ON INEQUIVALENT WEIGHING MATRICES

H.C. CHAN, C.A. RODGER AND JENNIFER SEBERRY

ABSTRACT. A weighing matrix W = W{n, k) of order n and weight &
is a square matrix of order n, with entries 0, +1 and —1 which satisfies
WWT = kI,.

Tools such a8 Smith Normal Form, profile, maximum integer and some
group theoretic and coding theory methods are used to classify some ma-
trices for 1 < £ < s < 20, into eqnivalence clazses ander pre-and post-
multiplication by monomial matrices {permutation matrices where the non-
zero elements are +1 or —1).

The inequivalent weighing matrices are classified for k < 5,

1. Introduction.

A weighing matriz W = W(n, k) of order n and weight k is aun or-
thogonal n X n matrix with entries 0,1 and —1 and % non-zero entries in
each row and in each column. Clearly

WW, = kI

Weighing matrices have long been studied by statisticians and com-
binatorialists becausze of their use in efficient weighing experiments, in
optics and in the construction of error-correcting codes (see for example
(2]). Two weighing matrices A and B, both of order n and weight &, are
said to be equivalent iff one can be transformed into the other by using
the following operations:

(i) multiply any row or column by —1, and
{ii) interchange two rows or two columns.

In this paper we consider the question of determining the number of
inequivalent W{n, k). In the process we classify the inequivalent weigh-
ing matrices with & < 5.

A weighing matrix for which n = k is called a Hadamard matriz.
These are conjectured to exist for n + 1,2 and 42 [17] and Seberry has
shown that for any g there exists a Hadamard matrix of order 2%q for
every 8 > [2logy(g — 3)]. Little is known by way of general theorems on

- the number of inequivalent Hadamard matrices, though they are known
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to be unique up to equivalence forn =1, 2, 4, 8 and 12. It is also known
that there are
5 inequivalent Hadamard matrices of order 16 [B],
at least 2 inequivalent skew Hadamard matrices of order 16 [11],
3 inequivalent Hadamard matrices of order 20 [8],
59 inequivalent Hadamard matrices of order 24 [9],
for inequivalent Hadamard matrices of order 28, see [9],
at least 11 inequivalent Hadamard matrices of order 32 and
at Jeast 110 inequivalent Hadamard matrices of order 36 [1].
Mullin [14] has studied the existence of balanced weighing designs
and Schellenberg [16] has shown that although SBIBD(16,6,2)’s exist
there is no BW(16,6,2). Only a few results have been published on
inequivalent weighing designs; at least two BW(13,9)’s exist [5] (which
are inequivalent as they generate linear ternary codes with differing min-
imum distances) and a BW(19, 4} exists [13].
Pinally it is relevant to note the following existence theorems for
weighing matrices.

1. If n is odd then a W(r, k) only exists if
(i) k is a square and
(i) (n—k2+(n—k)+12n.
2. fn=2 (mod 4) then for a W(n, &} to exist,
(i) E<n-1and
(i) & is the sum of two squares. :
3. A skew symmetric W(n, k) only exists if k is the sum of three squares.
4. No symmetric W (16, 15) exists.
(See [2] for 1, 2 and 3 and [15] for 4).
Also, it has been conjectured that
1. (Seberry) ifn =0 (mod 4) then a W(n, k) exists forall1 < & < n,
2. {Geramita and Seberry) if n =4 (mod 8) then a skew symmetric
W(n, k) exists iff k is the sum of 3 squares,
3. (Geramita and Seberry} if n = 0 (mod 8), a skew symmetric
W(n, k) exists for all k =0,1,...,n— 1.

2. Imequivalent Weighing Matrices.

We shall define several techniques which in turn will be used to dis-
tinguish between inequivalent weighing matrices.
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2.1. Intersection Patterns of Rows.

Given any row, say row ; of a specific weighing matrix, W(n, k}, we
say that zg; rows of W(n, k) snicrsect row j in 2¢ places if there are
xo; rows, each of which has exactly 2+ non-zero elements occurring in
columns containing non-zero elements in row 5. Then define W(n, k) to
have an tniersection patiern (2o, 22,24,...) {corresponding to row j).
Then clearly we have the Intersection Pattern Conditions (iPC):

-

1. 3, o%25=n—1and

2. E,‘:o Jaz; = k(k — 1)/2.

IPC1 follows from the definition and IPC2 follows by counting non-
zero elements in rows and then in columns. Unless otherwise stated we
shall assume that the distinguished row is the first row.

Sometimes the intersection pattern allows us to obtain considerable
mformation about the structure of the weighing matrix.

EXAMPLE 1: In any intersection pattern of any W(8,6), z¢ < 1; for
if two rows intersect the first row mn 6 columns, say the first 6 then the
last two rowsz canmot contain 6 non-zero elements as required.

EXAMPLE 2: Let k = 4 and suppose that only zp and z2 are non-zero.
Then IPC1 and IPC2 give

Zo+ o =n—1

and

z3 = 6.

