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Abstract: We show that the necessary conditions
A=0 (mod |G)),
Alw—-1)=0 {mod 2),

Ao I)—[O (mod 6) for |G| odd,
YO 1= 10 (mod 24)  for |G| even,

are sufficient for the existence of a generalized Bhaskar Rao design GBRD{w, b, 1, 3, 1;G) for the
elementary abelian group G, of each order |G|.
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1. lntrod_uction

For the definitions and notations used in this paper we rcfer the reader to Lam
and Seberry (1984). Since the underlying structure for a GBRD(v,3,4;G) is a
BI1BD(v, 3, 1) we¢ have the following necessary conditions for existence:

A=0 (mod |G), 1.1)
A{v—1)=0 (mod 2), . (1.2)
Av(v—1)=0 (mod 6). (1.3)

In Lam and Seberry (1984) the extra condition
jGl=0(mod 2) = b=0 {mod 4) (1.4

was éstablished. _
We also use the notation EA(H)=EA(J]]., pj*) for the elementary abelian
group Z, XZ, X XZy X+ XZ, XZ, X+ X Z, where Z, occurs r; times with

[I;_, p/" the prime decomposition of the order of the group H.
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In this paper we establish that the necessary conditions are sufficient for the
existence of a GBRD(y, 3, L;EA(H)).
Lam and Seberry (1984), building on the results of Seberry (1982, 1984), proved:

Theorem 1.1, The necessary conditions (1,1)-(1.4) are sufficient for the existence
of @ GBRIXv, 3, 1;G) when
@) |G| is odd,
Gi) G=25,
(iii) G=Z;x H where 31 |H| and r=1.

In this paper we establish existence for the remaining group orders.

2. Existence of GBRD on Z,x Z,

Theorem 2.1. The necessary conditions
A=0 (mod 6),
Ap(v—1)=0 (mod 24)
are sufficient for the existence of @ GBRD(1,3,1;Z, < Z,).
Proof. From Section 1 these are clearly necessary conditions: in the case =6

(mod 12) they become p{v — 1)=0 (mod 4) and for 4 =0 (mod 12) there is no condi-
tion on p. Hence we consider these cases separately,

Case 1+ L =6. The necessary condition becomes p(v—1)=0 (mod 4). We first
establish the existence of GBRD(u,3,6;Zs=2Z,xZ;) for veK|=1{4,589,12}.
Using 0, 1,2,3,4,5 for the elements, additively, of Z; we have that
800000 €O O
D4= 01 2 3 4 5 o 00
o 2 1 . . 3 4 5 3% 2 4
321 5 40153
is a GBRD(4,3,6;Z,). The initial blocks developed as

DS = {(00! 109 21): (OUs 12_) 25)& (009 149 34)5 (009 15! 32)} (mOd 53 zﬁ):

Dy =10y, 19, 210 (O, 124 25), 0g 14, 34), (O, 15, 35), (05, 22, 40); (200, 11, 42),
(004, 13, 4p), (00, 14, 55)} (mod 7, Z),

DIZ = {(0(]’ 11’ 103)} (OO’ 21! 93)! (001 311 83): (0(): 4], 73)! (OO! 103 55); (005 40} 54)9
(05, 34, 59). (0y. 30, 43), (0g, 15, 35), (900, 05, 25), (200, Oy, 34

(000, 02, 53)} (ITlOd 1 l N Z{,),
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give the required designs for u=35,8,12. A GBRD(9, 3, 6;Z4) with a subdesign on 4
points is

-~ ' -~
eeeeep
eeeee
Dy
& e g g
e eegeer
Dy= | x5 xs xs xs
5 ¥y s X5 X s
y ¥ ys ¥ 5 tx |0
! x { x r oy ¥ ¢
g it y y oty 1 J
where
e=1(0,0,0),
x=(0,1,2), 5s=(3,4,3), y=(0,2,1} =(3,54,
50 that

Xy =051, x-t'=(3249),
s-t'=(051), sy '=3249.

Now using Theorem 2.2 of Lam and Seberry (1984) with Hanani’s theorem (Hall
(1967}, Lemma 15,5.1) we only need to establish the existence of GBRID(v, 3, 6;Z,)
forveK) = {4,5,8,9, 12} to establish the existence of all GBRD(x, 3, 6;Z,) for u=0
or 1 (mod 4), u=4. Thus we have all these designs and by taking f copies (¢ odd)
we have GBRD(y, 3,6¢;7Z¢) for all 1 =6 (med 12).

