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Abhstract

The analogue of Plotkin’s bound for q-ary codes with high distance relative
to length was given by Blake and Mullin as

qd
1) L] qd > (q l)ﬂ.

A(n,d) € ————
(md) < G ntg =

Further we show

Aln,(g - 1n/g)=gd,gd = (g — I)n.

Generalized Hadamard matrices are used to obtain g-ary codes which meet
these bounds. The g-ary analogue of Levenshtein’s construction is discussed
and maximal codes constructed.

The codes given are often maximum distance separable, and constructions
are given which include the Reed-Solomon codes, but exist for cases when the
Reed-Solomon codes cannot exist.

We also study block codes over non-binary alphabets which may prove fruit-
ful for multiple channel encoding.

1 The Plotkin Bound

By counting the sum

S5 dist(u,v)

weld veld
in two ways Blake and Mullin (p.85) show that

THEOREM 1 For an alphabet of g symbols, the mazimum number of cedewords
of length n and distance d, A{n, d), is

qd

A D S - Tm

forgd>{g—1n=(g—-1)d

The mazimum occurs when each symbol occurs A(n,d/q) times in cach column
which requires glA(n, d).
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LEMMA 2 (i) A(n,d) < gA(n—1,d); (i) A(gn,(g - 1)n) < ¢*n.

Proof. Given a q-ary code, the codewords fall into g classes, those beginning with
0,1,...,{g — 1}. One class must contain at least 1/¢ of the codewords, and so

A(n —1,d) 2 A(n, d}fq.
Thus, using theorem 1 we have

A(gn,(g—n)n) < qA{gn—1,(¢g—1)n)

[Fa

g{g—1)n
g (q(q ~1)n - (g—1)(gn — 1))

= ¢*n.

We now use generalized Hadamard matrices over groups of size g, GH(n, G), to
obtain codes which meet these bounds. Although we have discussed the case g =3
elsewhere Table 1 revises the knowjedge there. This paper considers ¢ # 2,3.

Remark. We should like to acknowledge that Christiane Engelmann and Michael
Kanmnengann of West Germany have pointed out that our use in a previous paper
of

d
Aln . d} < —_— 3d>=2n>2d
(n, )“3[3d—2n} for >2n>
15 incorrect and the correct result is
Aln,d) < —2%_  for 3d>2n > 2d
= 3d—2n =7

A square matrix of size n with entries from a group G is called a general-
ized Hadamard matriz, GH(n, G}, if the inner product of any two distinet rows,
a=(ay,..,a,), b=1b,.., b)), a;, b;e@, defined by a-b = &;qa:b71 is n /|G| copies
of G. For example, we have

11 1 1 1
1 a a? & af
GH(5,Z;)=|1 a® a* a o
1 @ a al a?
1 a' a® o a
11 1 1 1 1
11 w w w ow
1w 1 w w v
GH(6,Z) = 1 v w 1 w uw
1w ww 1 w
1 w w? ow o w 1
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Qur constructions will extend the first of these into a code equivalent to a Reed-
Solomon code. However our constructions applied to the second example give a
maximal code, similar to those of Reed-Solomon, but where Reed-Solomon codes
cannot exist because the finite field does not exist, for example for 4 = 6.

The results of de Launey, Drake, Jungnickel, Rajkundlia, Seberry, Seiden, Street
and Dawson allow us to say:

LEMMA 3 Let EA(p') be the elementary abelian group of order P, wherep fs a
prime. Then the following generalized Hadamard matrices ezisi:

(i) GH(p™,EA(p)) foralli>1,j20;

(i) GH (2*%p™ EA(p)) forall 0SEk+j<m,0<k,j<m,
m>1i>1

(i) GH(2p',EA(p)),GH (4p',EA(p")) foralll>1,
Ifp* — 1 =r’ for some primer, then there ezists:

(ivy GH (p‘k+'r’j,EA(p') forall <i<tl1<j<k,
£2i or £=0

(v) GH(2%Upmrs BA(pY)) forall0<i+j+k<m,0<ijk<m,
m,r,t > 1;
If ¢ is @ prime power and there exists o GH(g+1; G) for some group G, then
there ezists

(viy GH (¢'(g+1);G) forallt> 1.

