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SOME FAMILIES OF PARTIALLY BALANCED INCOMPLETE BLOCK DESIGNS cf;a |

VM‘%, Eorlon 2 /ys’g

JENNIFER SEBERRY

Bhaskar Rao designs with elements from abelian groups are defined
and it is shown how such designs can be used to obtain group divisible
partially balanced incomplete block designs with group size g, where

g 1is the order of the abelian group.

This paper studies the group Z and shows, using recursive con-.

3
structions given here, that the necessary conditions are sufficient for
the existence of generalized Bhaskar Rao designs. These designs are

then used to obtain families of partially balanced designs.

1. INTRODUCTION

Bhaskar Rac designs with elements 0, %1 have been studied by a
number of authors including Bhaskar Rac [1,2], Seberry (181, Singh [21],
Sinha [22]1, Street [24], Street and Rodger [25] and Vyas [26]. Bhaskar
Rac [1] used these designs to construct partially balanced designs and
this was improved by Street and Rodger [25]. Another technique for

studying partially balanced designs has involved looking at generalized
orthogonal matrices which have elements from elementary abelian groups

together with the element 0 . Matrices with group elements as entries
have been studied by Berman [3,4], Butson [5,6], Delsarte and Goethals
(7], Drake (91, Rajkundlia [156], Seberry [16,17], Shrikhande [20], and
Street [23].

Suppose we have a matrix W with elements from an elementary
{hl’hz"°"hg}’ where W = h A +hA +...+h A,

1

abelian group G

g g
with Al,...,Ag vxb (u,1) matrices, ana the Hadamard product
A; *A;, 1 # ) is zero. Suppose (a; s...,a;,) and +(bj1""fbjb)
are the ith ang jth rows of W +then we define WW- by
+ -1 -1 . :
= e, ) (b, ,...,b. . 1 roduct.
(WW )ij (ail,.. ,alb) (b]1’ ’b]b)’ with the scalar p

Then W is a generalized Bhaskar Rao design or GBRD if

H m
(i) WW = rI + igl(cie)si

. m
(ii) N = &, +...+A  satisfies NN' = 2T + [ X;B

~that is, N 1is the incidence matrix of a PBIBD(m), and (c.G) gives
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the number of times a complete copy of the group & occurs.

Such a matrix will be denoted by GBRDG(V,b,r,k;Al,...,lm;cl,...,cmh
In this paper we shall only be concerned with m = 1, ¢ = A/g and
J-I. In this case N 1is the incidence matrix of a PBIBD(1), that

w
1

is a BIBD, so the equations become:

(i) . WW' = pI + %g (J-1)
o T
(ii) NN® = (p=A)T + AJ.

So that W is a GBRDG(v,b,r,k,A). Since A(v-1)-= r(k-1) ~and bk = vr
we sometimes use the notation GBRD{(v,k,A:;G).

These matrices are generalizations of generalized weighing matrices
(Berman [3,4], Seberry [161) and we will show how they may be used in the
construction of PBIBD.

Example. A GBRD(5,3,3;%,) is

1 112 1 1 1 0 ¢ 0 O]

1 w w0 0 0 1 1 1 0
W=1|[1 0 0 w?vw 0 w w20 1].

0 1 0 w0 @ 1 0 w w

0 0 1 0 ww 0 w*l w?

Note, with G = Z,,

Wi o= BT + G(J-I)

and N, cobtained by replacing each non-zero element of W by 1,
satisfies

NNT = 3T + 3J. .

_ Example. A GBRD(7,3,3;Z,) is obtained from the BIBD(7,3,1)
and a GH(3,Z,) or GBRD(3,3,3,2;) (see Section 2J,

We use the following notation for initial blocks of a GBRD. We
say (aa’bﬂ""’cY) is an initial block, when the latin letters are
developed mod n and the greek subscripts are the elements of the group,
which will be placed in the incidence matrix in the position indicated by
the latin letter. That is in the (i,a-1+i)th position of the incid-
ence matrix we place a, in the (i,b-1+i)th position we place g and

S0 on.

For example the initial block (1,,2,,4,)(mod 7, Z,) gives the

. o 3
Dlocks



2458,)
305557
4,,6,)
(4,,54,0,) where the subscripts are from Z,,
6p,1,)
0,552,)
1,,3,)

and the incidencde matrix

H R O E o OGO
. [\

H O E O Cc C B

E O C © = ki O

(=B = B = I = =

o F H O E © O

. 4

We form the difference table of an initial block (aa,bB,...,cT)

by placing in the position headed by x and by row Yn the element

]
(x—y)ﬁn_1 where (x-y) 1is mod n and Gn-1 is in the abelian group.

