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ABSTRACT

In connection with the problem of finding the best projections of kdimensional
spaces embedded in n-dimensional spaces Bermann Kénig asked: Given mE R and
n<fd, are there n X n matrices C:(C”), i,i=1L,....n, such that ¢,,=m for all 4,
le;| =1 for i#{, and C*=(m*+n—1)1,7 Konig was especially interested in
symmetric (U, and we find some families of matrices satisfying this condition. We also
find some families of matrices satisfying the less restrictive condition CCT=(m®+ n
-1,

1.. INTROBUCTION

In this paper we shall be interested in constructing orthogonal matrices of
order n with constant diagonal m (an integer) and off diagonal entries =1.

For completeness we first give some definitions.

An Hademard matrix H of order r has elements > 1 and satisfies HHT =
nl . A symmetric conference matrix N of order n =2 (mod 4) has zero
diagonal and other elements + 1 and satisfies NN = (r — 1)1 ..

"~ An orthogonal design of order n and type {(u,, y,...,%,} {15, > 0) on the
commuting variables x,,x,,...,%, is an n X n matrix A with entries from
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{0, x,..., % x_} such that
AAT= T (ux?)I,.

A may be written in the form A =z, 4, + x,A,+ -+ +x, A where A AT=
w,I and A, AT+ A AT =0, L<i¥j<s, In particular an orthogonal design of
order n =0 (med 4), 2, or 1 and type {n) is an Hadamard matrix, and an
orthogonal design of order n =2 {mod 4) and type (rn —1) is a symmetric
conference matrix. See [1] for more details.

A batanced incomplete block design, or BIBD, with parameters (0. 5,7, kM)
may be defined as a v X b matrix with elements O or 1 where each row has r
ones, each column has k ones, and the inner product of each pair of rows is A

2. KNOWN RESULTS FOR THE SYMMETRIC CASE

{2.1) The matrix
m —1
-1 w
where m = L{n —2) satisfies C*=(m"+ n—1),. This gives the result for
m=4%(n—2) and any n.

(2.2) Suppose CX=(n—1}i,, where le;| =L ey €{L, — L i, —1}, iz
—1, and C has zero diagonal. Then

o 1 . 1 i
= 5]
C?.n In®{] 0]+C‘n [_1 — }

is the required matrix, and

_|0 1}
Cg_[l 0

is a sufficient starting matrix. In fact C is a Hermitian matrix when ¢ > 1. This
gives the results for m = 0 and n = 2' for any positive integer ¢.

{2.3) Suppose C is a symmetric conference matrix. The orders for which
they are currently known can be found by referring to {4, 8] and also by using
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results on skew-Hadamard matrices. This gives the results for m =0, certain
n =2 {mod 4), and [by using (2.2)] for m =0 and n =2'(p+1) where p=1
{mod 4) is a prime power.

{2.4) Suppose C is a symmetric Hadamard matrix with constant diagonal.
The orders for which they are currently known can be found by referring to
[6, p. 454]. This gives the result for m =1, n =2%; for m =1 and n = 2%4%,
with ¢ a natural aumber, ¢ = {2log,(g —3)] (see [1, p. 304]); and for m =1
and certain other n.

3. KNOWN RESULTS FOR THE GENERAL CASE

A skew-Hadamard matrix, H=1+85, has $T=—5. S0 C=mi+8§ of
order n will satisfy CCT=({m®+ n —1)I for any m when n is the order of a
skew-Hadamard matrix. The article [5] gives a recent summary of the
existence question for skew-Hadamard matrices.

4. SOME NECESSARY CONDITIONS

We consider now only the case where C is 2 n X n matrix of the formn
m =1
=1 m
and
Ci={mt+n—-1)I,.
ProposiTioN 4.1, C=CT.

