SOME RE¥ARKS ON THE PERMANENTS CF
CIRCULANT ({,1) MATRICES

Peter Eades, Cheryl E. Praeger and Jennifer R. Seberry

ABSTRACT, Some permapents of circulant (0,1) matrices are
cpmputed. Three methods are used., First, the permanent of
a Kronecker product is computed by directly counting
diagonals. Secondly, Lagrange expansion is used to calculate
a recurrence for a family of sparse circulants. Finally, a
"complement expansion' method is used to calculate a rtecur-

rence for a permanent of a circulant with few zero entries.

Also, a bound on the number of different permanents

of circulant matrices with a given row sum is obtained,

1. Imtroduction.

1A

The permanent of an rxn matrix 4 = (aij)’ 821, §<nl, is

T
(1.1) per {4) = ;Eé 121 25505
n

where Sn denotes the group of permutations on {0,1,...,n-1}.

The problem ¢f computing the permanent of a watrix has a long
history (see Minc [11). In particular, the permanent of a (0,1) matrix
has received much attention because it counts various combinatorial
structures - for Instance, perfect matchings of bipartite graphs, cycle
covers of graphs, and systems of distinct representatives. Recently
Valiant {8] has shown that the problem of computing the permanent of a

(0,1) matrix belongs to class of intractable counting problems.

Metropolis, Stein, and Stein [2] present a method of calculating
permanents of circulant matrices with first row
a.zy a,,...,1,0,0,...,0).

k ones {n-k) zeros
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In this paper we present some metﬁods for computing permanents of many
(0,1) circulant matrices which are not of the form (1.2). Alse, an
equivalence relation on circulant {0,1) matrices is used to bound the
mmber of distinct values that can be attained by cirealant (0,1)

matrices of given order and row sum.

8. Equivalence and the Distribution of Permanents.

Two notational conventions will be adopted. First, circulant
nxn (0,1} matrices will be identified with subsets of the integers modulo

n, that is, of z,= {0,3,...,m-1}, so that the matrix 4 = (aij)’

0 24, § £n-1, is identified with § = {ila £=1}. For example, the

a
permanent of

1101010
011801017
101310190
0101101
1010110
nIaTHl
19180101

may be written as per (0,1,3,5). (The order » is understood from the

context.) We say that 4 is the ineidence matrix of § and that S realizes A.

Secondly, arithmetic on indices of circulant matrices and on

elements of {0,1,...,n-1} is taken modulo =,

Twe nxn clrculant matrices 4 = (aij) and B = (bij) are equivalent
if there are Integers o, ¥ ¢ Znsuch that r is prime to »n and, for each
jezn’

2.1 a ..o =h .
2.1 0, xj+y 053
Note that two {(0,1) circulants cannot be equivalent unless their

row sums are the same.

Note that the definition of permanent (1.1} immediately implies
that interchanging the rows and columns of a matrix does not alter its
permanent. Now if (2.1) holds and C& and 7 denote the permutation matrices

which represent

i+ xf
and

J-d+1,

respectively, then C&AC; ™ = p.
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LEMMA 2.2, If A and B are equivalent eirculant matrices, then
per (A) = per (B). ' U

This lemma glves an upper bound on the number of distinct
permanents., Suppose that ﬁﬁ denotes the set of k-subsets of ﬂ%1' Hote
that the equivalence relation on circulant matrices defined by (2.1)
induces an equivalence relation on Ag:two-k—subsets S and T are equivalent
if there are integers & and ¥ such that (x,n) =1 and & S+ y = 7T. Let
f(n,k) denote the number of equivalence classes of hﬁ, and let efn,k)

denote the number of distinct permanents of elements of Aﬁ.

LEMMA 2.3. Suppose that ¢ denotes the Euler ¢ function. Then

nld)

e(@k) < fnk) s 3 @ (/g

d]{n,k)
Proof. Razen, Seberry, and Wehrhahn [5] consider the equivalence relation
on Aﬁ defined by shifts, that is, 5 = T 1f there is y ¢ le such that

S+ y =7T. They show that the number of equivalence classes under = is

1 n/d

= 3 ${d)

™ 41 (n, k) ()
Since § = T implies equivalence in the sense of (2.1), the inequality
follows. 0

The converse of Lemma 2.2 is false {for instance,
per (0,1,2,3) = per (0,1,3,4) in order 7). Hence the inequality

efn,k} = fin, k) 1s strict in some cases.

Lemma {2.2) does show, however, that in computing permanents of
circulant matrices we usually need only consider matrices whose (8,0)th
and (0,7}th entries are 1. For as long as £ contains twe elements whose
difference is prime to the order, there is 2 set containing the elements

0 and 1 in the equivalence class containing 5.

