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Bhaskar Rao designs with elements 0,+1 have been studied by a number of
authors including Bhaskar Rao (1966,1970), Singh (1982), Sinha (1978), Street
(1981), Street and Rodger (1980), Vyas (1982) and Seberry (1978). Bhaskar Rao
{1966) used thesc designs to construct partially balanced designs and this was
improved by Street and Rodger (1980). In this paper we show the necessary con-
ditions are sufficient for Bhaskar Rac designs with one association class when £ =3.

1. Preliminaries

For the definitions of regular group divisible designs, partially balanced in-
complete block designs and mutually orthogonal latin squares we refer the reader
to Raghavarao (1970).

Suppose X =A — B, where 4 and B are v x b (0, 1) matrices, and the Hadamard
product of A and B, A*B, is zero. Then X is a Bhaskar Rao design or BRD, if

G XXT=rI+ Y7 ¢B,

* This paper was partly written while visiting the Department of Statistics, University of Indore,
Indore.
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(il) N=A+ B satisfies NNT=rl+ ¥  1;B; (that is, N is the incidence matrix of
a PBIBD{m)). .

Such a matrix will be denoted by BRD(v, b, r,k; A1, ..., A, €1y .oy Oy [0 this
paper we shall only be concerned with ¢=0, m=1 and B;=J—17 in this case N is
the incidence matrix of a PBIBD(1) that is a BIBD. So the equations become

Q) XXT=r1,

(i) NNT=@F—DI+ A1),
and X is a BRD(u, b, r, k; A). Since A{v —1)=r{k— 1) and bk =ur we sometimes use
the notation BRD(v, k, 1).

These designs have been considered by several authors. They are a generalization
of weighing matrices (Geramita and Seberry (1979)) and useful in the construction
of PBIBD.

First we give a necessary condition which is slightly stronger than that given in

~Bhaskar Rao (1970) and less comprehensive than that given in Street and Rodger
(1980):

Theorem 1. 4 Rhaskar Rao design W=BRD{uv, k, 1) can only exist if the equations
(1) X3+ 305+ 6x;+ - + (k2 — 1)/8)x, = b(k — 1)/8 for k odd,
(i) —xp+ 32+ 8xg4 -+ k*— 4)/4)x, = b(k - 4)/4 for k even,
have integral solutions. In particular for k=3 a Bhaskar Rao design can only exist
if 4|b. For k=4 no restriction is obtained.

Proof. Since W is a BRD, WW T =rI. Suppose the column sum of the i-th column
is s; then (L, ..., )W =(s/,...,5;,) and so

. 2]
(L., DWW,...,0"=Y s*=Q,..., Dl (1,..., )T =vr. 8
i—=1
If &k is odd the column sums can only be +1,£3,..., £k and if & is even the sums
can only be 0, £2, £4, ..., £ &. Hence, if there are x; columns with column sum +7,
we have respectively, using (1),

XI+QX3+25xS+“‘+k2xk=Ur,
for £ odd,
X +Xy X+t x=b
and
Axy + 16, + -+ + Kix=vr,
for k even,
x0+x2+x4+—~+xk=b

giving, since vr=»bk for a BRD
8x; +24x5+ - + (ki — )xp=vr—b=b(k—1) for k 0dd,
(2)
—Axy+ 124+ -+ (kP — Dx = bk — ) for k even.

Hence for k=3 we have 8x;=2b or 4|5 and for k=4 we have x,=3x, as required.
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2. Some replication theorems

We first recall (see Wilson (1974)) that for every order #>3 except 6 there are
twe mutually orthogonal latin squares and for any n=p{'py---pi¥, where p
are distinct primes, the number of mutually orthogenal latin squares is at least
min,(p} - 1).

Mutually orthogonal latin squares may be used to form auxifiary matrices (for
example in Glynn (1978, pp. 168-9), Wallis (1971), Wallis (1973)) in the following
fashion: Let M,, M, ..., M, be n mutually orthogonal latin squares of order 7 on
the symbols x;, x3, ..., Xx,. Define

X Xy o X
M(]: )f] X 'ff ,
xl xz Y x!

so that M, is pairwise orthogonal with AM,,..., M, but M, is not itself a Latin
square. Now define

1 (M) =x,,
M.. =
Mo [O otherwise.