For example there exists a GH(6; Z3) so there exists GH(5%.6; Z3).
As well de Launey [1984] surveys the current knowledge on non existence of
generalized Hadamard matrices.

Any GH(n,(G) is equivalent to a GH(n, @) with its first row and column con-
sisting entirely of the unit element of the group.

LEMMA 4 4 GH{n,G),|G} = q, gives block codes over a g-symbol alphabet with
parameters, (n, M,d):

) (n,qn,{g - 1)n/q),

i) (r—-Llgn(g-1)nfg-1),
(it} (n-1,n,(¢-Un/g),

(iv} (n—2,n,(g—1)nfg-1),

(v (@+1,4%9).
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(i}, (iii), (v) ere mazimel

Proaf Write A for the normalized GH(n, G} and G = {e=ay,...,6,}.
Then the required codes are:

(i)
A
B az'A
a;A
where a;4 has the usual meaning of multiplying every element of 4 by a;;
(ii} B with any column removed;
(1ii} A with the first column removed;

{iv} A with the first and any other column removed;

(v) where n =g, let ¢ be any column of A except the first, then C is the code

Ac
azAc

C = ]
a.dc

The result {ollows as the distance of any two rows of A is (g — 1).

Remark. An interesting paper of Zlotnik deals similarly with extended Reed-
Solomon codes but his/her results are for different alphabets.

A number of authors, including de Launey, Lam, Seberry, and Street and
Rodger, have studied an extension of generalized Hadamard matrices in which the
elements are over a group ring, called Bhaskar Rao designs (BRD). We consider the
group r1ing {0} + G A generalized Bhaskar Rao design (GBRD)
W=gd +gdat..+ g4, g:€G, with parameters v, b, r, k, A satisfles

WWT =11,

(i: Ae) (f} A?’) ={r—-MI+XJ

=1 izl

JY Ai=kJ

i=1
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(Ba)=r2

where A; axe (0,1)-matrices, %, A; isa BIBD (v,b,7,k, A). The GBRD is written
GBRD(v,b,7,k, X; G) or GVRD{v, k, A} for brevity. Such designs can be extended
to partially balanced and pairwise balanced designs.

In the remainder of this section we use

r=AMv-1/(k-1), b=wvr/k.

LEMMA 5 If there exists ¢ GBRD(v,k, A\ G), with |G| = q — 1 then wriling
t=2(r — A} + (g — 2)Af(g — 1) there exists g-ery codes with parameters

(i) (3, v,1),
(ii) (b, v + g, min(t,r,b—r)),

(i11) (b, qu, min(r,t)).

Proof. Let M be the BRD and g¢1,¢2,---,9,-1 the group elements. The result
follows by considering the rows of

D crennnreanans 0 M
g1 crrrrerreeens [ glM
M= H : '
gq—l ||||||||||||| gq—]- "
M " gq—}.M

respectively as codewords.

Remark. Codes from BRD over alphabets other than binary should be explored as
the zero-nonzero coordinates provide a code in themselves for error correction at
one rate while the nonzero coordinates provide a non-binary code with maximum
distance separable or near maximum distance separable codewords which could be
exploited using phase or frequency variations.

2 A property of g-ary codes used to give more
codewords

LEMMA 6 Lef a and b be two g-ary vectors. Then withp=g—1
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id(a,b +1)=2n

1=0
d(ﬂ+i,b+j) = d(ﬂ.-l- i+kab+j+k)s i?jsk € {0,1,"’,}3}- .

where d is the Hamming distance.