Attempting to construct a W{n,4) with intersection pattern (n — 7,6)
row by row leads to a choice for the (5,5} element of 1 or 0 only and
no further choice giving the following (—1 is denoted here and on all
matrices with —}):

1 1 1 1 0 0 0 0
1 - ¢ 0 1 1 0 0
1 0 — 0 — 0 1 0
10 0 — 0 — — 0
BEBNO=1 | _ 0 1 0 0 1
0 1 0 — 0 1 0 -
0 0 1 - 0 0 1 1

0 0 0 0 1 - 1 -

Jn



1 ¢t 1 1 0 0 O
1 - 0 0 1 1 0
1 0 - 0 —- 0 1
wW{r4=|1 0 0 — ¢ - -
o1 - 0 0 1 -
01 ¢ — 1 0 1
0 0 1 - - 1 0]

All weighing designs with k = 4 and intersections of 0 end 2 only.
Again considering a W(n, 4) and supposing that 4 = 1 and otherwise
only z¢ and zg are non-zero gives
ot oz =n—2
and
zo = 4.

Constructing W{n,4) with intersection pattern (n — 6,4,1) gives:

o

— . —

1§ —

_ O e

1 1ol -

C(2n,4) =

W{2n,4), n = 3 with one intersection 4 and all others 0 and 2 (all
unspecified positions are 0}.
The classification of W(n, k) for k < 3 is straightforward.
(i) Any W(n,1)} is equivalent to I.. .
{ii)) Any W{(n,2) is equivalent to '32W(2,2).
(i) Any W(n,3) is equivalent to "?‘W(ci, 3).
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So for any n and any k < 3, the W(n, k) all lie in a single equivalence
class.

We now use intersecting patterns to obtain a decomposition theorem
for weighing matrices with & = 4. (B(8,4) and C(2n,4) are defined in
Example 2). This essentially classifies all inequivalent W (n.4)'s.

THEOREM 3. Any W(n,4) is equivalent to

® W(4,4) @ B(84) & W(7,4) & (& C(6+2,4))
a b d i
copies copies copies copies copies

PROOF: Suppose we wish to construct a W(n, 4), Then under the four
1’s of the first row we can have:

a) three other rows containing four ones and all other rows with zero
ones, that is we have W(n,4) + W(n — 4,4); or

b) one other row containing four ones and four rows containing two
ones; that is we have

—— =
1 1 =
oo -
| S = e R
[
—

This pattern can only be completed to a C{6 + 2¢,4) for any £ > 0,
when rn is even and cannot be completed otherwise, or
¢) six other rows containing two ones, that is we have

111
- 11
- - 1

s

This case can only be completed to a B(8,4) or a W(7,4). So its occur-
rence gives either
(i) W(n,4) = B({8,4)dW(n—8,4) or
(ii) W(n,4) = W{T,4) e W(n —7,4).
In Appendix B the W(n,4) are classified for n < 20 and ennumerated
for n < 4.
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EXAMPLE 4: To characterize the W{2n,5) (since 5 is not a perfect
square, no W (2n+1, 5) exist) we define the following families of W (2n,5)’s
{all unspecified positions are 0).

111110
11--01
1-00001110
1-0000--01
1000--00 - -
1000--0011
1-00 1110
1-00 S .01
10 -1 00- -
01 -1 0011
E(4t+2,5) = 1-00 :
1-00
10 -1
01 -1
1110
- .01
00- -
. 0011
1-0010- 1
1-000- 1-
106-1-100
01-11-00

Define F{4¢t+ 4,5) to be the matrix formed from E{4t + 2,5) by adding
two rows and two columns and replacing the 4 x 4 sub-matrix in the
bottom right hand corner of E(4¢ + 2,5) with the following 6 x 6 sub-
matrix:

O o D Q| e
- O e |
| oo o o
el = I = I = =
- = |
bt el | e D

Let



|

— ] =~
L B I~ — I I |
N OD 00 | O
o | OO0 ) OO0
- O~DO0 | OO0~
] O 0O OO0 -
Ll == = e B N I R R I |
— | OO OO D000 -
OO0 I oOCcmOSOe
-0 | DO OO0 ! O
— | OO OO0 0 -~
OO0l o0l Oog
L=~ I I — 3 — N B I~ ]
- o0 1 OO0
] OO O e - -
— -

D{16,5) =

where each unspecified position on D(16,5) is 0.

Finally we exhibit the unique W(n,5)’s with n =6 and n = 8.
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TEEOREM 5. Any W{2n,b) is equivalent to

® W(65 © W(s5 @ D(165 @ (@ E(4t+2,5))

4 ¥ d i t;
copies copies copies coples copies
® (& F(4t; + 4,5))
J t
copies copies

where t; > 2 and t; > 2.

PROOF: In constructing a W(2n,5), we can assume that

{a) at least two other rows intersect with the first row in four places or
(b} no rows intersect any other row in four places or
(c) exactly one row intersects the first row in four places.

It is straightforward to check that in case (a) the only possible such
weighing matrices are the unique W(2n,5) with n = 3 and 4. Also, in
case {b) the only possible such weighing matrix is D(16,5) (see Example
4).

In case (c¢), we can assume that the top left hand corner of W has the
form

11 1 1 1 0 o 0 0 0O
11 - — 0 1 0 0 0 0
1 - ¢ 0 0 0 1 1 1 0
1 - ¢ 0 0 0 - - 0 1
1 0 0 0 - - o 0 - -
o 1 0 0 - - o 0 1 1
o 0o 1 - 0 0 zr ¥

o 01 - 0 0

0 0 1 0 - 1

6o o 0 1 - 1

To be orthogonal to row 3, either 2z #lory #1. Kz=1landy=0
then this matrix can only be completed to E(10,5). Hz=landy = —1
then this matrix can only be completed to F(12,5). Finally, if « = 0
and y = 0 then this matrix can only be completed to E(4¢ + 2,5) or
F(4t + 4,5). In any case W(2n,5) is of the required form.