A set of initial blocks will be said to form a GBR difference set
(if there is one initial block) or GBR supplementary difference sets (if
more than one) if in the totality of elements

(x-y) _. (mod n, G)
Yy & 1

each non-zero element ag, almod n), g e G, occurs A/|G| times.

Example. (1,,2,,4,), (1,,2,,4,), (1,,2,,4 ) are GBR supplement-
ary difference sets (mod 7, Z;)' with parameters 3-{7;3;3}. This
follows since the difference tables are

(x-~y)6 -1 11y 2, 4, 1, 2, 4, 1, 2, 4,
n
1y ly 3, 1, 1, 3, 1, 1, 3,
2 | 6o 29 21| B2 20 22| By 23
Cha By 5y 41 | 42 5o bog [ 4g 52
s0 each non-zero element ags ae {1,2,...,6}, g e {0,1,2} occurs
A/16) = 3/3 = once.

The incidence matrices of these GBR supplementary difference sets
are
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e D EN o o o
- O E ©O ©C @
O £ OO0 O R R
E O = o B oo
o O O = = o E
o O P B o E8E ©
C MO E O o
l—;' E O g O O o
E O £ O o ©
O E O O 9O - B
£E O O O K E o
O O O - E O FE
o o = g ©O E O
o = E ©o E o O
= E O O O C
E O H O 0O O W .
[T = =
P o o o~ £ o
o o O = E O F
o o = e” o~ o
o = E O - o o

which is a GBRD{(7,3,3;Z,).

Example. The following initial blocks (mod 11, Z,) give a
GBRD(11,3,3;Z,):

(1552557205 (1y54,58,0, (1,58055,), (1452,,3,), (Lg,4,,7,).

Example. The following initial blocks (mod 7, Z;) give a
GBRD (8,3,63%,):

(mojln,sa), (“’D,Ql,sl), (measz,u’z), (00320’60)’
(0,.2,,6,) twice, (0,,2,,6,) twice.

2. SOME CONSTRUCTION THEOREMS

Theorem 1. Suppose there are generalized Bhaskar Rao designs
GBRD(v,k,X;G) and GBRD(u,k,u;G). Further suppose there are k-1
mutually orthogonal latin squares of order u. Then there i8 a gener-
alized Bhaskar Rao design GBRD(uv,k,Au;G).

Proof. Proceed as in the proof of Theorem 2 of Seberry [18].
We first use the mutually orthogonal latin squares of order u,

M LMy, M _ to form (0,1) matrices Mij which satisfy
u T u u T
) MM, = mI, I M. = J, I MMt o= d, k£
j:l J 3 j=1 ] ji‘l_ N 3
Write
(1 I ce. I )
Mll Mlz .o Mlu
C = = (C,.J.
1]
Mk-l,l Mk-l,z Mk-l,u

Write A for the GBRD(v,k,A;6) and B for the GBRD(u,k,u;G). We

now form D, i = 1,...,u, by replacing the first non-zeroc element in

each column of A, g say, by gCli, and the mth non-zero element

in each column of A, h say, by hCmi. We now claim the matrix is
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the required design

[B@B®...0B:D D, f...iD7.
v coples '

Alsc we have, as in the case of BRD with elements 1,

Theorem 2.. Suppose Qe have a BIBD(v,k,A) and a GBRD(k,j,u;G).
Then there exists a GBRD(v,j,Au3G).

Example. There exists a BIBD(v,5,1) for every v satisfying
v-l = 0(mod 4} and v(v-1) = O{mod 20). We have exhibited a
GBRD(5,3,3;Z,). Hence there exist 'GBRD(V,3,3;ZS) for these v, 1i.e.
v =1 or S5(mod 20)}.

. We note that generalized Hadamard matrices GH(h|G|, G) can be
regarded as GBRD(h|G|, h|G|, h|G|, G} and hence used in the above
theorems since'they exist for h|G{ a prime power and other orders
(see Street [23] and Seberry [171).

Theorem 3. There existe a GBRD(2p+1,3,3;Z2,) for every integer

Proof. The p initial blocks
(0451,,2p,), (0,,2,,(2p=13,), ..., (O, ,p,,(p+1) )
give the required design when developed (mod 2p+l, Z ).