We first observe that each M; is a permutation matrix since for fixed i/, x, occurs
once in each row and column of M;, 1</<k, and My, =1, 1=<j=¢. For fixed ab,

!
Y (M), =number of times the element x, occurs in row & of M;
J=1
=1.
S0

il My;=J, l=a<n. (3)
i
Since each My, 0=7/=n, 1=/j=¢, is a permutation matrix,
ii M Mj=1tI, 0=a=<t (4)
;
Now consider for fixed ¢d

)

f=F

(M }ai M )i

!
=1

= E E (Mcj}ai(Mdj)bf
= ¥ (number of times {the element x, occurs in row { of

=! M.} and {the element x;, occurs in row i of M,})

=1 (since M, and M, are mutually orthogonal).
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Thus we have
ﬁ;} MMy =J, a+b, 0=a, b=t (5)
iz

Matrices which satisfy (3), (4), (5), are auxiliary matrices.

Example 1. Let

orom R

M]z L] .M3z

b
a
d » My=
[ 44

P
o Ry
TR
oM o
I~ S
LT~ T = W
LR -
[~ W
R n
oo R OR,

[
be three mutually orthogenal latin squares of order 4 on the symbols x, =4, x; =5,
x3=c¢, xy=d. Define M, 1=i<k, by
1 (M)b =Xy
(ij)ab:{ o . iy
0 otherwise.
So M;, 0si=3 and 1=/=<4 can be writien

1 1 1 1

1 1 1 1

Theorem 2. Suppose there are Bhaskar Rao designs with parameters
BRD(v, b, 1, k; 1) and BRD{(w, a, 5, k; A). Further suppose there are k—1 mutually
orthogonal latin squares of order u then there is ¢ Bhaskar Rao design with
parameters BRD(uv, bu®+ au, ur +5,k; 1).

Proof. Form the auxiliary matrices M, i=1,...,k—1, j=L...,u, from the
mutually orthogonal latin squares. Write
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Write A for the BRD(v, b, 1, &; A) and B for the BRI}, a, 5, k; A). We now form D,
i=1,...,u, by replacing the first non-zero element in each column of 4 by * the
first element (F) in the i-th column of C, the second non-zero element in each column
of A by + the second element (M/;) in the /-th column of ..., the k-th non-zero
element in each column of 4 by + the k-th element (M, _, ;} in the i-th column of
C=in each case according as the element replaced is +1. We now claim the matrix

E=[BOBD--@B:D:Dy: 1D ]
-

t Ccopies

is a BRD(uv, bu* + av, ur + s, k; A).

It is easy to check the first four parameters for E are correct, Also, replacing all
-1 in B by 1, it is easy to check that A is the inner product. It only remains to show
that in £ the inner product of each pair of rows is zero in the F=[D,: D, : .-- 1 [},]
part of E. We see that column £ and rows g and 2 of D; will contribute, when
taken over i=1,...,u, exactly J or —J according as the contribution from A4 is +1
or —1. Hence, since the rows of A arc orthogonal, the rows of F will be orthogonal
and we have the result.

Example 2. We use the BRD{4, 3,2} for both designs, 4 and B of the theorem to
from a BRD(16,3,2). Hence

0 l

i
1 - 0

1
0

[ —
O

With M, M, i=1,2,3,4 as in Example 1,

I I I I
C=y M, My M3 M,
My, My My My

and hence
0 ! I T
' M; -M; 0 My,
My, My, My 0
50

[ADARABA D, : Dy Dy Dy

is the requnired matrix.

We now give a number of important construction results:



74 J. Seberry / Regulgr group divisible and Bhaskar Ran designs

Theorem 3. Suppose there exists ¢ BRD(v, b, 1, k; 1), B, and a BRD(u, g, 5,k; 1), A.
Further suppose there exist zk — 1 mutually orthogonal latin squares of order u—1.
Then there exists @ BRD{(v(u— 1)+ 1, b{u — 1)* + av, vs, k; A).