From Example 2 we have shown that W(7,4) and B(8,4) are the only
W{n, 4) with xs; = 0 for all + > 1. For more general k£ we can obtain a
bound on n in such a case.



LEMMA 6. Suppose that there exists a W{n, k) with zo¢ = 0 for all
t > 1. Then
n>k?-4k+7.

PROOF: From the intersection pattern condition,
To+Tr=n—1
and

_ k(k—1)

X
2 2

zo=n—k(k—1)/2-1.

Schematically the non-zero elements can be illustrated as

11...1 1 00...0
X
A k - 2 ones/row
Y
0 k ones/row

The intersection between any pair of rows in A is 0 or 1 (since z4 = 0)
and thus the intersection between any pair of rows in X is 0 or 1. Thus to
complete X (with k—2 ones per row) we need at least (k—3)%+(k—3)+1
columns {considering projective planes). Thus

(k—32+(k—-3)+1+k<n.

EXAMPLE 7: We can obtain some results concerning W (12, 6} matrices
using a classification involving the intersection patterns.

Clearly z¢ < 1 and 30 zg < 2. Also
Zo+ T2+ 24+ 35 =1

and
220 + 424 + 62¢ = 30.

These observations yield the following possible intersection patterns.
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Type

g
=
3]
i
-
H
o

Do R O e B2
o S e =§ N 2
B L e €1 O
- e DO
oGO Em D

We note that intersection patterns (2,3,6,0)and(1,6,3,1) {type D) arise -
in the same matrices; this can only be seen by choosing one of the rows
intersecting with the first row in zero places in a matrix with pattern
{2,3,6,0) as the distinguished row (instead of choosing the first row},
thus obtaining the pattern {1,6,3,1). As yet we have found no W{12,6)
of type D. However at least 4 inequivalent W(12,6)’s exist, as the
following are of types E, F, & and H.

[ 1 1 1 1 1 1 0 0 8 0 0]
1 0 1 - 1 0 1 ¢ 0 0 O
1 1 - - 0 0 1 0 0 0
1 - 1 0 & - 0O 0 0 1 0 0
1 - 1 1 0 0 0 0 1 0
1 1 - -1 0 0 0 0 0 1
0 0 0 0 O 1 1 1 1 1
0 0 0 0 0 1 0 1 - -
0 0 - 0 0 0 1 0 1 - -
0 0 0 - 0 0 1 - 1 0 1 -
0 0 0 0 - 0 - - 1 1
(0 0 0 0 0 - 1 1 - - 1 0]

A W(12,6) with intersection pattern (1,5,5,0) whose transpose has in-
tersection pattern (1,5,5,0) (Type E).
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o 1 1/0 1 -/0 1 0/0 1 O]
1 0 1|1 - of{1 o o1 o0 o
1 1 ¢0|- ¢ 1/0 0 1[0 0 1
0 — 110 1 110 6 170 0 -
-1 0|1 0 1/0 1 0|0 - 0
1 0 -1 1 0}1 0 0]—- 0 ©
6 - 0{0 0 -0 1 1,0 - 1
- 0 0({0 - 0l1 0 1|~ 1 o
o 0 -|—-— 90 0|1 1 o1 0 -
0 — 6|0 0 1/0 1 ~|0 1 1
- 0 010 1 0{1 — ol1 0 1
o 0 -1 0 0;- 0 1|1 1 0

A W{12,6) with intersection pattern (0,7,4,0) whose transpose has in-
tersection pattern (0,7,4,0) (Type F).

1 - 0 1 1 1 0 1 0 0
1 - 0 1 0o 1 o0 1 0
- 0 1 1 0 0 0 0 I
0 - - 01 - 1 o0 - 0 0
- 0 - - 0 ) -
- = 0 - 9 0 o 0 -
- 0 - 0 0 0 1 - 0 1 1
- - 1 - 0 1 0 1
0 - 0 - - 0 1 1 9o
- 0 0 1 0 0 9 - - o 1 -
- 0 o0 1 0 - 0 - T - 0
a 0o - ¢ o 1 - = 0 —- 0 lJ

A W(12, 6) with intersection pattern (2,4, 4, 1) whose transpose has intersection pat-
tern (2, 4,4,1) (Type G).
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1 1 1 1 1 1

11 1 - - -

1 — 0 1 — 0 1 0
1 0 - 1 — 0 o 0

1 - - 0 1

I 0 - - 0 - - -0
0 1 - 6 o0 0 1 ¢ 1 - 0 1
) - 0 0 1 0 - 0 -
0 0 0 0 - o — 1 ¢ - -
0 0 0 0 - 6 — — 0.1 1
0 0 0 0 1 - 6 1 0 I - 1
0 0 0 0 1 - 0o 1 0 -1 -

A W(12,8) with intersection pattern (0,8,2,1) (Type H) whose transpose has inter-
section pattern (1, 5,5,0) (Type E).