Remark, Burnside's Lemms may be used to compute f(w,k) as follows. For
k
n

by xa,b {8) =a 5 + b; and let & be the set of all these Xa,b' Since

each pair a,b « Zﬁl with « prime to n let Xa b be the map A +—A£ given

G is a subgroup of the group of all permutations of AE, Burnside's

Lemma gives f{n,k) in terms of the numbers of sets in Ag fixed setwise
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by each of the xa 5" In the case where »n is prime these mmbers are eagily

3
computed and for I<k<nm we obtain:

- -1/a
_(%T)_ Ven ¢ () (n-1)/2 +n 2 d (@-1)
n(n k d1 (k,n-1) k/d a1{k-1,n-1) (x-1)/d

d >1 d > 1

£(n,k} =

3. Some Permanents.

Valiant {8] has shown that, in complexity terms, the problem of
computing the permanent of a (0,1) matrix is at least as difficult as
counting the number of accepting computations of any nondeterministic
polynomial-time Turing machine. Further, no polynomial time algorithm

for computing permanents of circulant (0,1) matrices is known.

However, the circulant problem seems to be much easier than the
general problem. In this section three methods are displayed by example.
First, permanents of Kronecker products are investigated. Secondly, a
direct Lagrange expansion is used to generate a recurrence for per (0,1,4)
in order n., Finally, inclusion-exclusion is used to calculate

per (1,3,4,..., n-1).
Two Krgnecker Producte
LEMA 3.1. For each (0,1) matriz A, per (A x I) = (per (4))"

Proof, By interchanging rows and columns we can transform Axlﬁ into
IEXA, which 18 a direct sum of m copies of A. The result follows from
the fact that the permanent of a direct sum is the product of the

permanents of the summands [3]. &

Lemma 3,1 may be used to calculate per (a,b), that is, the
permanent of a circulant matrix with 2 nonzero entities in each row.
For if

ged (n,a-b} = g,

then {a,b} is equivalent to {0,g}. Let T demote the (n/g) x (n/g) permuta-

tion matrix which represents the permutationm ¢ > £ +71:then {0,g} realizes

(I(nﬁg) + 1) Ig'

But per (T + T) = 2; so per f{a,b) = A,

(n/g}



Similarly, per (Q,m,2m,...,(m-1)£) in order fm is (£!)". This

matrix achieves the upper bound in Minc's conjecture {see T3]}.

The following theorem gives a formula for a less trivial

Kronecker product.

THEOREM 3.2. Suppose that J is the mom matriz of ones and that T is the

ExE permutation matriz which represents J + j+1. Then

. m £
per ( (I +TJxd) = (m.')’ez (1;‘) .
£=0
Proof. A nonzerc diagonal of an wnxm matrix 4 = (aij) is a permutation
matrix P = (Pij) such that Pij # 0 implies aij # ¢. The permanent of a
{0,1) watrix is its number of nonzero diagonals. To prove Theorem {3.2)

we count the nonzero diagonals of (I+7T) xJ.

Denote (I+7T)xdJd by X. If blank denotes zero, then X has the

form

J
dJ

.

J J ]

s0 that each nonzerco diagonal of X has the form

By By
by &
by By
Ee 4 Dt-%J

where Di and Ei are pxm (0,1) matrices with at most one nonzero entry per

row and column.

1f DO has f nonzero entries, then since I is a permutation

matrix, &, has (m-f} nonzero entries; this forces D, to have f nonzero

1 1
entries, and s¢ on, so that each Di has f nonzero entries and each Ei
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has (m-f) nonzero entries, Let 0'6 denote the set of dlagomals of X for

which DO has f nonzero entries, Then

m
per (X) = T ID.I.
. s

We establish a one-one correspondence between 96 and the set Aﬂ of f-tuples
((AO,SG), (AI’SI)""’(Aﬁ-I’ S£_1)J,
where each Ai is an mom permutation matrix and each Si is an f-subset of
m
{0,1,...,m-1}, that is, 8; ¢ Af. Since IAﬁ] = ((m!) H;JJ£, once this
correspondence has been established, the theorem will follow.
1f (fﬂo,sa), (AI,SI),..., (AE-I’ SK—IJJ e Aﬁ’ then the correspond-

corresponding diagomal

By Dy 1

is constructed as follows. If § < £ < £-7, then
Jlifad Si and (Ai)u =1,

0 otherwise.

(£,) B

1 oB

Note that in the form of the permutation matrix D, each Di is
vertically adjacent to Eg_l and horizontally adjacent to Eé-] . Thus
the nonzero rows of Di correspond to the zero tows of Ei’ and the non-
zero columns of Di ¢correspond to the zero columns of E%—I' To define

Di precisely, we first define Ui and Vi by

Ui = {u : the u th column of Ei 7 is zero}
and

Vi = {y : for some o ¢ Si’ (Aijuv =1}
We order the elements aof ¥ as ul,ug, - ufkl , 50 that

K, < Uy < .. < uf;j, and similarly for V.
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Then

(D)

) 1if a ¢ Si and £ = uj where (Ai)avj =1
i7aR

0 otherwise,,

We illustrate this correspondence in the following example.