Proof. Considering the ith diagonal element of C 2 we have

[
. —
3 ¢icy =m +n—L
i=1

Now if ¢,; % c;, for some j % i, then ¢ 0, = —l and Zgyo, #m* +n—1. A
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Rowl: m 1 1 1 1 1 1 1 ! 1 1
Row2: 1 m =z 1 1 1 ) R - - -
Rowd 1 x m 1 1 - ... — 1 1 - —
—— Sl - . -
) b ¢ d
Fic. 1

Propostrion 4.2. Eitherm=4(n—2)orm<=ln—1

Proof. Consider the first three rows. We can multiply through the rows
and columns until the first row and column contain only + 1. Then clearly the
first three rows can be put in the form of Figure 1 by appropriate rearrange-
ment of rows and columns. The entry x cun be either ~1or — 1.

The row sum and inner products of the rows give us

3+a+b+te—d=n, (4.1
Smtxtatb—e—d=0, (4.2)
dmtxta—bt+tec—d=90, (4.3}
2mx+14+a—b~c+d=0. (4.4)
Adding, we obiain
dm+2x +2mx +4+4a=n. (4.3)
Now we have two cases:
Casel, x=1, Gm+6+4a=n,
ém+6=n,
m=in—1.
Cased, x= —1, 2m+2+4a=mn,
m=<$(n—2).

But if m<i(n—2), then @>0 and column 4 is {1,1,1)". So we can
interchange columns 3 and 4 as well as rows 3 and 4 to get case 1. Thus the
inequality of case 1 applies. [ ]
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ProrosiTiON 4.3 If m = {n —2) then

m| 1 1
C= 1 m -1
11 —1 m

Proof. In case 2 of the previous proposition we see that if m =4(n —2)
then ¢ = {. From {4.1}+(4.2}—(4.3)—(4.4) with x = — 1 we get .

—2mx+2+db=n ar b=0

From (4.1)—(4.2) +({4.3) —(4.4) with x = — 1 we get

—2mx+2+4e=n or c=0.

Then from (4.1) we get d =n —3.
So rows 2 and 3 are

there exists a one in the off diagonal positien, say ¢,; = 1; then we interchange
row 2 with row i, column 2 with column i, Then this + 1 will go to row 2, and
row 2 will have +1. But this is not possible if m =1(n —2), and so the case
m =4(n —2) is completely solved. [ |
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Prorosrrion 4.4,

(i} The order n is even.
(i) If m is even, n =2 (mod 4).
(ili) If m is odd, n =0 (mod 4).

Proof. This is clearly true in case 2 of Proposition 2, where m =1(n —2).
In case 1, 8m + 6+ 4a = n, and again we have the result. m

PropesiTion 4.5, If m 0, then mE+n—1 is a square and
ymi+n—1 jmn -

Proof. Let t =m*+n —1. The eigenvalues of # are ¢ with multiplicity
n. Because C* =1I, the eigenvalues of C are =yt with total multiplicity n.
Let x and ¥ be the multiplicity of the efgenvaine ++v¢ and —yt respectively.
(Trace of C)=mn=vt(x —y). Hence, if m =0, vf is an integer. Since
x +y =n, we have

T
n+ — =32x,

Since n is even, nm / Vvt is even. B

5. A CONSTRUCTION FOR MATRICES OF REQUIRED FORM

TuEOREM 5.1.  Suppose we have a {1, —1) matrix 5 of size 25 X 7 such
that

(1) SST = rl + Q, where Q has zero diagonal and =1 elsewhere, und
(i) $TS=2sl,,,.

Further suppose there exists @ (v, b, r, k, 1}-BIBD. Then there exists a symmet-
ric matrix C of order n = 2sv with constant diagonal m = sk —r, and off
diagonal elements = 1.

Proof. 1et N be the incidence matrix of the (v, b, r, k, 1»BIBD. Define P
by replacing the ith one in each row of N with the ith column of $, and each
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zero with a 25 X 1 column of zeros, Then

PPT=rl+ A,
where A has zero diagonal, and off diagonal elements = 1. Further

PTP = 25k,

Define
C={sk~r)I—A
=(sk—¢)I—PPT++l
= ski — PP
Now C is symmetric, with constant diagonal m = sk —r, and off diagonal
elements = 1. Also
C? =5k —2skPPT + PPTPPT
= s2k%1 —2skPPT + P(2skI }PT
=52k