Proof. Write

where x is the first row of A. Form the auxiliary matrices M;, i=1,...,k— 1,
j=1,...,u—1, of size y—1 from the mutually orthogonal latin squares. Write

I I .. 7
C= M;'u M, Ml,.u—l
My 0 Me_y2 o Moy

We now form D,, i=1,...,4—1, by replacing the first non-zero element in each
column of B by + the first element (F) in the /-th column of C, the second non-zero
element in each colunm of B by + the second element (M) in the i-th column of
C,...,the k-th non-zero element in each column of B by =+ the A-th element
(M;_ ;) in the i-th column of C, = in each case according as the element replaced
as +1.

We now claim

0o o0 - 0 >
Dy D, - Dy,

X X X
(E@E@...@E
—

b comes

is a BRD(u(u — 1)+ 1, b(u — 1)* + av, vs, &, 1).

Example 3. We use the BRD(4, 3, 2),
I

1
1 - 0

1
0

[ =
2 b

for both designs of the theorem to form a BRD(13,3,2). Suitable My, 4 j=1,2,3,

[1 ¢ 07 ¢ 1 0
My=My=|0 1 0, Mp=Mu=|0¢ 0 11,
00 1] 10 0
[0 0 1
Ml3=M22— 1 0 0
0 1 0]




and

Hence

and

So

whoere
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I ! I
C=| M, M, Mpj
My My My,
C 0 I I I )
I 0 M -My

D2_
My, —Mp 0 My,
\ My My —My 0
"0 I I 7
D f ] My —Mi
3=
My -M; 0 My,
My My, —My 0
-~ -
o 1 1 1 0 1 1 1 01 1 1 0 1 1 1 c o--0
1 0 1 -
1 - 1
1 1 - o
1 0 1 -
1 - 0 1
1 1 - 0
1o 1 - Dy D, Dy
1T - 4 1
1 1 — 0
1 0 1 -
1 - 0 1
g 11 - o )

¥
—
|

<

is the required matrix.

75

Theorem 4. Suppose we have a BIBD(v, b, r, &, A) and a BRDU(K, a, 5, f, u). Then there
exists ¢ BRD(v, ab, rs, J; Au).

Proof. Let B be the BIBD and W the BRD. Replace the j-th non-zero element of
each column of B by the j-th row of W to obtain the result.
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Corollary 5. Suppose p=1 or 4 (mod 12) then there exists a BRD(y, 3, 2). Suppose
v=1 (mod 3) then there exists a BRD(1,3,4).

Proof. In the theorem we let the BRD be the BRD{4, 3, 2). Now by the theorems of
Hanani (see Hall (1967)) a BIBD(v, v{v - 1)/12, (v — 1)/3,4,1) exists whenever p=1
or 4 (mod 12} and a BIBD(y, u(u — 1)/6, 2(v — 1}/3, 4, 2} exists whenever v=1 ({mod 3),
The results now follow by using the theorem.

Theorem 6. Suppose there exists a BRD(v, b, r, k; 4t), 4t is the order of an Hadamard
matrix and there exist k— 1 mutually orthogonal latin squares of order k. Then there
exists ¢ BRD{ku, 4fv + kzb, kr+4s k40,

Proof. We form auxiliary matrices of order k, M, and the matrices
DIDDZS“"Dk

as in the proofs of earlier theorems. Let £ be the & X 4¢ matrix obtained from the
first & rows of an Hadamard matrix. Then [E@E@---@E,impielel Dy D s
the required matrix.

Corollary 7. Suppose there exists a BRD(uv, b, r.k;4) then there exists @
BRD(kb, 40+ k2b, kr + 4, k; 4) whenever k is a prime power.

A generalized Hadamard matrix H=GH{g, ) is a matrix of order g with
clements from an abelian gronp G with the property that if a=(a,...,4,) and
b=(b,,...,b,) are any two distinct rows of H then f=, a;b7' =G, that is the
totality of elements a‘-bf', i=1,...,g, is A copies of the group G. Such matrices
have been studied by a number of authors, e.g. Butson (1962), Drake (1979),
Seberry (1980), Street (1979).

The next theorem was discovered after conversations with Mr, Dinesh G. Sarvate

which led to a generalization of a previous result.

