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1. Introduction and preliminaries

Recently the (0, 1)-matrices of order g? (sometimes called auxiliary matrices)
used by a number of authors (Wallis (1971), Glynn (1978), Drake (1979), Jungnickel
(1979), Mavron (1981) and Rajkundlia (1979)) in various guises, have been used in
the construction of new families of Williamson type matrices (Seberry (1986)), the
construction of new conference matrices (Seberry and Whiteman (1987)), the con-
struction of new generalized Hadamard matrices (de Launey (1984)), and of new
GDDs (Rodger, Sarvate and Seberry (1987)). '

Auxiliary matrices, B;, obey a number of equations including B;sz.f, i+j.
This paper studies and applies matrices, A;, analogous to auxiliary matrices, which
satisfy A;A4 J-Tzh.], i#j, h>1. These new matrices are obtained from generalized
Hadamard matrices GH{hg, G), |G| =g, £>1. Let G be a finite group of order g.
Let e be the identity element of G and let R(G) denote the group ring of G. Let J, ¢
denote the n X s matrix whose entries are all 1. When s=n we abbreviate J, ; to J,,.

A generalized Hadamard matrix GH(gh, G) = (g;;) = H over the group G of order
g 's a ghX gh matrix such that '

(i) g;€ G for all 1=/, j=gh, and

* Research\supported by grants from ARGS and ACRB, -

0378-3758/87/$3.50 © 1987, Elsevier Science Publishers B.V. (North-Holland)



218 ' J. Seberry / Colourable designs and applications

(i) Ef':l g,-kgj;' = Y ,cq @ whenever i#/ where the summation is in the group
ring R(G). We also write this as

HH' = hG.

Several families of generalized Hadamard matrices have been found by Butson
(1962, 63), Drake (1979), Seberry (1978), Jungnickel (1979), Seiden (1954}, Street
(1979), Dawson (1985). Drake (1978) has also given various ways of combining
known generalized Hadamard matrices to yield others. Non-existence of generalized
Hadamard matrices has been explored by de Launey (1984).

Generalized Hadamard matrix existence theorem. Lef EA(p’) be the elementary
abelian group of order p', where p is prime. Then the following generalized
Hadamard matrices exist: :
() (a) GH(p', EA(p")) for all i=1;
(b) GH(p ™, BA(p") for all i=1, j=0;
(i) GHQ"p’' EA(p)) for all 0sm=k, k=1;
GiD) (@) GHQRp  EA(p")) for all i=1;
" (b) GH@p' EA(p")) for all i=1;
(iv) if p"—1=q° for some prime q then there exist
(a) GH(p (p" - D, EA(p") for all r=1;
(b) GH(p™**(p" - 1)/, EA(p")) for all 1 <i=r, 1=j<k, h=0;
(c) GHQR"p*t " (p"— 1)/, EA(p)) for all 0sm=k, k=1, izj=1, h=0.

Let GH(gh, G)=(gy) be a generalized Hadamard matrix with elements from the
abelian group G of order |G| =g. From gh matrices Y; of order gh by choosing

&1i
Y= 2:2; (8112 82is ++ e, i)-

ggh,."

Then over R(g) the matrices Y;, i=1,...,gh, have the following properties (where
1;.7‘_ means YT with the elements replaced by their inverses):

Y,Y!=hG whenever i+, (1.1)
hg ' -
DR AART BICUNEY MEY LS )
i=1
- Hence if we replace the entries of Y; by the usual permutation matrices we obtain
hgthg" matrices, 4;, i=1,..., hg, satisfying the following equations:
AA] =Ry, (1.3)
A,A.fhgz———hg.f},gz, (1.4)
ATy X Jp) = Jpee, | _ | (1.5)
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hg. T P . 2.2
Y A;A; =h 8((ng~ Ing) X Jp Y+ h7g Ippa. (1.6)
i=1 . . .

Example 1. X =GH(6, Z;), writing the elements of Z; as 0, 1,2,

-~

0 00O0O0TOD

0.0 1 2 2 1

¢ 1 01 2 2
X=

02101 2

60 22101

01 2210

The 6 matrices of order 6, Y;, i=1,...,6, are

(00 0 0 0 0) (0001 2 2 1) 01 01 2 2)
000000 001 2 21 1 21200
00000 O 11200 2 o101 2 2
00000 0} 220110 1 21 20 01
000000 220110 202 01 1
L0 0 0 0 0 0 (1t 1 2 060 2} (2 02 01 1}
(002 1 0 1 2) (002 2 1 0 1) 001 2 21 0)
21 02 01 211020 1 20 0.2 1
1 02120 211020 201 1 0 2
0210701 2|° 1 00 21 2]’ 201101 0 2|
1 0 2120 0 2 21 01 1 2060 2 1
(2 1 02 0 1} L1 0021 2} (001 221 0

which satisfy
| Y, Y] =2Z,(J), i#/

(that is two copies of Z, as each element) and

6
Y Y Y =361+ 12Z,(Js - 1)
i=1 '
We now replace the elements of Z; by the correspbnding 3 X3 permutation
matrices to get six matrices, A,,..., A4, of order 18 which satisfy
6
AiAf =2y, X AA] =361+ 1200~ L) X I3,

i=1

Aiig=06Jg,  Ai(lgxXJ3)=Js.