2.2. Smith Normal Form.

The Smith Normal Form {SNF) of a weighing matrix W({n, k) can be
obtained by using elementary row and column operations to diagonal-
ize W(n,k) over the integers; equivalently we pre- and post-multiply
W{n, k) by integer matrices with determinant 1 until a diagonal matrix
is achieved (see, for example [12}}). It is known that the SNF of W(n, k}
is diag (@1,83,...,8,) where a; | 841 for 1 €1 <n—1and ajaz...6n
det W = k"/2; we say that W is Z-equivalent to diag (as,a2,-..,82,)-
THEOREM 8. Any W(n, k) is Z-equivalent todiag (a1, ¢2,.. ., 8.} where
Gnti1—ia; = k.

PROOF: By Theorem 10.5 of Wallis [17] any W (n, &) is Z-equivalent to
diag (a4,82,...,8,) where a; | ;g for 1 <{<n—1. Let

PWQ = diag (0‘11321'“:3“)'
Since WWT =}k,
(PWQNQIWTP )=k,

30

Q'WTP-! = diag (k/ay, k/az,..., kla.).
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Thus &/a;_; divides k/a; for 1 < § < n and so as W and WT have
the same invariant factors,

kjai = 6nt1-i for 1<i<n.

Clearly if two W{n, k) have different SNF’s then they are inequiv-
alent, so we can use this in finding inequivalent weighing matrices.

For convenience, we represent the SNF diag(ty,...,#1,%2,...,82,...) by
e’ o, !
aj ag
times times

diag (¢3*,437,...).

LEMMA 9. Suppose A is a W{n,k) where k = []p}¢ is the prime

decomposition of k. Let Sy = {t | a; = j} and t; = ] pi. So k =
H =

t1t3£3 .. .17, Then the SNF of A can be obtained by taking the product

of the SNF's of a W(n, t:) foreachgy=1,...,q. Fori=2j or 27 +1 the

SNF of a W(n,t!) will be

diag (1«.-,0, t:."",l, (t?)m,z} o (t::)n,-,:')
where (i) if 1 is even then '

-1

hat E :al',l

[ =]

;s = i for 0<8<j—1 and i =

| 3

and (ii) if 1 is odd then
8i,= 0., for 0<s8<7y.

Lemma 9 strongly restricts the theoretically possible SNFs of weighing
matrices as the following corollaries suggest.

COROLLARY 10. If k is square free then the SNF of azy W(n, k) is
diag (1"!2, k"ﬁ) .
COROLLARY 11. The SNF of a W(n,k) with k =3 is
ding (1729, 57242, (1))
LEMMA 12. I A is a W(n, k) with SNF diag (41,...,8,) and B is a

W(m, k) with SNF diag (b1,...,b.) then A® B is a W{n + m, k) with

E) B



SNF diag(a1,...,8n,b1,...,b) (With diagonal elements reordered to
be in non-decreasing order).
PROPOSITION 13. A W(4n + 2¢,4), ¢ € {0,1} with SNF dieg (1,
24nt2i-2a ga) exists iff - .
{i) n <a < 2nifnis even and 1 = 0 and
(i} n+4 <6 < 2n—1+1 otherwise.
PROOF: First we note that
W (4, 4) has SNF diag (1,22, 4)
W (6,4) has SNF diag (12,22, 42),
C(2¢,4) has SNF diag (1+—1,2% 4*—1) and
B(8,4) has SNF diag (14,4%).
Therefore @ W (4,4) + C (4n +2n -4b, 4) has SNT diag (12n+i-1-% 920+2,
42rH -1 5 0 < b < n—1, and if nis even and { = 0 then ’,2B(8 4)
has SNF diag (127, 4%*). The proposition now follows from these obser-
vations together with Theorem 3.

COROLLARY 14. A W(4n+2i+7,4), 4 € {0,1} with SNF diag(1°®
2n+7—2a go) exists iff

{i) n+3<a<2n+38ifniseven and t =0 and

() n+3+1¢<a<2n+2+1i otherwise.

PROOF: This follows from Proposition 13 and the fact that W (7, 4) has
SNf diag (13, 2, 4%).

COROLLARY 15. For any n, there exist at least n inequivalent W (2n -+
21,4) and W(4n + 21 + 7,4) fori € {0,1}.

2.3 Other techniques.

L. Profile. As in [1], we consider the absolute value of the generalized
inner product of four rows 1, 7, k and £ of a weighing matrix W = (w; ;)
to be

P"ljlk|£ = Z lwl',swj',swk,swtlzl *
z=1
Define
x(m) = 1{i, 5, k, €| Pijae = m}|

to be the profile of the weighing matrix. Matrices with different profiles
for some m are inequivalent.

2. Lgrgest Integer {10]. Equivalence operations are used to

(i) ensure that wy; =1
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(ii) rearrange the rows and columns so that each row has as many 1’s
to the left as possible, then —1’s are given priority and finally 0’s.

The matrix is then treated as an integer base 3 where 1’s are evaluated
as 2, —1’s as 1 and 0’s as 0, stariing at the top left corner. For example

1 1 1 0

1 0 1

L becomes 22202102201102123.
01 - 1 '

If A and B give rise to different integers then they are inequivalent. We
have not used this test.

3. Codes. Weighing matrices can be used as the basis vectors of linear
codes over GF(3). Two matrices giving rise to codes of different mini-
mum distance are inequivalent. Seberry and Wehrhahn [18] have found
two inequivalent W(13,9) using this method.