Proof The second part of the lemma is obviously true for linear codes but we
show it is also true for block codes. We write the two codewords as

T oo Lop Tp0 Top

z;; is the number of coordinates which are 7 in a and j in b,

Now "
dab) = dla+ib+i) = n-Yz;
=0
¥
da+ib) = dla+ib+i-i) = n-Y g
=u
P
da+kb) = da+i,b+i-k} = n—3 24
i=0
Further,

id{a, b+k) = Qiizi‘f = (g~ 1)n.

k=0 1=03=0

This allows us to readily test the distance of a constructed code, as in the following:

LEMMA T Suppose A is ¢ g-ary (p=q—1) (n, M, d) -code. Then, writing A+1,
to denotle adding ¢ to each element of A (assumed wrilten on an additively defined
alphabet).

A
A+1

A+p
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is a g-ary (n,q, M, d")-code where

r—1
d = min |d(a,b),d(a,b+1),---,dla,b+p—-1),(g—1)n - dla,b+j)

3=0
a, b codewords of A.
EXAMPLE 8 Suppose

, ab—ary(6,6,5)— code,

O OO @D
O W O
H Wb oo
[T 5 I S B e
[ I N e T . e
=S R S e

then to find d’ we merely need to test a = (4,0,0,0,0,0) with b = (0,4,0,1,3,2)+i
which gives d = min(4,5) = 4 and a = (0,4,0,1,3,2) with = (0,2,4,0,1,3) +1i
which gives d = min(4,5) = 4. This gives & = min[4,5,4, 5] = 4 giving a (6,30,4)
5-ary code,

THEOREM 9 Let A be a g-ary (n — 1, M, d)-code. Furiker define

d; = min d ), i=0,1,-,q~1.
ﬁﬁ(ma+0,s U

Then there exists g-ary {n,gM, min(d, d; + 1)) and (n — 1, gM,min(d;)) codes.

Proof. We consider, using the notation of Lemma 7,

/0 \
: A
0
1
. No
: A+l N
1 il
1 H
. Nq—l
g—1
A4g-1
\g—1

This gives the first code. The second follows from Lemma 7.
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3 Levenshtein’s method

Let us suppose that an arbitrary GF(m, @), M = k|G| = kq exists, written on
the additive group, whose first column is composed entirely of zero’s: denote this
matrix M,,, and the matrix, when formed by stripping the column of zero’s, by

The theory giving the construction of maximal codes requires matrices of par-
ticular orders and distances.

LEMMA 10 If there ezists an My, (respectively Myiy1)) then the rows of M{,
{respectively M;(Hl)) form @ code with parametersn = kg—1, M = kg, d+k{g—1)
(respectivelyn=kq+qg—1, M =q(k+1),d=(k+1)(g-1)}

\-\-rite
qd ”’(g 1) .

LEMMA 11 Ifqd > {g — 1)n > (g ~ 1)d, then there exist integers a and b such
that '

n=al@g—1)+bgtqg—1)
d= (g~ 1)ai + (g — 1)b(i + 1). } (1)

Proof. We can define ¢ in terms of the following inequalities:

(qd—-ﬁq-—n)‘““ (ﬁ:ﬂ)

(g-Vn-d) d
gd —n{qg -1} <= gd —n{g—1)

that is,

Considering the left inequality gives

(g-1GE+Y d
T <= 2
gi+{g—1) n Q)
and the right inequality gives
dea-1i 3)
n qi —1

Combining (2} and (3} we obtain

(g-1DE+1D) _d _1g-1)
gi+(g-1) <nS gi—1" )



The two inequalities of (4) may be written in determinant form:

d (¢—-1(E+1) _
n git(g-1) |7 0= W (%)
n {gi—1) _

Now suppose that both 4 and B are both divisible by ¢ — 1. Then let

A={g—-1)a
B={¢g-1)%
so (5) and (6) become
A=(g~Na=d{gi+¢-1)~n{g—1)(i+1) (1)
B=(g—1)b={(g— Uni—d(gi-1), (8)

and solving (7) and (8) for n and d yields the required results (1).

