

Now by taking t copies (t odd} of the GERD
(u.3.6:S3) whose existence has been established
we have shown the existence of GBRD(u,3,6t;SS)
for + = l{mod 2) and u = 0 or 1(med 4),

t = 25 = 0O[(mod). By Corollary 2.2 and Hanani's
thecrem {Hall{1967), Lemma 15.4.2) we need to
establish the existence of GBRD(V,3,12;83]

for ve {3,4,5,6,8,11,14} to show that GBRD
(v,3,12;s3) exist for all v » 3. The designs
GBRD(v,3,12:53} for v g {3.6,14) are given in
the Appendix and the designs GBRD{V,3,12:S3},
where v e {4,5,8,11} exist:
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v Construction

2 copies of the design with A = 6
2 copies of the design with )} = &
2 copies of the design with ) = &
11 Use a BIBD(11,5,2) with the GBRD
(5.3;5:53}

Thus we can see that a GBRD(v,3,12:5,) exists for
all v » 3. Taking s copies of each of these designs
we obtain a GBRD{V.3,6(23]:S3} for all v » 3.

Thus, the theorem is established.
4. Existence of GBRD in 04,94,z2xz4.

The guaternion group, 04, consists of elements
1,-1,1i,~i,j,-j.k,-k subject to the relations
iz=j2=k3=—1,
ij = =3i k,
3k = -kj = i,
ki = -ik = j.

The dihedral group, D can be generated by means

40
of the defining relations

r* = a2 =1, ar = r3a

For the direct product, 22 x 24, of grcups Z, and
Z4 we represent the elements by 0,1,2,3,-0,-1,-2, and
-3.

We establish the necessary conditions for the

existence of a GBRD{v,3,A:;G) where G is one of the

groups Q,,D,, or Z, x Zye
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For a GBRD(v,3,x:;G) to exist
X =0 {mod 8) ‘ (4.1)
and there must exist a BIBD(v,3,3). We, therefore,
have the necessary conditions for the existence of a
GBRD(vV,3,X;G)

vy 3 (4.2)
Mv-1)£0 (mod 2} (4.3)
Av(v-1) =0 (mod 6} (4.4)

Theorem 3.1 reveals no further necessary conditions,

We consider A = 8t. We see that:
fa) for t z 1,2,4 or 5{med 6) that v = 0 or
1{mod 3)

and (b) for t = 0{mod 3) that w 2> 3 are necessary
conditions for the existence of a GBED
(v,3,8t;G).

Theorem 4.1

The necessary conditions:

A 0 (mod 8)
Aviv-1}) = 0 (mod &}

are sufficient for the existence of a GBRD(v,3,8t:6G},
v 23, ¢t £1,2,4,5 (mod 6}.

Proof: GBRD(v,3,8:;G) for v ¢ {3,4,6} are given in
the Appendix. Hence by Corcllary 2.2 and
Hanani's theorem (Hall{1l967), Lemma 15.4
GBRD{v,3,8;G} exist if v = 0 or l{mod 3}.
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Theorem 4.2

The necessary conditions:
' t =0 fmod 3}, v 3 3
are sufficjient for the existence of a GBRD(v,3,8t:G).

Proof: By Hanani's theorem (Hall(1967), Lemma 15.4,2)
and Corollary 2.2 we have toc establish the
existence of GBRD{v,3,24;G) for v £ {3,4,5,6,
8,11,14}, and these designs exist for the
following reasons:

v Construction

3 3 copies of the design with A = 8

4 3 copies of the design with A = 8

5 Use a BIBD(5,3,3) with the GBRD
{3,3,8:G)

[ 3 copies of the design with 1 = 8
Use a BIBP{7,3,3) with the GBRD
(3,3,8:6)

8 Use a BIBD(8,4,3) with thé GBRD
(4,3,8:G)

11 Use a BiIBD({11,3,3) with the GBRD
(3,3,8;6) “

14 Use the SBIBD{13,7,3) to cbtain a
PBD{14:{7,6};3)

Now the GBRD(v,3,8;G), v ¢ {6,7} are
used.

Multiple ccpies of the GBRD(v,3,24;G} v 2> 3 give

the complete result.

. Thus we have established the following theorem:
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Theorem 4.3
The hecessary conditions:

A 0 fmeod 8)
Aviv-1) = 0 {mod 6)

m

are sufficient for the existence of a GBRD(v.3,A:;G).

5. Existence of GBRD in D6

The dihedral group, DG' is given by the defining
relations

For a GBRD(v,3,l:DG} to exist

A =0 ({(mod 12) {5.1)
and there must exist a BIBD(v,3,A-). We therefore,
have the necessary conditions

AMv-1l} =20 (mod 2} (5.3}
wiv-l) =0 {mod 6) (5.4)

Theorem 3.1 reveals no further necessary condi-
tions, It is clear that the conditions (5.3) and {5.4}
are redundant so that a GBRD{V,3,1;D6) exists only

if v 3 3 and » = O{mod 12).