Theorem 8. Suppose v=1 or 3 (mod6). Suppose there exist three rows of a
GH(2r, Fx Z;)=G, \F'i=r. Further suppose there exists «a BRD(2pr, 3,2) =B where
P is odd, Then there éxists « BRD(2pry, 3,2).

Proof. For v=1 or 3 (mod 6), by Steiner’s Theorem there exists a BIBD(y, v{v — 1)/6,
(v—1}/3,3, )=A.

We define m-n°, m=(m,....,m;), n=(n,...,n;), by {m;nf]: i=1,...,8},
where the inverse is in the group upon which the elements are defined.

Write

1

& é a:(aly--nar}’
G: iT b N b:(bl!""br)’
& —c¢ C=(Cpy.esC)y
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for the first three rows of the GH(2r, F X Z,} where |F|=r and Z,={1,—1} the
cyclic group of order 2, Then

U (G,'Ubf): U (_I'JI'U _b;): U (f.’;'U—C‘:)-:a . C_lub . _C_l :FXZQ.
i=1 i—1 i-1

Now let w, x, », z be the vectors (1,2, ..., 0, (p+ L, p+2,...,200(p.p—1,...,2,1),
and (2p,2p—1, ..., p+ 1), podd, respectively. Then with the inverse in the additive
cyclic group of order2p, we have

w-y '=x-z7'={p+1,p+3,...,p— 1} =evens,

w.z_] =x-y_1={l,2,...,2p-- 1}=0dd5.

Hence, writing H={1,2,...,2p} we have

H=w-y 'Wx-yl=w z7'Ux-z7

Define
2,8 €6f 6 ec
M=|aw bw -ax -bx|=(my
&Ly —6zI —6)y 612

where e, & represents pr copies of the unit element of Hx{(FxZ;) and, for
example, b x is the vector (by,x),(bs, X), ..., (b, X) or (b, p+1{(b,p+2), ...,
(b,2p) (by, p+ 1),....(b,,2p), that is pr elements of the group H X (F X Z;). We
observe that if p=(p,..., Py} and g={g,,...,q,,,) are two distinct rows of M
then p- g~ =HX(FxZ,).

We now form N from M by ensuring the elements of Z, in M are written as +1,
so that the inner product p*- g* ! of two distinct rows of N is 0.

We form a new matrices Ci,...,C,,, from A by replacing the j-th non-zero
element in each column of 4 by m; to obtain C;. We now replace each element
of Cy,...,Cyy by its 2pr X2pr matrix representation to form (G, 1, —1) matrices
Dy, ..., Dy,

Then with B=BRD{2pr, 3,2)

(B®B® - @®B®B|[D, - D,,,)
L A

™
U copies

is the required matrix.

Example 4. Let w=(1,2,3), x=(456), y=(3,2,1), 2=(6,54). So w-y'=
x-z27'={4,6,2) and w-z7'=x-y7 ' ={1,3,5}. Now

e e e ¢ e e e e
G=|¢e a & abl=|e —-e b b
e b oab g e b -b -e

are the first three rows of GH{4, Z,x Z,), r=2. We now define the matrix M of
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size 3x4pr (3x 24 here) by, M=[E F]=(my),

gl &1 ¢l ¢l gl ¢l gl gl el gi el g1

E= (e,l 62 g3 al &2 a3 bl b2 bI abl ab2 ab,S), )
el g2 el B3 B2 b1 abbt abl5 abd a6 a5 a4d
el gl el el &l g1 gl ¢} €1 gl el el

F=]| e4 &3 e6 a4 & a6t b4 b5 bho6 abd abl abb ],
ab,3 ab2 abl a3 a2 al eb &5 g4 b6 b5 b4

Now the j-th non-zero element of A is replaced by m; to form C.
We replace the elements of C; by their matrix representations:

=T, j-T,

_ D o D
o= R = R
[= =R i = ]
[ = s S = 0 =]
v R e B s Y s T e
[ - P = I =]

50

ab,4—>—(? (l))x T etc.,

giving matrices D, ..., Dy with 2prv=12v rows.
Now, with B=BRD{(12,3,2),

[, X B|Dy --- Dy]

is the required matrix.