The block cyclic matrices with first rows
(1) AyAy+-Agy,
(i) IXJ, A Ay Ay,
(iii) Jop A1 Az~ Agy, _
(iv) Opp A Ay--+ Agp (O, the zero matrix),
give the required incidence matrices for the next theorem:
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Theorem 1. Suppose there exists a generalized Hadamard matrix GH(gh, G). Then
there exist regular group divisible designs with parameters '
() v=b=gh? r=k=gh? A, =0, l,=gh’, m=g, n=g%h
(i) o=b=g?h(gh+1), r=k=g*h’+g, A =g, Ay=gh®, hy=gh’—h+2,
(i) v=b=g’high+1), r=k=gh+1), Ay=gh, Ay=gh(g+d), i;=
high+2h—1), '
(iv) v=b=g2h(gh+1), r=k=gh% A =0, L,=gh?, A;=h{gh—1).

2
L]

Example 1 (continued). Using six matrices A,,..., A4 of order 18 with g=3 and
h =2 in the threorem we obtain regular group divisible designs with parameters:
(i) v=b=108, r=k=36, 4;=0, 1,=12, m=3, n=136,
(i) v=b=126, r=k=39, ,,=3, 1,=12, 1;=12;
(i) v=b=126, r=k=354, A, =18, 1,=30, 13=22;
(iv)v=b=126, r=k=36, 1,=0, 4;=12, ;=10

Some further examples are given in Table 1. All these designs appear to be new.

Table 1

Generalized _ PBIBD
Hadamard matrix g h  Association b b rooc kA4 4 A
classes '
GH(10, Z5}) 5 2 2 500 500 100 00 0 20
GH(10, Z) 5 2 3 550 550 103 105 5 20 20
GH(12, Z,) 3 4 2 432 432 144 144 0 48
GH(I2, Z,} 3 4 - 3 468 468 147 147 3 48 46
GH(12, Z, x Z,) 4 3 2 576 576 144 144 0 36
GH(12, 2, x Z,) 4 3 3 624 624 . 148 148 4 36 a5
GH(20, Z;) 5 4 2 2000 2000 400 400 0 80
GH(20, Z;) 5 4 3 2100 2100 405 405 5 80 77 .

Theorem 2. Let C be the incidence matrix of a BIBD (gh,b,r,h i) where
A=h(h—1)/g—1) and r=2A+h® Further let A, A, ..., Agy of order g*h* be the
matrices const_mcted above from a GH(gh, G), where |G|=g. Then

D= [C)( JgAlAZ”'Agh]
is the incidence matrix of a BIBD (g2h, gr', gh(g’h —1)/(g — 1), gh,gh(gh - 1)/(g — 1)).

Proof. Follows from o
DD  =((r— A+ AJ)x gJ + h%g 2+ hgJyr — hPgl,, X J,
=h2g?%I + gh(gh— 1)/ (g — 1)J,
JD=ghJ.
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Example 2. See the designs in Table 2.

Table 2 _ -
GH{(gh,EA(g)) C=BIBD (gh, b,r, 1, ) Constructed BIBD (g2h,gr'.r',gh, A1)
GH(6,EA(3)) (6,15,5,2, 1) (18,153,51,6,15) '
GH(12,EAQ3)) (12, 66,22, 4,6) (36,630,210, 12,66)

GH(12, EA4)) (12,44,11,3,2) (48,752, 188, 12,44)

GH(9, EA(3)) o (9,36,12,3,3) (27,351,117,9,36)

2. Constructions using colourable designs

As in Rodger, Sarvate and Seberry (1987), a BIBD or PBIBD with r applications
is called colourable if one of a set of r (latin) symbols can be associated with each
1 in the incidence matrix of the design so that each symbol occurs exact/y once per
row and no symbol occurs more than once per column. |

Theorem 3. Suppose there exists a GH{(gh, G) and a BIBD (v, b, gh, k, A) which is
colourable. Then there exists a

GDD (ghv, g’hb, g*h% ghk, A, =0,1,=h’g, Ay =h1).

Proof. Replace the latin symbois by A, ..., Agy of order gh and the zeros by the
zero matrix of order g2h.

Example 3. To illustrate we use the GH(6, Z;) and note that the BIBDs with para-
meters (6,6, 6), (7,6,5), (4,8,6,3,2}, (7,14,6,3,2), (7,21,6,2,1}, (11,6,3) and (13,6, 1)
are all colourable. Thus we have the deSIgns in Table 3. All these PBIBD appear
to be new.