Suppose that £ = 3 and m = 4, and consider the 3 - tuple

((Ao, SOJ, {AI’Sﬁ)’ (Ag, Sé)],
where
0100 0010 0100
Ag _|o¢cro0 , Al 10100 , Az _teo1ago ,
1000 1000 Q001
0001 0001 140 OJ
and

Sg = {0,1}, SI = {2,3}, 52 = {0,3].

First we compute EO' The nonzere rows of EG correspond to the complement

of Sﬂ = {4#,7} in {0,7,2,3} that is, only rows 2 and 3 are nonzero. The

positions of the nonzero entries in these rows correspond to the positions

of the nonzero entries in the corresponding rows of 4

0"
Hence S ood
Eg _|o000
100090
0001
Similarly,
G010 DO0OD
E} _|o1r00 and Eg _|oo10
0DO00 DOO01
0000 0000
Next we compute DQ . The nonzero rows of DG correspond to

SO = {0,7}; that is, only the first two rows are nonzero. The nonzero

columns of DQ correspond to the zero columns of Eg; that is, only the

first two columns of DG are nonzero. Thus enly the top left 2x2 submatrix

of DO contains nonzero entries, This submatrix is, in fact, the same as

the submatrix of AD found by deleting the rows of Ao which correspond ta
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the complement of SO and the coluuins which correspond to the nonzero entries

in the deleted rows. Thus

1000
Do _{g1o00 .
G000
000G
Similarly,
adoao 0ocag1l
Dj _|eoae and D2 _|opocoaq
010 opoaqa
0100 106060
Thus the nonzero diagonal corresponding to
((Ao, SOJ, (AI’SI)’ I'Ag,Sgl) 1s
1o 0 00000 |
¢1 ¢ Dfogoo
000QO|10D0D[DDOQC
o000 (C00110000
goo0o0f(00O0OD[OC1O
Doo00D;C000|01D00Q -
o000 |00L10]00D0Q
0000 0100)|00CO0D
Q000 |00O0DO0OJ0001
¢o0106)j0000]0000
¢oo01|g000|0O0O00Q
¢oo¢ioO0BO0O]|1000

It is tediocus but not difficult to show that this correspondence

is one-one and onto. a

As an example using Theorem 3.2. comsider the 28x2f incidence
matrix of {0,1,2,£+#1}. By re-arranging rows and columns this matrix can

be transformed to
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where J is the 2x2 matrix of ones., Hence, using Theorem 3.2.,

per (0,7,8,0+41) = 21 12| simitariy in ovder 3¢

per (0,1,2.4¢1, 28, 2t¢1)425 5 (145Y)

Remark. It seems likely that a 3imilar argument could be used to prove
that
e Tomy
per ((I+7T) x A} = (per A)" 1T (Jo)
=0

for each (0,1} matrix 4.

A Becurrence from Lagrange Expansion.

. The next theorem illustrates the direct use of a Lagrange

expansion to obtain a recurrence relation.

THEOREM 3.3. Let Qn = per (0,1,4) for order n = 6. Then for n = 24,
Qn = Qn—l * Qn-s * 2Qn-—4 . 4Qn-—5 - 4Qn—6
"By - Ry gt OO gp Ty g1t By
-8 15T ¥1a T Y1 T s T ez F uns

For 6 s n < 24, the value of Qn ig given in the following table.

n 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22 23 24

L 17 31 33 45 65 91 113 159 229 304 417 581 809 1105 1537 2137 2953 4097 5697

roaf, Let Cﬁ, Hn’ Gn’ and K?,1 denote the following permanents. For n » 4
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forn > 7

and for n > 6

&

la01
110601
11001
C'n=per' . ,
11001
1100
1160
IIJ
11 N
101
lo01
1101
1001
= per 1001
11001
11001
11001
L 11
_
101
1101
1001
1001
Hn=per 1100
11001
"l1a001
110
11
L
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and

101
1001
1001
11001
Kn = per 11001
11001
1100
110

Hote that except for the first and last few rows, the above matrices

resemble the incidence matrix of {0,1,41.

For small values of n the numbers Cn’ Gn’ Hﬁ, and Kn are defined

explicitly as follows.