Note: Requiring that A and B are divisible by ¢ — 1 imposes only one condition,
namely that d is also divisible by {g—1), but in the case of g-ary codes the distance
is, in fact, divisible by (g — 1) for maximal codes as then ¢d = (¢ — 1)n.

Following Levenshtein, we define the operation of adjunction of the matrices
X=(Xy), i=12--- L, j=12,m

Y=(Y:J)" £=112l“')L2! j=1:2:"'.nz

as follows:
Xu Xz v Xy Yoo Yizo oo Yin
X4+Y = X.n KXoy -0 Kony, Yoo Yoo o0 Yap,
X;,l X, o Xpny, Yo, Yo, - Yin,

where L = min(L,, Ly).

The operation of extension of a matrix X, r times, is defined as the result of the
consecutive adjunction of » matrices X.

Note: If the rows of the matrix X form a code with the parameters ny, d; and M,,
and the rows of a matrix ¥ form a code with the parameters ny, d2 and My, then
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the rows of the matrix aX + bY, where a and & are integer non-negative numbers,
form a code with the parameters '

n = any + by

d = ady + bdy
and

M = min(M,, M,).

THEOREM 12 If d is divisible by (¢ — 1) and ¢d > (¢ — 1)n > {g — 1)d, then
the following matriz M is mazimal in that il meels the bound

d .
And) = g|l—2 | =@
(m.d) q[qdu(q—l)n] 1
M = aMj+bM,
a = dgi+g—-1)/{g-1)—n{i+1)

b = ni—d{gi—-1}/(g-1).

Proof For the proof of the theorem, it is sufficient te see,using Lemmas 10 and
11, that the above construction does indeed generate a maximal code.

EXAMPLE 13 Let

[ ]

3| bethe GBRD(6,5,4;Z,).

=y
. e, W,
e

(- ]

B

S e e
-

. o,
-, =
.
(=]
o
w
o e

b
Il
Ll R ]

Then A is a (6,6,5)-code over a 5-ary alphabet and

A
tA
24
24

B =

is a (6,24,5)-code over a 5-ary alphabet and

"5

is a (6,25,5) maximal 5-ary code,



EXAMPLE 14 From Seberry (1980} we have that a
A = GBRD(p" + 1,p",p" — 1; Z,) exists whenever p" is a prime power, t divides
P’ —1and Z; is a cyclic group. If the elements of the group are 1,41, -+, 91, then

A
fA

g4

isa (p” + 1,#(p" + 1)+ 1, p")-code over a (t + 1)-ary alphabet. When ¢t =p" — 1
this gives a maximal code.

COROLLARY 135 Let p" be a prime power. Then there exists a (p" + 1,p%r,p")
muorimel code over ¢ p"-ary alphabet.

EXAMPLE 16 From de Launey (1987)a W = GBRD (22, p*~, p*(p — 1); Z,, )
t > 3, exists whenever p' is a prime power and Z, ; is a cyclic group. Then pro-
ceeding as in Example 14 we have a ((p* — 1)/(p — 1), Hp - 1) 4+ 1,p*%(p — 1))

- code over a p-ary alphabet,

EXAMPLE 17 The following are 4-ary codes.