4. Character. For 1 # 7 write A(#, 7) for the set of columns of a given
W{n, k), n > 8 on which rows 1 and 5 agree in their non-zero elements.
The character of W is the largest number of distinct pairs of rows of
W having the same agreement sets. The character was significant in
establishing the inequivalence of W{8n,8n) though is of limited use in
comparing weighing matrices when k is small compared to n. We have
not used this test,

5. Groups. Matrices with different automorphism groups generated by
the monomial matrices are equivalent.
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APPENDIX A
Inequivalent W(n, k) for n < 20

() (k) (%) SHF FROF ILE
2 1 uniquo 12
2 wnigue 112}
3 1 unique 1?
4 1 uniguo 1
2 unique 1222
3 unique 1232
1 unlque 11224! (41
9 1 unir.ml5
6 1 wnique 18
2 ul|i||u131323
1 anlgue 132242 smeaspz
5 unique 1353 W15
T 1 unique i
4 uaique 132'4%  peTmopze
8 | unique 18 ’
2 unique Vit
3 unique 131
B4 3 1227 waezompese
15227 azranyce
1"y #(1)=8 3{0y=62
5 unique 15* (A2 T2 S35
t unique 116! {476 5224 1(0p40
7 unique 1Ht A28 (=2
B unique H1234%0'  mippmlamimse
9 I unique I¥
10 [ uniqus 10
2 unique 1329
t 2 PN e s sppas
2249 PZS FOY2S
5 unique 1353 D(2)5 A{1 ) D165
B unigue 12010 oper5 iam20,0(21125 o)t
9 unique 113%0Y  gp0 appis0
o1 wnique 11!
1 unique 172341 w1 ALy7 MO

s



m) W) (%) sF PROF ILE .
12 1 wnique 12
2 unique 1526
3 unique 1630
1 5 1w
2% sprsoea
2% et zya sO0
1Ll Y g
192245 s s -
5 2z 186 (230 HOYP465
1636 {26 L8 D)=L
6 12 188 {20 51120 O35
1658 Sy (218, 5{1 =104, 5(01m 359
T 21 5% B{Ay6 (266 (5 =192 {023t
B 33 122%%T o6 2105 w004 '
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(+1H (n,k) refers to the direct sum of i copies of W(n,k)}

(i) k= 4

Type

Bl
B2
B3
B4
B3
BG
B7
B8
B9
B10
Bl1l
B12
BL3
Bl4
Bl5
B16
B17
B18
B20
B21

B22
B23
B24
B25
B26
B27
B28
B29
B30
B3l
B32

APPENDIX B

Inequivalent W(n,4) and W{r,5), n <20

order

[= R T = LV

10

1t
12

13
14

15

16

number

[ I e = D ]

10

324

decomposition

+2w(4,4)
G{8,4)
B(8,4)

W(6,4) + W(4,4)

C(10,4)

W(7,4) + W{4,4)

+3w(4,4)

C{B,4) + W(4,4)

+,W(6,4)

C{12,4)

B(8,4) + W{4,4)

W(7,4) + W(b6,4)

W(6,4) +, W(4,4)
B(B,4) + W(&,4)
C(B,4) + W(6,4)
C(10,4) + W(4,4)
+2W(7,4)

C{l4,4)

W(T,4) +, W(4,4)
C(8,4) + W(7,4)
B{8,4) + W(7.4)
+4w(4,4)

C(8,4) +2 W(4,4)

+ W (6,4) + W(4,4)

B(8,4) +, W(4,4)
+ZC(8,4)
C{10,4) + W{6,4)

SNF

112!

122242

132143

122442

132243

1444

34,3

17274

142%4%

14234

132643

149044

142Q44

152245

152245

172349

1428,

162246

172443

152445

162246

162246

152545

162346

172147

14844

152645

56,5
182445

18%,8

182448



Type Order Number Decomposition SNF

B33 C(12,4) + W(4,4) 162%48
B34 C(B,4) + B(&,4) 17227
B35 : C(16,4) 172247
B36 +,B(8,4) 18,8

B37 17 2 W(7.,4) + W(6,4) + W(4,4) 192740
B38 C(10,4) + W(7,4) 172347
B39 18 11 W(6,4) +, W(4,4) 12284°
B4D C10,4) +, W(4,4) AT
B4 C(8,4) + W(6,4) + W(h,4) 15295
B42 +0(6,4) 152848
B43 C(14,4) + W(4,5) 172447
B44 C(12,4) + W(6.4) 17247
B45 C(10,4) + C(8,4) 17247
BA46 B(8,4) + W(6,4) + W(4,4) 172%’
B47 F T, + W(4,4) 172447
B48 C(18,4) 152248
B49 | C(10,4) + B(8,4) 182248
350 19 5 H(T,4) +, W(b,4) 152748
BS51 W(T,8) + C(8,4) + W(4,4) 11247
B52 W(7,4) +, W(6,4) 172%47
B53 W(7,4) + C(12,4) 182348
B54 W(7,4) + B(8,4) + w4, 4) 15238
BS5 20 18 g4, 4) 1721043
B56 +H(6,5) + (4,6 15,8,
BS7 _ C(8,4) +, W(4,4) 152846
B58 ' B(8,4) +, W(4,4) 172547
B59 C(8,4) +, W(6,4) 17257
360 +,0(8,4) + W(h, &) 172847
B61 CCL0,4) + W(6.4) + W(k,8) 1'2%7
B62 C(12,4) +, W(4,4) 172%47
B63 +,0(7,6) + W(6,4) 182448
B64 B(8.4) +, W(6,4) 182448
B65 C(B,4) + B(8,4) + W(4,4) 152%8
B66 +, c(10,4) 182448
B67 C(12,4) + C(8,4) 182448
B68 C(14,4) + W(6,4) 18,448
B69 C(16,4) + W(4,4) 182448
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Type