1- 27 "3 4
Gy =Gy=06,=1,8,=0C,=28 G =6s=3,
H =0, Hy=H, =H, =1, B, =3, H, =3,
Ky =Ky =K, =1, Ky =0, Ky = Kz = 2

Repeated Lagrange expansion of these matrices gives for n > 4,

Cn = cn~1 + Cn-é’
Gn = Gn—S * Gn—é’
B =K +H .,
e} 3 n-4
and for n » 6,
L AT NP P

Lagrange expansion of per (0,1,4) gives

Qn = Cn + 4 Cn—4 + SGn—S + Gn-g

+ A + 2 + 3H

n-2 n-§ n-8
+ 2Kn-1 + 2Kn—4 - 2Kn—5 + 2,
Solving these equations gives the desired result. 0
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Remar¥k. ‘Theorem 3.3. illustrates a method that can be applied to calculate
per (S) for sets S ¢ Ak as long as the largest element 4 of 5 {s small.
n

The incidence matrix of § has the form

vhere 4 and B are dxd (0,1) matrices,

For each n»2d let Fn denote the set of »» matrices FA,B_where
4 and B range over all dxd (0,1) matrices and Gps Aya-eepdy g are fixed.
Lagrange expansion about the first row of each element of }"’?1 gives the
permanents of the elements of Fn in terms of the permanents of elements
of Fn—l'
solved to find per (5).

With appropriate inmitial conditicns this recurrence can be

It seems that the preblem with this approach 1s that
an] = 22d2 is large; however, in practice the number of elements of Fn
needed to compute per (S5) is much smaller than 2252 and so0 the approach
is feasible,

Further Remark., Per (0,I1,zx) has been calculated for wvarious values of x
(see [2] and [41). It would be a fruitful exercise to study the

complexity of thils subclass of permanents.

Recurrence from Complement Expansion.

The simplest form of the inclusion-exclusion principle can be
used to obtain recurrence relatioms for circulant matrices with few

nonzero entries. The principle for permanents can be stated as follows.

Let 4 dencote an nxn {0,1) matrix with (i,j)th entry 1.

Suppese that B is obtained from A by changing the (i,j)th entry to zero,

th th

and ¢ is obtained by deleting the 7 row and the j*'* column. Then we
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can "expand 4 about (Z,j)" by putting per (4) = per (B} + per (C).

This may be used to show that if Dn is the permanent of the

nxn matrix J-I, then Dn = (n-1) an—I + Dn— J. This is a well knowm

2
recurrence for the derangement numbers 6]. Further, the Menage mmmbers
I'6] may be obtained as the permanents of the incidence matrices of
{2,3,...,n~1} in this way. The following theorem extends the latter

resulr.

THEOREM 3.4,  Suppose that n is even and R denotes per (1,3,4,...,n-1),

arnd Mh denotes the nth

Menage rumber. Then Rn = Mn + 2.

Proof. Let Zn denote the #xn (0,1) matrix with zeros on and just above
the main diagonal. Let £ denote [%131-1. (Recall that matrices are
indexed &,1,...,m-1}. Llet X , ¥ , W , denote Z with the (ﬁ,ﬁ)th,
(f,f+1)th, (n-I,I)th entries :han;ed ?0 one, oneT zerc respectively, and
let Un denote Yn with both the fﬁ,l)th and (n-I,£+I)thentries changed

to zero, For example, for n = 4,

0011’| 6011
7, - 1o01] x, - 1101
1100 1100
1110 1110
0011 0011 0011
v, - 1011,w4= 1oo1 v, - 0011
1100 1100 1100
1110 0110 1100

Note that per (Wn) is the nth Menage number and that the incidence

matrix of {1,3,4,...,n-1} can be rearrranged to form Un'
Expanding X, Yn’ and Zﬂ, about their (ﬁ,ﬂ}th, (£,£+1Jth,

and (n—I,I)th entries, respectively, we find that

per (Xn) = per (zn) + per fYn_ s

I
pepr (Yﬁ) = per (zn) + per (Xn—l)’

per (ZnJ = per (w%) + per (Zn”IJ.
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Expanding Yn about the [X,Ij'th and (nvj,t)tk entries gives
per (Y ] =per (U ] + 2 per (Yn—IJ - per (Yn_EJ.
Solving these equations gives
per {Un) = per (Wn) + 2,

which is the desired result.

COROLLARY 3.5. If ged (n,z) = 2 then per (0,1,2,...,2-1,241,...,n-1)
=M + 2,
n

Remark. The wvalue of Mn can be calculated easily. For 1nstance, the

following formula is given by Riordan [6].

. Sn-F

2n .

Moo= 2 (-1 2 ( ) (n-g)!
n 420 2n-j J

Further Remark. It seems plausible from numerical evidence that
per (0,1,2,...,2-1,2+1,...,n-1) could be evaluated for warious values

ged(n,z) by similar methods.

of



r1]

2]

£al

£41

L&l

r7]

£8l

9]
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