Case 2: A =12, There are now no neces'sary conditions on v. We observe that if
v=2p+1, p a positive integer, then GBRD(2p+ 1,3,12;Z,) are obtained by
developing the blocks {modulo 2p+ 1, Z,)

(0{};1;]92;04'1'"1.4), I'Zl,...,Zp,
{00:j112p+1_jl), (005j2=2p+1_j2,): jzl,...,p.

For v=2p+2, p=2 integer, a GBRD(2p + 2,3, 12;25) can be obtained by develop-
ing the following blocks (modulo 2p + 1, Zy):

Onin2p+1-iy), i=3,....2p

O s 20 +1—41)s O i 20+ 1 =2}, =L ..,p,
(000, 0, 2p — 13}, (009, (4, 2p— 3,), (909,05, 2p),
(200: 01, 2p— 15), (000, 0y, 13}, (004, 04, 25).

The case for u=4 is obtained by taking two copies of the GBRID{4, 3, 6;7Z;) given in
case I above,
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Hence we have constructed a GBRD(u, 3,12;7;) for every v, Taking ¢ copies
gives us GBRD(,3,12¢;7;) for every A=12t=0 {mod 12). Hence we have the
theorem. |1

3. Exisience of GBRD on Z, xZ;x Z,

Theorem 3.1. The necessary condition A =0 (mod 12) is sufficient for the existence
of a GBRIXv, 2,12¢;EA(12)).

Proof. For the group G=EA{12} the only necessary condition for the existence of
a GBRDg(v,3,4) is that =0 (mod 12).

To establish existence we use Theorem 2.2 of Lam and Seberry (1984) with
Hanani’s theorem (Hall (1967), [.emma 15.5.2). Thus we must establish the ex-
istence of GBRD(u,3, 12;EA(12) for Uer:{d, 56,7,8910,11,12, 14,15,18, 19,
22,23} to establish existence for all v=4.

From Lam and Seberry (1984) we sce that GBRD(v, 3,4, ;75X Z,), say A, exists
for b=0,1 (mod 3). Writing W=(w,) for

W=[1 o o, (3.1)

the generalized Hadamard matrix GH(3, Z;), we have, replacing every A, of 4 by
the vector of ordered pairs [(A;, wi), (A, Wi, (Ay, wa)l, the required design,
Hence we have the existence of GBRD(v, 3, 12;7, x Z, X Z3} for 1=4,6,7,9,10,12,
15,18,19,22.

Similarly, from Seberry (1982), we have a GRRD(y, 3, 3;Z,) for all odd u. Thus,
combining these designs with three rows of

e e e ¢
o | @ b ab . di=bl=e ab=ba (3.2)
e b ab a

e ab a b

the generalized Hadamard matrix GH(4,Z,x Z,}, we have the existence of
GBRD(v, 3,12, EA(12)) for all odd v and in particular for =35, 11 and 23.

A GBRIXE, 3,12;EA(12)) is constructed by the use of Theorem 2.2 with the
GBRD{8,4,3;Z;) obtained by developing the initial blocks (o), 1},2,4,,} and
0,1,,2,,4,) (mod 7, Z;), and the GBRD(4,3,4;7,X Z,)

e £ ¢ e e e

b oab . . e
¢ “ ¢ € , a*=b’=e, ab=ba.
e b . . a ab a b

e ab b a B ab
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A GBRD(14,3, 12;EA(12)) is obtained by developing the following initial blocks
(modulo 13, EA(12)): .

O in 13 =il O g 13 —ia), (04,0, 13—46,), i=1,...,6,
0nin13-i,) i=3456,

(01, 11, 124), (01, 1o 12007 )s (91 20p050 gy )s

(01,04 1), (904,0,,2,24,), (%1,0p,2, 1),

where ¢*°=62=w> =1 and all elements commute.

Thus a GBRD(u, 3, 12;EA(12)) exists for all uer and hence, for all v. GBRD
for A =12t are obtained by taking ¢ copies of the design for A=12, giving the
result. [

4. Existence of GBRD on Z; X Z,xZ, X Z;

Theorem 4.1. The necessary condition A=0{mod 24), is sufficient for the existence
of GBRD(v, 3,241;EA(24)).