Lemma 5.1
A GBRD(5,3,12:96) exists.
Proof: The development of the initial blocks
(01'11'39'4a}' {01.1923,31,4p2} {mod 5,83)

iz a GBRD(5,4,6;33)_ Applying Theorem 2.1.
with this design and a GBRD{4,3,2;32)(which
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is kXnown to exist}) we can construct a GERD
(5,3,12;83 b4 Zz). As 55 x Z2 is isomorphic

to D. we have shown that a GBRD{5.3,12:06}

6
exists.

Theorem 5.2

The neceésarg conditions:
'y ¢ (med 12)

v x 3

are sufficient For the existence of a GBRD(V,3,A;D6J.

Proof: By Lemma 5.1 GBRD(5,3,12:06) exists and the
designs GBRD(V,3,12:D6}t v e {(3,4,6,8,11,14}
are exhibited in the Appendix. Hence, by
Hanani's thecrem (Hall{1967), Lemma 15.4.2},
a GBRD{V,3.12;D6} exists for all v > 3; and
by taking multiples of these designs we can
construct all GBRD{v,3,A;Dg) for A =0 (mod 12),
vy 3.

6. Application

Proceeding as in Street and Rodger(1980), Lam and
Seberry (1984), Seberry (1982, 1984, 1985) and Gibbons
and Mathen {1987}, we now have the results:

Theorem 6.1

" Whenever A = O(mod 6} and Av(v-1}) = 0 (mod 24).
there exists a regular group divisible design with
parameters

{6v, hvi{v-1), li%ii

- = A - =
. 3, Al =0, 12 % m = v, I 6},

Theorem 6.2
wWhenever )} =0fmod 8) and jiviv-1) = OG(mod €} there
exists a regular group divisible design with parameters

4iviv-1} Mv-1) _ _ A = _
(8v. 3 3 ,3,11—0,32-8,m—v.n—8)
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Theorem 6.3

Whenever ) = Of{mod 12) there exists a regular group
divisible design with parameters
Afv=1) A

7 3 A, =0, hy=s5., m=v, n=12)

(12v, 2lviv-1), 1
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Appendix

The designs used in the prééfs of our theorems are
exhibited here. In many cases only the initial blocks are

shown:
1. The Group S,

GBRD (4,3,6;S,)

i 1 ¥ 1 1 1 1 1 1 ¢ o O
1 p p2 a pa ﬁ% ¢ ¢ o 1 1 2
1 ;3 g 0 0 0 a pa ﬁ% a pa 5%
¢ 0 0 1 p ;F a ﬁ% ral p 92

It should be noted that this design was constructed
independently by Mathon and Gibbons {1987).

GBRD (5,3,6;S,)

11 1 1 1 1 1 1 1 1 1 1 @6 0 0 6 0 0 ¢ 0
1 ppPa papga 0O 6 0 6 @ 0 0 0 1 1 1 1 1 1
2 2
1 B0 0 0 0 0 0 p aopagal. 1l 0 0 a pap pa
0 0o 0 0o 1 p 92 a 0 © ﬁ% pal a p p? 0 0 ﬁ% 1
0.0 ¥+ p 0 O ﬁ% pa p? a 0 0 p? a ﬁ% a EF 1 0 o

GBRD (8,3,6;S,)

(wl Iopzl’lp}! (mllapZalopa)o ("1'11‘35}' {Olllpc sa]
(Oltlar:,’p:}l {0101 Y. (01r11f31): (0., 3
(mod 7, Sy).

pza.3pa 1p&' pza]
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GBRD (9,3,6;S,)

4 - R
eeaeee
eacaeee D
eaaeaee
ecaeece
Xs - ¥ X 5 xs
Y 5 . _YS X 5 X856
Y s ¥ys [ . s tx|o0
t x tx t v h'g t
Loyt le ¥ y tly ¢ ]
where D is a GBRD (4,3,6:5,): and
e = (1,1,1} , x = {1,p.p?) s = (a,p?a,pa)
y = {1,p2.p}, t = {pZa,a,pa)

so that

x.y~' = (1,p%,p) ., xt~' = (p2a,pa.a)
s.t™! = (p,p2,1) , sy ' = (a,pa.p2a).

This design contains a subdesign on 4 points.

GBRD (12,3,6;S,}

{=;,0p,23),(=;,0p2,5pa).(»;,0,,5p%a),{0,:,.3,,5p),
(01.13,5p,3,(01,35,85).(01.41.5p2)(01.4p.7a), _
(01.2525,91)(01,35.4p2),(01,1p.3p25).(01,15,10p5)
{(mod 11,S;)

GBRD (3,3,12;5,)

I 11 1 1 1 11 111 1
1 p pPa pagal p o a papga
1 P p 1 p > a papfaa papa
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GBRD (6,3,12:5;)

(01c31lza}:(oltlpr4p)c(0;:41t}pa}:(OIIZPJBP)J{O?:lpEa,gp]
(01,2pa,3p2a),(m1 ,Op;3pa)l(wl:olrla) r(m110p21492&)'

(PL:OPZJIa):(mlroparzpza)- {eay, Oy, 39}: {mod 5, 8;3).