Table 3
_BIBD parameters PBIBD parameters
u b r k A u b r k 4 Ay Ay
4 8 6 3 2 72 144 36 18 0 12 4
6 6 6 6 6 108 108 s 36 0 12 12
7 7 6 6 5 126 i26 36 36 0 12 10
7 14 6 3l 2 126 252 36 18 ) 12 4
7 21 6 21 126 378 36 12 0 12 2
11 11 6 6 3 198 198 36 36 0 12 6
3 3 _ 6 6 1 558 558 36 36 0 12 2
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3. Constructions using semi-colourable designs

A design (BIBD or PBIBD) is called semi-colourable if latin symbols can be a3so-
ciated with the incidence matrix of the design so that one distinguished symboi A,
say, occurs a fixed number of times (> 1) in each row and every other symbol occurs
exactly once in each row while in each column the symbols are all different. In addi-
tion the replacement of the distinguished symbol by zero must leave a new colour-
able design. ,

Example 4. The designs in the following cases are obtained by cycling the first rows
of the initial block or blocks under the given modulus. '
(i) (Aabc), (Adef) mod 4,
(ii) {Aab), (Acd), (Aef) mod 3;
(iii} (Aab0c00), (Ade0f00) mod 7;
{iv) (Aa00b), (A0cd0) mod 5;
(v) (0Aa0b00), (0cAdCO), (0efOACO) mod 7.

Construction Lemma 1. 4 semi-colourable design on (s+ 1)t symbols A, a,, ..., ay,
where the distinguished element occurs t times, can be formed by cycling the t initial
blocks,

(Aay, ayag), (Aag, 185,50 o), ooy (Alg 51 '°;asr) mod s+ 1.
The first block design has parameters |
S+ LE+D s+ D)5+ L{s+ 1))
the second block design (with the distinguished element removed) has parameters |

(s+1,(s+ D, s¢,8,(s— 1)¢).
See Examples 4(i), (ii).

Construction Lemma 2. Let D;={d;|, ..., d}, i=1,...,1, be initial blocks mod n of
a design (n,tn,st,s, Ay with the property that d;#0 for any |, j,d;e D;—~ —d;& D;.
Then a semi-colourable design on (s+ 1)t symbols A,ay,...,a,, where the dis-
tinguished element occurs t times can be formed by associating A with the zero ele-
ment of each initial block D; and a; with dy. |

Now cycle the blocks. The new design has parameters

(nen,(s+ D, s+ 1,A+1).
See Example 4(iii).

Construction Lemma 3. Let X + Y be the incidence matrix of a design, where Y is
also the incidence matrix of a design that is colourable and X is a design where the
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intersections between rows of X is zero then AX + Y (coloured) is a semi-colourable
design,

See Example 4(iv).

Construction Lemma 4. Let Y be the incidence matrix of a design with parameters
(v, b, r, k, A) which is colourable with the symbols ay, ...,a, and in which each sym-
bol aiso occurs once per column, Take r copies of X now coloured with the symbols
i1y ees @y i=1,...,1. Replace ay, i=1,...,r, by the distinguished symbol A to ob-
tain a semi-colourable design with parameters (v, br,r? k,rd) with the underlying
second design (v, br,r(r—1),k,A{(r—1)). '

See Example 4(v).
These lemmas give us the general resuits:

Theorem 4. Suppose there exists a GH(gh, G), |G|=g, and a BIBD (v,b,gh + f, k, A)
which is semi-colourable (the distinguished element occurring f times per row with
underlying design having parameters (v, b, gh,k — 1, n). Then there exists a

GDD (g2hv, g%hb, g’h? + gf,ghtk — 1 + g,
A =fe Ay=hg A=A+ uth-1).

Proof. Replace the distinguished element by I, X J, and the othe'r_lati_n symbols by
Ay, ..., Ag, of order g2h. Replace the zero elements by the zero matrix of order g°A.

Corollary 5. Suppose there exists a GH{gh, G), |G|=g. Then there exists a

GGD (g2h(gh+ 1), g%h(gh+ 1),g°h* + g, g*h* + g,
A=gly=h’gly=gh’—h+2).