Theorem &%. There exists a GBRD(2p+2,3,B;Za) for every integer

Proof. The following initial blocks (mod 2p+1,Z,) give the
required design: .

(o0,51452p,), (e«,,2,,(2p-1) ), (o ,3,,(2p-2),), (0 ,1,,2p ),
(0,,2,,(2p-1) ), (0,,3,,(2p-2),), (0,,1,,3,), (0,,1,,3,)

and each of the fellowing twice

(0,5%,,(2p=-3) .0, (0,,5,,(2p~%),) ... (0, ,p,.(p*+1) ).

o2

3. EXISTENCE THEOREMS

If we consider GBRD(v,b,r,3,43Z,) then we have as necessary
-conditions
(1) A = 0(mod 3),
(2) A(v-1) = 0{mod 2),
(3) Av(v=1) = 0(mod 6},

If X = 0{(mod 6) we have to find GBRD(v,tv(v-l),St(G—l),3,6t;23).
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If v 1is even then we have three cases:

(a) v = 4(mod 6) then we are considering GBRD(v = Bp+i,3tv{(2p+l),
9t(2p+1),3,6t,%,). Now every BIBD(6p+u4,v{(2p+1),3(2p+1),3,2)
exists and using the GH(S,ZS) we see evepy GBRD(BP*H,S,B;Z,)
exists, giving the result;

(b) v = 0(mod 6) then we are considering GBRD(v = 6p,6pt(6p-1),
3t(6p~1),3,6t3Z2;). Every BIBD(6p,2p(6p~1),6p~1,3,2) exists and
so, as in (a) we have every GBRD(6p,3,6t;Z,);

- (e) v 2{(mod 6}  then we are considering GBRD(v =6p+2,2t(3p+1)(6p+l),
3t(6p+1),3,6t,Z,). These all exist by Theorem 4.

If v is odd, and v = 1 or 3{mod 6) then every BIBD(v,3,1) exists
and so all GBRD(v,3,6t;Z,) exist. When v = 5(mod 8), since
GBRD(V,3,3;23) exists by Theorem 3, we have the result.

Similarly if X = 3(mod 6) we wish to establish the existence of
a GBRD(v,3,6t+3;Z,). This design has as a necessary condition that v

is odd.

Now, as above, we observe that if v = 1 or 3(mod &) every
BIBD(v,3,1) exists and so all GBRD(v,3,3(2t+1);2,) exist. The case
for v = 5(mod 6} 1is established by Thecrem 3.

Summarizing we have:

Theorem 5. The necessary conditions X = 0{mod 3),
A{v-=1l) = 0(mod 2), Av(v-1l) = 0(med 6), are sufficient for the exis-
tence of a GBRD(v,3,A;Z,).

We note the similarity between this theorem and those of Hanani
{see Hall [12]) and indeed with the elements of Z; replaced by the
element 1 the theorem is Hanani's theorem when A = 0(mod 3).

4. APPLICATTONS

As in Street and Rodger [25] we have the following:

Theorem 6. Let W = hiA +h,A, +... +thg be a
GBRDG(v,b,r,k;Al,...,Am;cl,...,cm), where G = {hx""’hg} ig an
abelian group of order g. Then, with Pl,...,Pg the permutation

matrix representation of G by gxg matrices,

M = A1><P1+A2xP2+...+Agng
i8 the ineidence matrix of a PBIBD with at most 2m+l associated
classes and parameters v* = vg, b®* = bg, r* = r, k* = k,
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1 ) .
- ) > -
Ai = 0. i = mtl
1 (A.-c.) m+2 £ i s 2m+l
4 i ~i®
Corollary 7. Let W be a GBRD(V,g,A;Zg). Then there exists a

regular group divieible design with parameters v¥* = vg, b* = bg,
r* = r, k¥* =k, A, =0, X, = A/g with v groupes of size g.

2

Corollary B. Suppose there exists a GBRD{(v,3,A;Z ). Then there

exiets a regular group divieible deesign with two assvetation classes
and parameters v¥% = 3v, b* = 3b, 1pr* = r, k¥ = 3, At =0,
A, = A/3, m* = v, n¥® = 3,

Hence we have Hanani's theorem but by a different approach:

Theorem 9. A(v-1) = 0(mod 2) <8 a necegsary and sufficient
condition for the existence of a regular group divisible design with

two association elasses with k% = 3, X, % = 0, A,* =1, m* = v,
n® = 3.
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