Proof. For the group EA(24) the only necessary condition is A =0 (mod 24). Hence,
as in the previous section, it is only necessary to establish the existence of
GBRD(1, 3, 24:EA(24)) for ve K.

From Seberry (1982) a GBRD(v, 3, 3;Z) exists for all odd v and so we use these
designs with three rows of the generalized Hadamard matrix GH(3, Z3y=
GBRD(3,3,8;2Z, x Z, %X Z;), say

e e £ 4 4 e e 4
e a b ab ¢ ac be abc|, @ =bi=¢l=e, 4.1)

e b bc c agc abc ab @

where the elements commute, in Theorem 2.2 of Lam and Seberry (1984) to obtain
GBRD(w, 3,24;EA(24)) for all odd u.

From Theorem 2.1 a GBRD{w, 3, 6;Z;) exists for ©=0,1,4,5,8,9 (mod 12} and so
may be used with three rows of (4.2), the GH(4, ZH=GBRD(3,3,4,Z,x Z,) in
Theorem 2.2 of Lam and Seberry (1984) to obtain GBRD(x, 3, 24;EA(24)) for these
u and in particular for ue{4,8,12}. From Lam and Seberry (1984) we see a
GBRD{14,3,8;Z, X Zy X Z,) exists for u(u—1)=0 (mod 3): these designs may be
used with (3.1), the GH(3, Z;)=GBRD(3,3,3;Z;) in Theorem 2.2 of Lam and
Seberry (1984) to obtain GBRD(i, 3,24) for these u including € {6, 10,18,22}.

There exists a GBRD(13, 3,24;EA(24)). It is obtained by developing the following
blocks modulo 13:

(Ol,iw, 13_1‘&;): (Olyfawvl:}_ib{u)J (01, ibw913_fcw)’ (Olviacw’ 13_10(0)-‘
(Ol’iac(gz! 13 _“;abcwz)» (Ol;ibcws 13_fabcm), (015 Eabw! 13- E!J-':c::;):

O, i 13— i) i=1,2,3,4,5,6.
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A GBRIX14, 3,24;EA(24)} can be obtained by developing the same blocks modulo
13 except that the last initial block, (0,13 ~ipe), i=1,2,...,6, shouid be
replaced by

(01, 5¢000 Bupis s (01 Decor T

(21, 04 1a)s (01, 05 2pey )s (201,046, 345Dy (9015 0p2y 4 )s
(901,01, Labew?)s (9015 Ogperdcat)s (90150 35D (9945 Opeeys Aaciy )
(1,005 208000 )s (21,002 4apewth (901, Oapeas Bces)s (901, 00 B )y

which should also be developed modulo 13.

Hence a GBRD{(v, 3, 24;EA(24)) exists for all v er and hence, as in the proof of
Theorem 3.1 for all v. GBRD for 1=24¢ are obtained by taking ¢ copies of the
design for A =12 giving the result. Ll

5. Existence of Bhaskar Rao designs with block size three

Theovem 5.1. The necessary conditions (1.1)-(1.4) are sufficient for the existence
of a generalized Bhaskar Rao design GBRD(, 3, 1;G) on the elementary abelian
group G for every order |G|.

Proof. From Theorem 1.1 it is merely necessary to consider the cases G=Zj5 X H,
r=1 where 3! |H|. We have three basic cases:

(i} |G| =6p, p odd, with necessary condition pv(v—1)=0 (mod 4),

(ii} |G| =12p, p odd, with no condition on v,

(iii) |G| =24p, p odd, with no condition on v.

We use Theorems 2.1, 3.1 and 4.1 respectively to obtain the design for |G| =6,
12 and 24 and makes repeated nse of theorem 2.2 of Lam and Seberry (1984) to ob-
tain the result. For orders 2°p, s=4, use |Gl=12 or 24 and repeated usc of
GBRD(3,3,4;Z, x Z,) according as s is even or odd. [

6. Apvplication

Proceeding as in Lam and Seberry (1984} and Seberry (1982, 1984) we now have:

Theorem 6.1. Whenever A=0 (mod g), A(u—1)=0 (mod 2), Av(v— 1)=0 (mod 6)
for g odd or Av{u—1)=0 (mod 24} for g even there exists a regular group divisible
design with parameters (vg, bg, r,3, A, =0,1,=A/g, m=pv,n=g).
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