A structured (7,8,6)-code (maximal)

A8AAAAR baceebe
eebehac chaceeb
ceebcba bebacee
aceebch ebecbhace

A structured (5,16,4)-code (maximal} A (6,8,5)-code A (10,5,9)-code

aa8an cCeece aabed | abacd
aceec 228848, daabe | dabac
cacee eeabed cdaab | edaba
ecace beeabe bedaa ! acdab
eecac cbeeab abcda | bacda
ceeca becbeea

abech abcdee

babcee eabche

chabc

ccbab

becha

aebbe

eaebb

beaeb

bbeae

ebbea
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EXAMPLE 18 The following are 5-ary codes.
S-ary (7,15,6)-code(maximal) 5-ary (8,10,7)-code

0000000 00000000
0213312 44444444
20621331 01123243
1202133 30112324
3120213 43011232
3312021 24301123
1331202 32430112
2133120 23243011
4414230 12324301
0441423 11232430
3044142
2304414
4230441
1423044
4142304
Table 1

Cedes with 3 = 2n,q=3

Mifound) | M{maz) Construction or €,

L

% GH(3.EA(3))
Mackenzie and Seberry
Erom (5,18 4)-code
From 9,27.6)-code
GH{EEA()

From {8,27,5)-code
From (9,22,6)-code
GRE.EALZ)
Meckenzie and Scherry
From (11,%,7)-code
From (12,36,8)-code
GH{12,EA(3))

From {18,54,12)-code
From (18,54,12)code
From (18,54,12)code
(6,184 + (9.27.6)
From (17,54,10)-code.
From (18.54.123-code
GH(18.EA(3))
Corcllwy 6

From (25,21, 34)-code
Comllary 6

From {23,72,15)-code
From {24,72,16)code
GH(24,EA(3)

From {26.81,17)-code
From (27,81,18)-code
GH(2TEA(3))

From (29,90.20)-cods
From (3¢,90,20)-code
GHI30,EA{I)}

— )
o

18

27

45
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Table 2 |

Codeswith dd 2 3m 23, q= 4
n | Mffound) | Mimax) | & | Construciion or C
4 16 16 1 | GHAEAE)
5 16 16 4 | Lemma 4{v}, Example 14
[ 8 10 5 | Example 14
7 2 B 6 | Lemms 4(iii) and GH(B,EA(4)), Exampla i4
3 2 32 6 | GH{BEA{#)
9 16 8 7 | (4.16.3) + (5,16,4) codes
10 16 16 8 | (5.163} + (5,16.4) codes
10 5 6 9 17
1 12 12 9 | Lemma 4{iii) and GH{12,EA{4))
12 48 43 9 | GH{12EA(a})
13 16 40 10 | (5.164) + (8,32,6) codas
14 16 22 11 | (5,164} + (9.28.T) codes
15 16 16 12 | Lemma 4ii) and GH{12 EA{4}}
16 &4 64 12 | GH{1SEA(4)}
17 16 52 13 | {832.6) + (9.15,7) cndes
18 28 b} 14 | (9287 + (5.28.7) codes
% 16 20 15 | (9.28,7 + (10,16,8) codes
1n 80 15 | (832,6) + (12,489 codes
1 4 16 | (BA26) + (1340,10) codes
28 k2 17 | {3,297} + {13.40,50) codes
16 24 18 | {10,168) + {13,40,10) codes
48 % 18 | (12.48.9) code pwice
15 % 19 | (9,167 + (16,64,12) codes
23 4) 20 § (832,16} + (§2,44.9) codes
28 28 21 | Lemma A{ji)
112 112 21 | GH28.EA(4)
18 ] 22 | (12489 + (17,16,13) codes
28 45 23 | (12.489) + (18,28,14) ondes
Table 3
Codes with Sd zdn 2 4d,q= 5
n | Mifound) | Mimax) | d | Construction or Commeni
4 5 5 4 | Lemma 4{lii}
5 25 25 4 | GH{SEA(:)}
6 5 15 5 | Lemma 4(v}
7 15 15 6 | Examplke 15
B 10 1t 7 | Example 15
g 16 10 8 | Lemms 4(ii)
10 50 50 8 | GH{IDEA(SY)
1 25 45 ¢ | (5254) + {6255
12 25 25 10 { (6255} mwice
13 15 18 11 | (B2%55) + (1,156}
14 15 15 12 | (2,15.6) twice
15 23 % 12 | GH(15EA(5)} does not exist
1% 25 65 13 | £5.254) + (112594
17 25 k4] 14 | (6255 + (11,259}
18 25 25 15 | (6,25.5) threr times
19 0 20 16 | Lemma &iii)
20 100 100 16 | GH{ZDLEA(S)
21 25 85 17 | (10.50.8) + (§1.259)
2 5 45 18 | (1E259) Lwice
n 25 k1l 13§ (15,259 + {12,25,10)
24 25 25 20 | Lemma 4{iii}
25 125 125 0 | GH{25.EA{5}
26 25 105 21 | €10,50.8) + {16.25,13) codes
e 25 55 22 | €12.25,10) + (15,25,12) codes
2% 25 k] 23 | (1225000 + {16.25,17) codes
2% 25 k] 2| (1225100 + {17.25,}4) codes
30 125 150 25 | Covollary 4.7 delauncy