Proof. Use the cyclic design with first row
IghXJgAIAZ‘"Ag}!'
Corollary 6. Suppose there exists a GH(gh, G), |G|=g. Then there exist
(i) GDD (2g°h,28°h> gh(gh+ 1), g(h+ 1), A, = g°h, A = h’g, A3 = 2gh);
(i) GDD (g2h(g + 1), k(g + 1) ghlgh+ 1), A, =gh, Ay = h’g, Ay = h(gh—h +2));
(iii) GDD (g%h(h+1),g°h(h+ 1), 22 (h* + 1), 4, =g, Ay = kg, Ay =g(h*> - h +2)).
Proof. For (i) use the BIBD (2,2gh,2gh, 2,2gh} as
[ AAAA,--AA
A1AA A Ay A
‘For (ii) use the BIBD (g + 1, a(g + 1), h(g + 1), g + 1, A(g + 1)) with blocks which cycle
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the first rows
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(AA,---Ay), (AAg+1---Azg), vivs (AAgh_g-Agn)-

For (iii) we use the BIBD (h+ 1,g(h+ 1), g(h+ 1), h+ 1, g(2 + 1)), with blocks which
cycle the first rows

-
Example 5. See Table 4.

(AA, - Ap) (AAg 1 Agp), oo s (AAgn e Agn)-

Table 4

Semicotourable Underlying GH New design

design colourable design exist?

(v, b,gh+f,k 1) (v bgh k—1,1) ah (g2ho, g2hb, g + gf ghth — D+ 8,41, Ay.0)
7,7,7,7,71) (7,7,6,6,5) 3,2 {126,126,39,3,12,12)
(4,8,8,4,8) {4,8,6,3,2) 3,2 {72,144,42,21,6,12,10)
3,%,9,39 (3,9,6,2,3) 32 {54,162,45,15,9,12,12)
(2,12,12,2,12) 2 12,6,1,0) 3,2 (36,176,54,15,18,12,12)
(7,14,8,4,4) {7, 14,6, 3,2} 3,2 (126,252,42,21,6,12,6}
{7,.21,9,3,1 (7,21,6,2, 1} 3,2 (126,378,45,15,9,12,4)
(2,24,24,2,24) (2,24,12,1,0) 3,4 (72, 864, 180, 15, 36,48, 24)
(2,24,24,2,24) (2,24,12, 1,0 4,3 (96, 1152, 192, 16, 48, 36,24)
(3,18, 18,3, 18) (3,18,12,2,6) 3,4 (108,648, 162,27, 18,48, 36)
(3,18, 18,3, 18) (3,18,12,2,6) 4,3 (144, 864, 168, 28, 24, 36, 30)
(5,15,15,3,15) (5,15,12,4,9) 3,4 (180,540, 153,51,9,48, 42)
(5,15,15,3,15) (5,15,12,4,9) 4,3 (240,720, 156,52, 28,12,136,33)
{5.30,30,3,6) (5,30,12,2,3) 3,4 (180, 1080, 198, 27, 54,48, 15)
(5,30,30,3,6) (5,30,12,2,3) 4,3 (240,1140,216,28,72,36,12)
(7,28, 16,4, 6) (7,28,12,3,3) 3,4 (252, 1008, 156,39,12,48,15)
(7,28,16,4,6) (7,28,12,3,3) 4,3 (336, 1344, 160,40, 16,36, 12)

4, New designs from old

- Most of our construction has involved constructions starting from a BIBD
(v, b, gh, k, A) to get new designs with parameters '

V=g2hv,B,R, K, A1, A5, 5.

We now note that if a BIBD (v,b',r',K/g,1"), C say, exists then

gives a

E=1I4xJ;xC

GDD (g%h, B\ R LK, A,=r'g dy=84;=0)
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with the same association classes as if it has essentially been constructed via a similar
Kronecker product design. This design may sometimes be usefully combined with
another design to reduce the number of different values of A;. For instance:

Construction Lemma 5. Suppose there exists « GH(gh, G), |G| =g. Further suppose
there exists a BIBD (g*h% B, R',gh*>, \)=C. Then with F the g xf matrix of ones,

[F X C|design in Theorem 1(i)]
is a _
GDD (g°h% g’ h  + B, R'f+ g*h% g? W2 A =R'f, Ay = Af + gh?).

Example 6. Let g=3, & =2 and C=BIBD (36, 105,35, 12, 1 1). Then the lemma gives a
GDD (108, 105f+ 108,35/+36,36,4, =35/, A, =11f+12)

where f=1 is integer.

Construction Lemma 6. Suppose there exists a generalized Hadamard matrix
GH(gh, G), |G|=g. Further suppose there exists a BIBD (gh,b,r,h,A)=C. Then
there exists a

GDD (v'=g°h,b',rg+g*h% gh A, =rg, A, =g+ gh?).

Proof. The incidence matrix is

[CXJ, A1 Ay Ag).

Example 7. There is a BIBD (6, 15 5,2,1) and a GH(6, Z,). Hence there exists a
BIBD (18,153,51,6,15).

Corollary 7. Let q be a prime power. Then there exists a GH(2g, EA(q)). Further
there exists a BIBD {2q,q(29—1),2q— 1,2,1). Hence there exists a

GDD (2¢%6q° — g% 69°—q,2q, 4, = q(2q — 1), X, = 5).
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