Corollary 9. Suppose v=1 or 3 (mod 6). There exist three rows of ¢ GH(2r, F X Z,)
Jor r=276,10. There exist BRD(2pr,3,2) for 2pr=4,16,12,24 (Singh (1982)).
Hence there exist

BRD{4v,3,2), BRIX12153,2), BRD{(24p,3,2), BRD(161,3,2),

thus we have BRD(,3,2) for u=4 or 12 (mod 24), 16 or 48 (mod 96), 12 or 36
(mod 72}, 24 or 72 (mod 144).

Corollary 10. There exist BRD(i, 3,2) for all u=0 (mod 12}.

Proof. The existence result follows 10, 48, 96, 120 (mod 144) from the previous
corollary. Also from the previous corollary the existence of BRD(u, 3,2) for u=48
(mod 96) gives the result for #=240 (mod 288). Now BRD(12,3,2), BRD(24,3,2)
and BRD(12:+4,3,2) exist for ¢ integer, so by Theorem 3 we have
BRDX{144: + 48,3,2) and BRD{288¢+4 96,3,2) giving the result for w=0,120
(mod 144). We now observe that three rows of a GH(2% F X Z,), s=2, can always
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be found. Now ail BRD(2°p=12¢+4,3,2), p odd exist, that is every
BRD(24s + 16,3, 2) exists. We have with v=13 that every BRD(x, 3,2) with #=48
{mod 72) exists, giving the result for ¥=120 (mod 144). The result for u=0
{mod 144} follows by induction after first observing that a BRD(12, 3, 2) exists.

Theorem 11. There exist BRD(w, 3,2) for all u=9 (mod 12).

We use § to represent the matrix T of order 2n+ 1, n odd and — for the zero
matrix. The notation @b is used for T+ T2 a b for ~T°+7T? and a6 for
T T,

Let

C=lx, X, ¥\ Y2 Z; Z)]
where

L2r 22n—1 3,2n-2 42n-3 - n,n+l>

L2r 2201 3,2r~2 42n-3 - mna+l
X2=< i 1 1 1 e 1 )

1.2r 2,2n -1 320-2 4,27-3 - mn+l
X2=(l 1 1 11 )

when n=1 (mod 4) (note the signs occur in pairs),

Y, = L2Zn 2,2n—1 32n-2 425-3 - mn+l
n n b

Y,= 1,27 2,28-1 3,2a-2 42n-3 - ,
n+1 n+1 n+1 n+1l .-

when n=3 (mod 4) and

Y, = L2r 2,Zn-1 3.2n-2 4,2n-3 - E_+
H " N

Y,= 1,20 227-1 32n—2 4.2n-3 - n,n+l
N " i

when n=1 (mod 4) (again the signs occur in pairs).
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We use the following notation to describe the vectors we use:

—w;=(i+LIn—i +2.2n—1—1 i+3,3n-2—1 i+42n-3-1),

50

wy=(+1L2n+1-i i+2,2n—1—4 i+3,2n—2—§ i+4.2n-3~i),

—u;=(L,2n—i+1 i+L2n—1 i+2.2r—1—i i+32n-2-1),

—u;=(i2n-i+1

—ti=(L2n—i+1 i+1,2n—i I+2,2n—1—i i+3,2n-2-i).

i+L,2n = 1+2,2n-1-i i+3,2n-2-1i),

The last row of Z=2,Z, when n=3 (mod 4) follows the pattern

Zit [L2r —wy ows —wy - a—La+2 an+l], n=7 (mod8),
Zy: [L2n —w ws —wy - n—Latv2 an+l}, nr=3 (mod 8),
Zy: [LZn 2301 3,212 -ty &5 -t - —1,_3], n=7 (mod 8,
Zyt [L2r 2,251 320-2 -1, 3 -t = ty_3], N=3 (mod8),

where there are basic repetitions four at a time. The last row of Z=2Z,Z, when

n=1 (mod 4} follows the pattern

Z:: l-u, us -5 - mnav1], n=1 (modS8),
Zy: [-u wg -ug - mn+1], n=35 (mod8),
Zo: [-v, vg —by - mn+1]l, n=1 {mod§),
Zyt [-v, v —vy -~ mni1], #=35 (mod8).

where there are basic repetitions four at a time. Now

A+l a+l - n+l A-1 n—1--
Zl=< — e — ) and ZZ=( _ e
last row of Z; last row of Z,

)

It is now possible to check that € is a BRD(3(2n+ 1), 3,2) for n odd. That is we

have constructed BRD(1, 3,2} for u=9 (mod 12).