GBRD (14,3,12:S,)

tol'ia'(13_i)pza) ’ = 3,...,12
{01;?92:(13_j]pz)f ? =1,0e.,06
(0"393'(13_j}pa)' ji=1,...,6

(Wl!Op'lpa)'(mi'opz'za}'(wl'ol'1231'(m1'0p2&'11p}

(=, .0 11,0 (=,,0,,9 (mod 13,8}

p2a’ Pz)

The Group Z, X 2

We use 0,1,2,3,-0,-1,-2,-3 for the group elements of
Z, x 2, and * in the other positions in the design.
The following designs exist:

GBRD (3,3.8;Z2, x 2.}

0 0 0 0 0 0 0 1]
1 2 3 -0 -1 -2 -3
0 3 -3 =2 -1 -0 2 1

GBRD (4,3,8:%2, x Z,)

‘0 0 0 0 0 0 0 O 0O 0 0 * * *
1 * -9 -2 *-1 2 * 3-3 * 0 3=-2
0 I * -0 -2 *=-1 2 * 3-3-2 0 3
t g -2 *_g 2 *-1-3 * 3 3-2 0

- * O O

o o o %

L

GBRD (6,3,8;Z, X Zu)
(mﬂcooall)ltmﬂfomlrlﬂs)t(mﬂ;O-Olz—l)o(wnioﬁizzif
[0002013—0)l(0012-203—1}t(on!1—ll4°)l{0031—3!4—2)

{mod 5, Zy x Z4)
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3. The Group D,
GBRD (3,3,8; D,)

1 1 1 1 1 1 1 1
1 r rz ri a ra r3a r?a

1 r2 a r2a r3?r3a r  ra

GBRD (4,3,8:D,)

i1 1 1 1 1 1 1 31 1 1 1 0 0 O 0

1 r ¥ r¥a rathrth0 0 0 0 1 1 1 1}
1 ?a 20 0 0 0 2 Hhr rathr?a B
0 0 0 0 a rara 1  r a2 A8 r%

GBRD (6,3,8; D,)
(Wlioltlrzlctmlforrlajc(“1r0r3a2rajr(m1:0r2ar2r3a}t

(0lleraf3r]l(oll2r2l3ra)!(0111r334r310
(01'11'2&'41) (mOd erq)

4. The Group Q.
GEBRD (3,3,8:Q,)

. 1 1 1 1 1 1 1 1
1 i -k F -1 -§ k -i
1§ k =1 i -i -3 -k

GBRD (4,3,8:Q,)
11 1 1 11 11 111 100 0 0
1 j k-k-i-1=j i 06 0 0 0 1 1 1 1
1-i-§ i 0 0 0 0 j-k-1 k j -k -1 -1

6 0 0 0 i-i-:*-k-j 1 § k-k-i k 1
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GBRD (6,3,8;0,)

( 1: 4 ) (m kr4-_i)r[wlt21¢3k}:{ml:2_1f3_j)

.3

(01'1—1'4j)'(01r 1044)0000,2,,3_,0,(0,,2_,.3_)

(mod 5.04).

The Group D6

GBRD {3,3,12;D6)

(03.1,,2,0,00,,1.,2 ,),(0;,8,5,2_),(0,,15,25,,)

{mod 3,D6}

(w 2 Y. (ml. rz'zr a) (o 1t r"zrsa)'{ml'lr*'zra’
(mltl 25 rs) ( 1: raa,za}

(01'111' rz)r(olllrfl:zrha’ (mod 3.- DG}

GBRD (6,3,12;D6)

(°1:0113r)f(m110r3:3 ,l(wlfo 5.3 _5.)

ra ra

‘“1'0 '4r2}'(”1‘ rerdpagli (=, 0, Asy)

(01' 1‘ 3} ‘01’ r2a’ r3a) (01' r3’3a)

(0.1 rad rz}'(°1’13'4r‘a)‘(01' gedpsg) (WOd 5.D5)

{GBRD (8,3,12;06}

(ml'ol'sr)'(wl'orz‘ar"a)'(wl'or:*'ersai'(ol'or'”s )l'

ra
(ml'oraa'lr5)'(wl’or3a'2a)

{01r31o4rz)0(01 :4r3:3rz,:(01 :srafzr,c(ol lersallraa)
(01,11,6,),(01,21.5,4,),(0:,3_,4_,_)
(0101r3¢6r}:(01 uzrgarsr

r3a

20 (01,3, ,4 5 )(mod 7,D,)
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