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Abstract. Orthogonal designs were created 1o give a unifying approach to the
construction of Hadamard matrices. Recent work has been concerned with Hadamard

matrices of order 2'pg, where t <5 and one of p and q is small. This paper obtains many
new constructions for Hadamard matrices of such orders and works toward a more general
construction theory.

1. Introduction
LetA= [aij] be a matrix of order n with 3y € {0,1,-1}. Aiscatled a weighing matrix of
weight p and order n if AAT=ATA = ply,, where I, denotes the identity matrix of order

n. Such a matrix is denoted by Win,p). If squaring all its entries gives the incidence
matrix of an SBIBD, then W is called a balanced weighing matrix.

An orthogonal design (ODA of order n and type (sq,53, ---, ) on the commuting

variables (*xy, ... x.,0) is a square matrix of order n with entries tx} or ( and with Ix|
occurring sy, times in each row and column such that the rows are pairwise orthogonal. In
other words,

AAT =5y 2 + L+ sx DI
This is denoted by OD(n;81,87, ... ,Sg).

An Hadamard matrix , A = [aij]’ is either an ODXn;n) or a W(n,n), that is, it is a square
matrix of order n with entries ajj € {1,-1) which satisfies

AAT=ATA =nI

2, Constructions

LEMMA. 1. Suppose there is an OD(p+1;1,p) and a conference matrix of order p+3,
Then there is an Hadamard matrix of order 2p+1)(p+2) (divisible by 8).

Proof. The conference matrix has symmetric core N such that
N+D2 + (N - D% = 2(p+3)1 - 20,
Use the OD to form an OD (2(p+1);1,1,p,p)jthen replace its variables by the suitable
matrices of order p+2: J, 1 - 2, N+, N - L Now

JPed =202 4p N +D 4 pN - 1*

=(p+2J +4 + - +2p(p+3 -2p]
=2(p + 1)(p + 2), and we have the result.
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LEMMA 2. Suppose there exists an 01)(2(p+1); 2, 2p) and a symmetric Hadamard
matrix of order p+3. Then there is an Hadamard mairix of order 4(p+1)(p+2).

Proof. The symmeiric Hadamard matrix has symmetric core B of order p+2 sausfymg
=@ +3)I-J.

Use the OD (2(p +1);2,2p) 1o form an OD (4(p +1);2,2,4p). Replace the variables by the
suitable matrices of order p+2; J, J-2I, B, Now

2J% 4 2¢J - 21)% + 4pB?

S22V 12+ -2 +4pp + 30 -0

=4 + 1){p +2),

and we have the result.

Example. A symmetric conference matrix of order 102 exists. Hence an OD (204;2:202)
exists. A symmetric Hadamard matrix of order 104 exists. Hence we have an Hadamard
matrix of order 8.51.103 (which was previously known) even though an Hadamard
matrix of order 4.103 is not yet known,

LEMMA 3. Suppose there is an OD(3r+1;1,30) and a symmetric Haedamard matrix of
order 4r+4 with core B of order 4r+3. Then there is an Hadamard maitrix of order
A(3r+1)(4r+3) (divisible by 16).

Proof. The symmetric core satisfies
B2 = (4r+4)I - J.

Use the OD(3r+1;1,3r) to form an OD(4(3r+1)%;1,2,12r+1). Replace the variables by the
suitable martrices of order 4r+3: J, J - 21, B. Now

J2 4207 - 212 + (121+1)B? :

= (4r+3)] + 2(41 + (4r - D) + (12e+D((4r+1 - J)

=4(3r+1)(4r+3)1,
and we have the result.

Exampie 1. A small interesting example is for r=13 which gives an Hadamrad
matrix of order 4(40)35 = 16 x 275. An Hadamard matrix of order 4 x 275 is already
known.

Example 2, An Hadamard matrix of order 4.103 is not yet known but an
OD(76;1,75) exists and a symmetric Hadamard matix of order 104. So there is an
Hadamard matrix of erder 16.19.103. The Hadamard matrix of order 16 - 19 - 103 is
known but matrices are not yet known for orders 4 - 19+ 103 or 8- 19- 103,

LEMMA 4. Let v be a prime, and Q be a cycfic {1,-1) incidence mairix of a
{v.k,A).Suppose an OD {s(r+1};s,51) exists. Then there exisis an Hadamard matrix of
order s (1+1) v or 25 (1 +1)v according as v =3(mod4) or 1(mod4).
Proof. (Q satisfies
Q0T =4k M) +(v 4k —A)LT =4k —AT +1J.
Since v is prime,there exists a b ack circulant BR (ifv=3(mod 43} which satisfies
BR)? = (w+1)[-J (a)
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(X +DR¥HE-NRY = Av+1)-2JX T=X. (b)

Thus we use the suitable matrices:
(a) @, BR in the OD (s (1+1);5,5t) for v=3(mod4) and note

$Q 245t BRY = 4s(k —AM+stJ +5t (v-+1)—st7
=sv(t+1);
(b} Q, X+DR, (X IR in the OD (25 (1 +1);25,st,5t) forv=1 {mod 4) and note
25Q2 + st (XR+R)? + 5t (XR—-R)? = 2sv (e +1)1.

