Proceedings of the Seminar dn

Gombmatorms and Applmatmns

in hanour of Prof, §, §, Shrilkhande on his 65th birthday
Indign Statisitcal Institute .

December 14—17, 1982, pp. 311-318.
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ABSTRACT. We show that Bhaskar Rao deaigns of type BRD(v, b, 7, 4, 8) exist for
# = 0, 1 {mnod §) and of type BRD(v, b, r, 4, 12) exist for all v > 4.

Let A, B and A-}B be v x b matrices with entries 0,1, Then X = 4—B
i said to be a Bhaskar Rao design with parameters BRD(v, b, r, k£, 1) when
the following matrix equations are satisfied :

XXt =4I e ()
(A+BY(d+BY = (r—N)I+AJ e ()
J(A+4B) = kJ. v {3)

X is a vXb matrix with entries 0, +1, —1 with row inner product zero
and which, when the —1 elements are replaced by +1, becomes the incidence
matrix of a BIBD(#, b, 7, k, A). For example the following matrix is a
BRD(S, 15, 10, 4, 6) :

Example 1 : There exists a BRD(S6, 15, 10, 4, 6). Write—for —1

't 1 1 1 1 1 1 1 1 1 06 06 0 0 90
i 1
‘1 1 1 - - - 9 90 0 0 1 1 1 1 0
1 1 0 1 0 0 - - - 6 1 - - 0 1
1 0 - 0 - 0 1 1 06 - - — o 1 1
o 0 1 - 0 - 1 0 - 1 - 0 - - 11
6 1 0 0 1 - 0 1 - — o - 1 - _|

These designs were first studied by Bhaskar Rao [1, 2] and may be used
to obtain group divisible PBIBD with parameters

'3)* = 21}, b* = 2{], ?’* =7, k* = k',
A, =0, Ay = A2 m = 2, 7= 7.
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The necessary conditions for the existence of a BRD(v, b, 7, k, A) are
for k = 4,
Alp—1} = r(k—1)
bk = wr a4
and other restrictions on the par&metferé have been found (see [3, 4]} when
k = 4. They have also been studied by Vyas [8] and Singh [6]. We wuse
the notation BRD{w, k, A} for BRD{v, b, », k, A) as b and r are dependent on
v, k, A.

In this paper we use the following known results (see [7]) restricted ’oo
the group %, :

Theorem 1 : Suppose there exists @ BRD(E, §, Ag) and

(1) a BRD(v, k, Ag4) then there exists o BRD(v, §, Audp);

(i) @ BIBD{v, k, A) then there exists o BRD(v, 5, AAp).

Or, as is obtfained in a similar faghion :

Corollary 2 : Suppose there exists a puirwise balonced design B(K, A, v)
where K == {k,, ..., ke} and ¢ BRD{k, §, u) for each ki e K then there exists a
BED(v, §, Ap).

The next result is a slight improvement on the result of Lam and Seberry
[7] where the existence of k—I mutually orthogonal latin squares was required.
The result may be proved by adjusting the matrix in the proof of the original
theorem. :

Theorem 3 : Suppose there exists & BRD(u, k, A) with o subdesign on w
points (the values w = 0 and 1 are allowed), a BRINv, k, A) and k—2 mulually
orthogonal Latin squares then there exists a BED@@{u—w)+w, k, A) with sub-
designs on u, w ond v points.

Remark 4. In this paper we are interested in the case k= 4, so we
only need a pair of orthogonal latin squares and hence u—w may take on
any value other than 2 or 6.

Hanani's theorem stated on p. 250 of Hall [8] states

Theotem 5 (Hanani): Lef w=10,1 (mod 5) then w e B(Ky 1) wkew
K} = {5, 6, 10, 11, 15, 16, 20, 35, 36, 40, 70, 71, 75, 76}

Remark : We now see that if » =0, 1 (mod 5) and there exists a

BRD(k;, 4, 6) for every k; ¢ K} then we have the existence of a BRD(x, 4, b)
nsing either Theorem 1 or Corollary 2 with Theorem 5.

The main theorem : Tirst we establish ;

Theorem 6 :  Let p > 5, odd, be a prime or prime power. Then there is a
BRD(p, ip(p—1), 2(p—1), 4, 6).
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Proof : Lset ¢ be a generator of the multiplicative group, &, of GF(p).

Consider the initial sets, writing g* for g® with the non-ideniity element of
Z, attached,

Dy = (0. ¢%, g™, g+ where © = 0, 1, ..., {p—3).
The differences from D; are
Ei - {gi, g,H-l, §i+2’ g‘}Ip—-lHi, g'dlip-—li+='+1’ gi(p—-ll+='+2’ gi(g__ 1),
gilgi—1), gl (g—1), g@-DTi(g—. 1), gip-Ditifgl_y),
e (VI

As ¢ runs through 0, 1, ..., §(p—3) the totality of elements from all E; inclading
repetitions is 3 copies of & and 3 copies of G with the non-identity element
attached, that is, '

$#Hp-3) —
§ FE;=3G13G,
i
giving the result.
Theorem 7: A4 BRD(v, 4, 6) exists for v = 0, 1 (mod 5).