3. General results on BRD

Theorem 12, The condition (v — 1)y=0 (mod 12) is necessary and sufficient for the

existence of @ BRD(v, 3,2) with one association clgss.

Proof. The necessary conditions for the existence of a BIBD(p, p{v —1)/3,v-1,3,2)
require that p{v—1)/3 is an integer, and that the number of blocks for a BRD is
divisible by 4 gives us v(v - 1)=0 (mod 12) is a necessary condition.

Corollary 5 gives the existence result for v=1 or 4 (mod 12), Corollary 10 gives
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the result for v=0 (mod 12) and Theorem 11 gives the result for p=9 (mod 12).

Theorem 13. The condition v{v— 1)=0 (mod 3) is necessary and sufficient for the
existence of @ BRD(p, 3,4) with one association class.

Proof. The necessary conditions for the existence of a BIBD require that 2v(v— 1}/3
must be an integer. Hence v(u—1}=0 (mod 3) is a necessary condition. Now the
number of blocks must be divisible by 4 for a BRD but this is clearly satisfied if
2u(p —1)/3 is integral.

From Corollary 5 we have that BRD(y, 3, 4} exist whenever v=1 {(mod 3).

A result of Street and Rodger (1980) shows that a BRD(v, 3, 4) can always be ob-
tained from a BIBD{v, v(v — 1)/6, (v —1)/2,3,1). Hence we have the result for v=1
or 3 (mod 6).

We use Corollary 7 with & =3 to see that since every design wih 67 + 4 treatments
exists then every design 3(67+4) treatments exists. That is we have the result for
v =12 or 30 (mod 36). The fact that every BRD with 61+ 1, 6¢+ 3 or 6 + 4 treatments
exists can be used in Theorem 2 with the BRD(6, 20, 10, 3, 4) of Vyas (1982) to obtain
the result for v=6, 18 or 24 (mod 36). Finally we see that if every design with 64,
treatments exists for #,< ¢ then Theorem 2 can be used with BRD with v=6 to ob-
tain the result for v =0 (mod 36). This completes the proof.

Theorem 14, The condition v(v— 1)=0 (mod 4) is necessary and sufficient for the
existence of @ BRIXv, 3, 6) with one association class.

Proof. The condition that the number of blocks is divisible by 4 gives the necessary
condition that v(v —1)=0 {mod 4). Now by a Theorem of Hanani all BIBD exist
with k=4, and in particular all BIBD{v, v(v—1)/4,0—1,4,3) exist whenever
v(v—1)=0 (mod 4). We use these BIBDs with the BRD(4, 3,2) in Theorem 4 to ob-
tain the result.

Together these results give us:

Theorem 15. The conditions A =0 {mod 2), Av(v ~ 1) =0 (mod 24) are necessary and
sufficient for the existence of a BRD(v, 3, /) with one association class.

Proof. The only case not considered is for 12 i A. Now there exist BIBD{y, v(v — 1)/2,
2(v—1),4,6) for v(v—1)=0 (mod 2). Theorem 4 and the BRD(4, 3,2) can now be
used to get BRD(y, 3, 12).

4. Construction of PBRIBD(2)

We now use the following Theorem given in Street and Rodger (1980) to construct
PBIBD(2).
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Theorem 16. Suppose there exists « BRD(v, k, A). Then there exists a regular group
divisible design with two association classes and parameters (2v,2b,r,k,A,=0,
Ay=A/2, m=v, n=2).

Hence we have part of a theorem of Hanani on PBIBD by a different method:

Theorem 17, Suppose Av(v — 1)=0 (mod 12). Thern there exist regular group divisible
designs with two association classes and parameters

2Av(b—1)
3 T

k¥=3, A¥=0, A¥=1, m*=p, n*=2,

u*=2u, b*= r¥=An-1),
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