370
B71
B72

(it}

B73
B74
B75
B76
B77
B78
B79
B8O
321
882
B83
B84
B85
B86
B87
B8S
B89
390
B91
B92
B93
B94

Order

21
22
23
24

(SN¥ is always 1

10
12

14

16

18

20

Number Decomposition

+,B(8,4) + W(4,4)
€(12,4) + B(8,4)

C(20,4)
s .
22
9
33
%nskn)
1 W(6,5)
I W(8,5)
L E(10,5)
2 F(12,5)
+2W(6,5)
3 D{14,5)
E(14,5)
W(8,5) + W(6.5)
4 D{16,5)
F(16,5)
E{10,5) + W(6,5)
+2W(8,5)
4 E(18,5)
¥(12,5) + W(6,5)
E(10,5) + W(8,5)
+W(6,5)
6 F(20,5)

E(14,5) 4 W(6,5)
F(12,5) + W(8,5)
+,E(10,5)

W(8,5 +, W(6,5)
D(14,5) + W(6,5}
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192249

192249
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APPENDIX C
Substructures used to form weighing matrices

Type Fors Coament
a1 A ‘soy bs clrculant.
ce R B B and 8 suol hove some order,
-5 A R and B moy be equlvelent or circulant.
3 i 8 A ond B both sust be clrculont,
BT -7 A ond B may be squivalent,
AT : the tronspose of X.
4 ] fi moy be glrculant,
1 A I ¢ identity matrlx,
5 A B fl ond B may have different order,
0 B A and B aoy bo equivglient or circulant.
4 R B € O A, 9, Cand D all sust have same order,
- B O -C A, B, C ond D aay be clrculant,
- -0 A B A, 9, C and D nay bo equivaient.
-0 C -8B R
? i BR CA DA A, B, Cand D all wuel be circulunl, -
-th A& O°H -C'R A, B, C and O may be ayuivutont,
-CA -D'R A B'R %A ; the bock clrculont of ¥,
-0R C'R-B'"A A %' : the Lronepooe of X,
Ccg A A I B A : skew aysmetric,
R «f -8 1 l.e., A" = R
1 B R A B is elther a O motrix or on identix
B I A -R aatrix.
APPENDIX D

Weighing matrices of order 16

To make substantial progress in constructing designs of order 16 we first
consider those with considerable structure, such as those used in comn-
structing orthogonal designs (see Geramita and Seberry (1979) Sections

5.8 and 5.9).

R={111
t-1-
1y - -
| § - -1

a=[1 1117
1-1-
11--
| b -1

=011 1
-0-1
-10 -
- -1 0]

c111f e=foo11] p=[B10
-0 -1 001 - -00
-10- --00 060
--11 - 100 90 -
1100 d={ioo07
1-010 0100
0011 6010
001 - 00101 |
0011 w={10007
001 - 0-00
-=-00 000-
0100 00 -0 ]
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We are now in a position to construct weighing matrices of order 16,
using the Williamson array

= M =C
[ S
L S — Y]
x-‘l“l\d:’

because Y = 8AT; ACY = CAT; ADT = DAT; BT = CO; 80T = 067 but COT = -OC°

Thus we can obtain weighing matrices of order 16 and weight & by
making the following choices for XY, Z,W.

Some results on order 16 and weight k were tested with various com-
binations of the matrices A, B, C, D, O, a, ¢, d, A, § p: those that

gave examples of equivalence classes are listed.

k * RYZH Intoraect fon SHF Profile
1 12 DGO {12,0,3} 148 w1816 )
HO00 9,6,0) 154 W L)=15 20}=10804
ceod (12,0, 3) "3 Wt w1816
copa (9,6,0} 156 S{Ly= 16, M{0)=1804
poon {12,0,13 i I T T
5 22 ADI6 (B,4,3} 1859 B{d}ma B{Lym64 D{0)=1752
hcoo {a,1,3) 188 (ot Sy (0| T2
DGO {5, 10,0) 1858 #1)=80 J(0y=1740
©CDa (6,4,3) 138 W{cTpad W (1o W(O)=( T52
coDo (5,19,0) 1359 B{1+80,a(t}=1 140
6 3 ACOD (5,0,6,1) 188 L2 #(Z)mdB (DL 760
ADOO (3,9,3,0) 198 B{A)A 5 Lye 224 W{U}=1592
980G (9,0,6,1) 199 W12 (2 pmd8 (D)= 1 760
BODp £0,15,0,0) 188 (=2 2{1 T2 00}=1506 *
Ceeo @,0,6,1) 188 {412, 0(2)=08 {0y Il B
Ceod (8,0,6,1) 193 H{ A4 2 M348 ()= 1760
Bou0 {3,9,3,0) 1849 (At 1) 224, 3(0}~1592
T x2 ABOU (4,0,0,7) 182 456401764
Aco0 (2,5,56,1) 168 W12, 8020 (1 }=320 (D} 1 40