Proof : By the remark after Theorem 5 it is merely necessary to show
the existence of a BRD(x, 4, 6} for w ¢ K. These are obtained as given in
Table 1 by developing the indicated initial blocks. First we exhibit a
BRD(S, 4, 6) :

Bxample 2 : There is a BRD(S, 28, 14, 4, 6).

_“1100 111 111 111 111 600 D00 000 000
i100

1100 I I —~I -~ J-I B B B

1100

0011

0011 B I I —B B J-I I I
0011 |
0011 000 -~~~ 111 000 000 000 ——— 111

aa-40
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01 - 1 0 0
B=|- 0 1], I=10 10
I -0 0 0 1
TABLE 1.
treatments construstion
b FPrime, Theorem 6.
6 Example 1.
7 Prime, Theorem 6.
-4 Exzample 2.
9 Theorem 6.
10 {0, 0,2, 4}, (0,0,1,3), (0,1,2,5), (0,23,6), (0,1, 2,5 mod 9.
11 Prirae, Theorem 6.
15 Form a BRD {7, 4, 2) by developing (0, 1,2, 4) mod 7. TUse this BRD with
& BIBD (15,7, 3) in Theorem 1 {ii).
16 {©0,0,2,8), (2,0,3,8, 0457, 450 (0,67 I 0,15 7,
0,2.3,9, (0,1,8,6) mod 15;
20 {®,0,2,6), (e,0,13,18), {§,3,511), (0, 3,‘1'6, 18), (0,4,8,12), (D, 5
12, 13), (0, 25+8, 2840, 274a), 5 ¢ (1,2, 3, 4), mod 19;
35 35 = b7, Theorem 3.
36 36 = 5(8—1)+-1, Theorem 2.
40 40} = 8 x5, Thecrem 3.
70 70 = 7 x10, Theorem 3.
ql Prime, Theorem 6.
75 78 = 6 x 15, Theorem 3.

76 76 = 15(6—1)--1, Theorem 3.

Before we proceed to the case A == 12 we establish the existence of a
few more BRD(v, 4, 6) :

Theorem 8 : There exist BRD(v, 4, 6) for v ¢ {12, 14, 18, 22, 24, 32, 33, 38).
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Proof : Use Table 2 developing the initial blocks indicated.

TABLE 2
- nurnber of .
treaiments . . construction
12 (@,0,3,8), (0,0,47), 3 45,9, (1,3,45), 1,348, (13,49 mod
il1; .
14 (0,0,1,%), (,0,2,5), (0,2,4,8), (0,2,3,7, (0,1,2,6), (0,1,5,8), {0,
1,47 mod 13;
18 (c0,0,8,4), (20,57, @ 1,58, (0,8 5,13), {0, 56,8 6, 5% gee
64+2), a € {2, 3, 4,6}, mod 17;
22 (0,0,2,8), (,0,9,10), (0,6,7,18), (0,4,6,14), (1,3, 109, (5,14, 9),
{0,2,5,12), (0, 4,8, 15}, (0,2,3,8), (0,1,3,186), (0,3, 7, 16}, mod 21;
24 (00,0,4,12), (0, 0, 4,103, 0, 1, 2, 5,), (0, 2,5, 10), 0, 2, 4, 10), (0,3, 7, 10),
(0, 59, 5a+1, 50+3), ag{b, 6,7, 8, 10}, mod 23;
32  (0,0,2,6), (%,0,1,9), ®,3,4,18), (0,1,6,14), (0,3,7,9), (0,9, 12,27),
{0, 33, 3341, 3042), 5 ¢ {2,4,5,7,5,10, .., 14}, mod 31 ;
33 33 = 8(5—1)-t1, Theorem 3.
38 {(0,0,2,12), (e0,0,1,17), (0,4,17,33), (0,10,12,13), (0,3,8,16) (0, 4,

11,12), (0, 20, 2043, 2842}, 4 ¢ (1,4,5,7, 8, 9, 11, .., 17}, mod »37.

We use Hanani’s theorem quoted from Hall [8, p. 248] to establish the
result for BRD{v, 4, 12).

Theorem 9 (Hanani) : ZLet u > 4 then u ¢ B(KZ, 1) where
K} =1{4,56,789, 10,11, 12 14, 15, 18, 19, 22, 28}.
Now we can show
Theorem 10: A BRD(v, 4, 12) exists for all v > 4
Progf :  We note any four distinct rows of an Hadamard matrix of order

12 gives the resilt for v = 4. Thus, just as in the remark after Theorem 5,
it i3 merely necessary to show the existence of a BRD{x, 4, 12} for u ¢ K3.

Taking two copies of the BRD(x, 4, 6) given above gives the result
immediately.
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