49



References

[1] 1an F. Blake and Ronald C. Mullin, An Inireduction to Alyebraic and
Combinatortal Coding Theory, Academic Press, New York, 1976.

{2] Jeremy E. Dawson, A construction for generalized Hadamard ma-
trices GH(4q,EA(q)), J. Stat. Planning and Inference, 11, {1985),
103-110.

[3] Warwick de Launey, Non-existence of generalized Hadamard matri-
ces, J. Stal. Planning and Inference, 10, (1984), 385-396.

[4] Warwick de Launey and Jennifer Seberry, Generalized Bhasksr Rac
dezigns with block size four, Congressus Numerentium, 41 (1984),
229-294,

{5] D.A. Drake, Partinl A—geometrics and generalized matrices over
groups, Canad, J. Math. 31 (1979), 617-627.

[6] Christiane Engelmann and Michael Kannengann, private communi-
cation (1985}

[7] D. Jungnickel, On difference matrices, resolving TD's and general-
ized Hadamard matrices, Meih. Z. 167 (1979}, 49-60.

(8] Clement Lam and Jennifer Seberry, Generalized Bhaskar Rao de-
signs, J. Stat. Plasning and Inference, 10, (1984), 83-95.

{9] V.I. Levenshtein, Application of the Hadamard matrix to & problem
of coding, Priblemy Kibernetski, vol. 5 (1961), 123-136.

{10] Conrad Mackenzie and Jennifer Seberry, Maximal ternary codes and
Plotkin's bound, Ars Combinatorie, 17A {1984), 251-270.

(11] F.J. MacWilliams and N.J.A. Sloane, The Theory of Error-
Correcting Codes, Vol 1, North-Holland, Amsterdam, New York,
Oxord, 1977,

{12] D. Rajkundlia, Some techniques for constructing new infinite fami-
lies or balanced incomplete block designs, Diacrelc Math. 44 {1983},
61-96,

{13] Jennifer Seberry, A construction for generalized Hadamnard matrices,
1. Siai. Planning and Infer , 4 (1980}, 365-368.

[14] Jennifer Seberry, Regular group divisible designs and Bhaskar Rao
designs with block size thice, J. Stal. Planning and Inference, 10,
{1882), 378.388.

[15] Deborah J. Street, Generalized Hadamard matrices, orthogonal ar-
rays and F-squares, Ars Combinatoria, 8 (1979), 131-141.

[18] Deborah J. Street and C.A. Rodger, Some results on Bhaskar Rac
designs, in Combinatonal Mathematics 71], Lecture Notes in Math-
ematics, Vol. 829 (eds. RW. Robinson, G.W. Southern and W.D.
Wallis}, Springer-Verlag, Berlin-Heidelberg-New York, 1980, 238-
245,

[17] B.M. Zlotnik, Doubly transitive groups of type p™(p™ —~ 1) and max-
imal non binary codes generated by them, Translated from Kiber-
netika, No. 3, May-June, 32, (1983) 16-32. Copyright Plenum Pub-
lishing Corp.

50



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14