®Thia ja not an SBIBD (16,6,2), as only one particular intersection pattern ia
considered.
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k* NYZU Interssction  SHF Profila
BBOG (2,6,6,8) 158 {412 S(2yd8 (L y=320, 0( 0} 440
BeCd (2,6,6,1) 83 (Y12 S{Zy=8 B{ 1y 320, 10(00=] 40
Bopu {2,6,6,1) 188 ARl 2 2y, 1)=320 A{0)=1440
& zt BROO {6,0,0,0,7) 128692 w0 mu1m2
ABDD {1,7,0,7,0) 158 B(Ap=56 A1 =560 1{0)=1204
RECD (2,0,12,0,1) 12 w24 M2 256 (0150
AcDd {0,4,9,2,0) 198 V{420, 2)m96 {1 )<E56 N{Op10:3
BBCO (0,4,9,2,0} 188 WAP20 A9 1K1 =656 A(0)=L146
860D (2,0,12,0,1) 140 waypeza 1(Zpmes6 a0 150
ccec {8,0,0,0,7) 125458 wBp28 o172
Bo2y (0,4,9,2,0) 188 {4)S20 K26 15{1}656 1 {0F= 1043
9 4 pADH (0,3,0,0,7) 193 H(EY=28 (L =895 (059
RBCD (0,2,6,6,1) 1858 (4p=66 H(Z)=208 X(1 =576 M(DE068
" ABOD {0,2,6,6,1} 18t W68 (2} 208 1i{ 1 =576 0{0)=965
ACLd (0,2,6,6,1) 18 R Aya68 (Z}=208 p{1 o576 N(0}=068
Be80 {0,0,9,6,0) 109 6 K228 o{1}=720 M) TIE
BCCE (0,8,0,0,7) 158 (B=Z0.1(1 =896 N{1}~56
BS2p (0,2,6,6,1) 1859 {20 A 2pu 352 141} T20 0} T26
I 22 ARCO (0,0,8,0,6,1) 15908 (B2 o 16 4(2)=S M A(0) 1232
ARDG (9,0,8,0,6.1) 1B10%  otyen o dye1i,m(2e544 4(0}-1232
B0 (0,0,3,9,3,0) 1900 )20 pTymdR2 (1m0 (D758
Acce (0,0,8,0,6,1) 19908 o(Bym28 (16, 1(2)=544 DY=1232
seen (0,0,3,9,3,0) 1008 (L 20 S(2mdS2 (1B {0758
BBCL (0,0,8,0,6,1) 1908 ofHze (16 0250 M 0)=1232
1% 22 ARGD {0,0,0,0,4,3) 1518 W(H)=28 O )= LOA {3} 192 0 (2)= 192,
S{LyS56 MD=728
ARCE (0,D,0,8,4,3) 9% W{E2B A= 104 £ {3}=192 S(2)u192.
o857 HO)-728
vl {0,0,0,%,10,0) LY oS (04 21 16,7 2) 384
#1576 {D)m522
Agce (0,,0.6,4,3) P18 ()28 (A0 )L N 23102,
RIS, 10726 '
BEBE (0,0,0,0,1,3) Ml peps apae10d 192 5(2)51 92,
{3 6 A0y T28

12 22 ARAD (0,0,5,0,12,0,3)

429N a(12ymd (U2 M(4)m 258 {0} 1 456
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k * H#¥2U interouct lon S Prafile
fRBD (0,0,0,0,9,6) P12 aan Sy a0y A(364,
B(2=320 51 o400, (1638

RACC (0,0,0,0,12,0,3)  147%N24 n(12)md (072 0{) 2688 1{0)m 1456

ABBC {0,0,0,0,9,6) 18:28 {28 {554, 8{ 4} 256 D{ A4,
{2)=320 {1 =il 5D}l

b86 (0,0,0,0,12,0,3)  192%MZY a{12)md WB1T2,5(4) < ZHE w{lt}u Loty

13 32 ARAD (0,9,8,6,0,12,3,0) 1818 n{12yma 0(B)=72 (6} <%,A(4) =206,
280 1192, M{0}=7155

ARGC (0,0,9,0,0,12,3,0) 18198 112y o(9)=b #(R)= 2 A[T)=8,
WO 120, W42 {2156 {1 =175,
KT
ABOE (0,0,4,0,6,12,2,0) 18135  a{12)2 a(0)mt. nBi=2 478,
6120, A2 A(2)456 11 =176,
{0774
14 2§ RARC (0,0,0,0,0,0, 64,13 19198 (i wiH)mazd, o(2)=206 MOy=1232

RABB (0,0,0,0,0,0,14,8) 1M1 w{1z)=20 a{B)-224,0(2)=3% p{0)=1232

15 21 RARE 15158 w126 M 168 (=504 (01092
16 21 PAAA IAGE6! w16)m140 0(0)m 1600
APPENDIX E

W(n,9) for n < 20

We give some known W(n,9) designs of small order. Where the design
is constructed from circulant matrices and not- otherwise indicated the
weighing matrx has structure o

[o o

g% -AT

W{10,9) = H{11,9) does not exlot.