This gives the result,

v OD required E (vkAMdcsign  (1,-1) mamix Hadamard Mamix E
constructed
31 ODQZLID ¥ LD 201+11T 1231 =4.3.31 ¥
31 OD(363,33) 4 @GLeDn 2014117 3631=4931 +
31 OIX1Zge 119 7 (3L61) 201+117 12631 =4.3t31 ?
31 ODE4;1,1,11,11) 46 201+117 2431 =§3.31 ¥
31  OD(12h;h,11h} o (3L6,1) 2014117 12h,314 77
31 ODE4mnsllnlin) ? (316.1) 201+117 240314 7
37 OD(20;2.9.9) |+ (3792 28149J 20.37=4.185 by
57 OD(60:2.29.29) T (57.8,1) 2814291 ?
57 OD(120:4,58,58) ¥ (5781 2814291 120.57=8.15.57 4
73 OD(34;2,41,41) T @381 3204411 ?
73 OD(168:4,52,82) ¥ omen 3204411 168.73=8.21.73 4
307 OD(308;1,307) ¥ (307,18,1) 68143071 308.307=4.77.307 ¥
121 OD¢28:2,13,13) ¥ (12140,13) 1081+137 28.121=4.7.121 +
1053 OTH244;2,121,121) T (1093,364,121) 9721+121) 1
1053 OD(48%;4,242,242) ¥ (1093,364,121) 972[+121]  488.1093=8.61.10903 +
157 OD{100;2,49,49) 7 (197.49,12) 1461+49) 1
197  OI200;4,98,98) ¥ (197,49,12) 1461+49) 200.197=8.25.197 o

f his the order of an Hadamard matrix,
1 R is the order of a conference marrix.

We can find more results using the back circulant incidence matrices,(, of (v, k, &)
designs, v prime, which satisfy

0% =4k — NI + tJ, where t =v ~ 4(k-2), ()

the circulant (1,-1)- incidence matrices B or X + I,X —fof the (v,)alv = 1), % (v =30
difference set or 2 — (v;¥ {v - 1)3:%4 (v — 3)} supplementary difference sets, according as
v = 3(mod4) or v = 1{mod4) and which satisfy

BBT = (v + 1)I = J,v = 3{mod 4) (**)
and
X+D*+X-D=20+ DI -2, XT =X,v =1 (mod 4) (**¥)

In most cases the power of the theorem is limited by the knowledge of the existence of
orthogonal designs.
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THEOREM 5 Let v be a prime. Let Q be the back-circulans (1,-1) incidence matrix of a
vk, Mdesign  (k#'A(vtl)), t as above. Suppose there exisis  an
OD (4n;a,b, 4n—a -b) ,Then
(i} for v=3mod4d) there exist Hadamard marices of order 4dnv  when
a(v+ D+b0+1)=4n; '
(i) for v =1(nod4) there exist Hadamard matrices of order 8nv when
alv+ 1++b{z +1)=4n. .

Proof. Use the saitable matrices Q,J,B, in () and GJX +IX -1, in the
QD (8n; 2a, 2b, 4n —a — b, 4n —a — B)in (ii).

Order 13 is a special case for there is a back circulant (1,-matrix Q of a (13,4, 1)
design, So that we have

COROLLARY 6. Suppose there exists an QD (4¢:21,1,t) design, Then there exists
an Hadamard matrix of order 41.13. Such an OD exists for infinitely many t

Proof. Replace the variables of the D (4¢;21,4,4,) by O, X+, X—I.

Example. Let v =31 and ) be obtained from the (31,6,1) design;so 0 2220 + 114

Now suppose an QD (76;1,2,73) exists;then,using the suitable matrices Q,J,B,we
get an Hadamard matrix of order 4,19.31,

Using the OD (56;1,2,53) and the suitable matrices J,Q,B,we obtain the Hadamard

matrix of order 8.7.31.
Many more results could followywe tabulate some of the possibilities:

OD that needs to exist  Known or NNE!  Suitable matrices Hadamard marrix

0D(56;1,2,53) 1.Q.B 8.7.31

OD(76;1,2,73) QLB 41931
OD(68;1,3,64) 1.QB 4.17.31
0OD({108;1,3,104) QJB 42731
OD(80;1,4,75) JQ.B 16.5.31

"3 43 4nD D D G 4D 4D D D 2

OD(140;1,4,135) QJ.B 43531
0D(100;2,3,95) QB 42531
0OD(120;2,3,115) QJ.B 8.1531
OD(124;2,5.117) 1.0,B 4312

OD(184;2,5.177) QJB 8.23.31
OD(144;3,4,137) 1,Q.B 16.931
OD(164:3,4,157) 0QJB 4.31.41

References

A.V.Geramita and Jennifer Seberry, Orthogonal Designs: Quadratic Forms and
Hadamard Matrices, Marcel Dekker, New York-Basel, 1979.

W.D.Wallis, Anne Penfold Sueet, Jennifer Seberry Wallis, Combinatorics: Room

Squares, sum free sets, Hadamard Matrices, Lecture Notes in Mathematics, Vol. 292,
Springer Yerlag, Berlin-Heidelberg- New York, 1972,

301



	Page 1
	Page 2
	Page 3
	Page 4