—_ = = - -
[ R R -
LI T B T — A
| -1 —— = .
— o =D =] ) ==
[ I R
—_—— =1 - -

—o = == =
lg_._-.rulnl-...]
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iz, ~ [

wWizey=[ 1y vy 1y 111000 Y 1y 11101400
11 11----01¢0€0 1111 - =« -0F0
1 --1-1-g901040 11 --1 =13 +«041
Il - -1=-=1100D€C"¢ 1 - -4t --t1D000
$ -1 -0810 -1t - - -1 -~=~C001 -1
110 -080-1---1 P10 - -1 0¢ - - -
t -0 1 16-0--1 - 1 -2 1 100 - - - -
{f -6 -0 -01T111 o8 -190-0711 -
P00 -0-10-% - - - 1 e -00D0 1 -1 -1 §
P11 -9 -501-11- 01 -00 - -1 1--
toy ---011-1- 001 =0 -11-1«
oo 10 -9 1 - - -1 1] 00 1 B4 -1 -1

W(13,9): there are two known circulant matrices. They have first
rows:

0 101380 ~=11-=2.
and

g -0 -1 00001 -1t 11

Hain (1977) proved these were inequivalent by showing there was no
group operation to send one first row to the other while preserving the
positions of the zeros. Seberry and Wehrhahn (1978) showed that the
linear codes over GF(3) generated by these two weighing matrices have
different minimum distances and so the weighing matrices are different.

W(14,9): wuses the circulant matrices with first rows:

01 -1 - -
ond
g1 1 ora0a0

in the structure indicated above.

The following symmetric W{14,8) is from Geramita and Seberry p.331.

uCe4,93 «

- ] DD B
D o ees—=a

e | e, EOAEEO O —--
Il me— m—0ODa8s

-—0 0t ] ) =D a0o
R - E-N-N-K-]

—_—eem | =@ @O0 —=F 1 &

[ I R R - N N B - E-R - -

OO o= 1 === ] e
[T - T T R B B B |
SBE ] OO0 — - o ] - -
O o 1 @A 4 v P =] -
—_mEEEsO L =4
B—Qﬁﬂﬂl-ﬂl B ]

fhe Interacction potterns of thece l.ﬁl patrlces are {0,0,3,10,0)
and (0,0,6,4,3) showing thay ora Inogqulvalent.
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[ - R N -
| = | D e | =D -0 2
1 =080 |- —_-—_—a00 -2 —0
—_ PR e — | wa2~——D0O
-_—p e e -0 DR -
_ R e —D- 00—
D =R 00— e | -] -
Bl eSS - | o—-—
Bl =D DO =00 )= =
_e—— D D00 O =—=D831
——— ] e @R - Of—DO
- O e B IS~ | O -
DO O~ = r— - [ -
OO~ = | | | OD g == =~
200 === 00— = 111
L

L]

-

-

o

r

=

¥{16,9); thess are tceated En Appendix D,

thin is oot Enown,

wiL?,9}:

fros Garomila and Seberry P.333

ui19,9}:

(== T T B B — I — T N B — B I — I |
D a S ) ) - ES—-—_00 2
oo~ — I DS~ =0 1 =
DD O~ | - 1 o= = I 3900
Do RDAD~ ) =20 b= —
ooDoOoCOoOoODE— 1 =1 1 &8~1 =1
—_— 1l I -rDEooOOO&@ 1 1~ —OS
-1 1l —Oo0o0O0D® 1 9~ 1— 18
—_ -l ooEoRE 1 201 100 1 -
—-_l = I OO 1 S00 -2 -
-_— 1 OO0 1 DO =10
-_——l O Il O0C0E29 1 ) ——
—_———— @ I SO R OO0 0— -
———-— @B oOoOEE ]
OBO~—— | - —B SO0 O00
CD—O——§ | —— | 1 B00000
DR em—_,— P DD E®
PSS ,——————— crRroaoo
L

L]

-

o

2

e

=

4(19,9}: A. Nothon haas aigned a (19,9,4) design

TS - T Ssoaem T oD T oo 0=}
o - e—aoa 22 e -S
[ - B = N — I R N L
o- 1 S0P | —0 1 1l Ssoa -1 o
O I m-oea-=-0 1 12 =000
- - I T IR — B B BN B — O — B B}
[N --N_ R - I I — I = N I — B B B =)
oo ~0 ) I O—0~0 131 101
SO0 0 It —D— 1 ~—0O0 S LB
weEmo I O 1l ——& | —O— | @OOD
—_—o I DDt~ ——0 1 1 @D~ 000C
-1 o@ 1 000 ——@ | ~—O— | OO0O®
B N R - R R
e N - - - I - T R
-—-loO0Q=-— 18580 — 1 23300 ) —
—_——_—meo o0 IeEeD ) —0— 12
—_—eEe-D OO0 1 SO0 —0 12—
—_O - @0 I @S0 0@ 1 -S|
IR — = ———— == ToooDo oo

H(19,9)= (0

RE Y]



5(20,9): froa Geramits ond Sabarry P, 209

W(20,9) con be conatrucied from Lhe negacyclic with the
firat roe:

1100-1--494-000-~-0000D0T1°€70

Tho fotlewing ¥{20,9) are consiructod weing four clrculonts:
[} gtao01, V100~ 2100, 0100~

2) 1

601,3100-,001-0,001140
n 0111-,014-1,10000,00000
1 101=0,000190,£1000,1-000
5) 01-+-1,-1111, 00000, 80000

&) ay--1,01001,0071 10, 10000
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