Hence C is the required matrix with m = sk — r and n = 2sv. [ |

REMaRK. We note that from the necessary conditions for the existence of
a (v, b, 7, k, 1)»BIBD we have

v=r{k—1)+1,

and

b=2= M must be an integer.
k k
ConoLLary 5.2. There exists @ matrix C with diegonal m=sk —1=4n

— 1, order n = 2sk, and off diagonal elements = 1.
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Proof. Of course we discussed this matrix before, but it can be formed
from the theorem by choosing S to be the 25X 1 matrix of ones and the trivial
BIBD with parametersr =1, v =k, and b = 1. |

A more important application of the theorem is:

TueoreM 5.3. Suppose there exisis a BIBD with parameters v = (4t —
Dk ~1+1 b=(4t — (4t — k=D +1)/k, r=4dt —1, k, and A=1. If
an Hadumard matrix of order 4t exists, then there exists a symmetric
orthogonal matrix of order n = 4¢[(4¢ — 1)(k — 1)+ 1] with constant diagonal
m =2k —2)+ 1 and off diagonal elements = 1.

Proof. In the proof of Theorem 5.1 let § be a 4t X(4¢t —1) matrix
obtained by making the first column of an Hadamard matrix all + 1 and then

deleting that column. We then proceed as in the theorem to obtain the result.
u

Now we know from the work of Tanani that if X =3 or 5 all the BIBDs
we require exist. Hence, ensuring that (4t — D)[{4¢ ~ 1%k — 1)+ 1} /k is in-
teger for k =3 or 5, and using the BIBD (91,195,15,7,1) (see [2, p. 298]) we
hawve;

Cororrary 3.4,  Assuming that all Hadarmard matrices of order 4t exist,
there exists a symmetric orthogonal matrix of order n with constant diagonal
m and off diagonal elements =1 for

{a) m=3Cu+1), n=4(3u+ 1%+,

Py m=6u+5, n=1230Gu+2)(8u+5),

(c) m=230u+19, n=205u+3)16u+9),

(dy m=5(61 +5), n=4(5u+4)(80wu+61), and
(e) m=4], n =1458,

where w is any nonnegative integer.
6. CONSTRUCTION FOR NONSYMMETRIC MATRICES

Since it appears to be a difficult problem in general to construct orthog-
onal matrices with constant diagonal and off diagonal elements =1, we now
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construct such matrices C, for which the symmetric condition is relaxed and
which satisfy

CCf=(m*+n—1)1,.

Turorem 6.1.  Let p = 3 (mod 4} be a prime power. Suppose n = 2'p and
m, nonnegative integers, are given. Then, whensver the equation x(p +1)+
wWp—3)=2"+2m —p +1 has solutions for nonnegative integers x and y,
there is an orthogonal matrix of order 2'p with constant diagonal m and off
diagonal elements = 1.

Progf. Let X be the skew symmetric (0,1, — 1} matrix defined by the
quadratic character for order p. Then

XJ=0 and XXT=pi-].

Use the back diagonal matrix, R, of order p to form ¥ =(X + IR which
satisfies

Yf=Jf, ¥'=Y, and YY'=(p+1L-/

Now every orthogonal design of type (1, %, 4, 3), 1+ x+— ¢ + 7z = 2', exists
in every order 2. S0 let D=x I +x,4, + 154, +x,A, be an orthogonal
design of this type, and define

E=(ml,—(],—L))®I+ [ @A, +{],—2I,)®A,+Y®A,.
Then E has diagonal m and other elements =1 and satisfies
EET = {[m+l)21ﬂ*[2(m+1)—p]}p}®l+:rpfp®f
+y{dl, +H(p —L]RI+{2 ~1-x—y){(p+1)1, - L[ ®I
=[(m+1Y +ay (@ —1—x—y)(p+1)] 101
+HmpH{p—Dy—2+1+x+y—2m -2+ p] L3
=(m® +2%p — 1)Lt

Hence E is the required matrix. [ ]
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ExampLE.

(i) There is an orthogonal matrix with diagonal 7, with other elements
+1, and of order 98. It is obtained by wsing t =3, m=7,p=3,x=1L, y=0
in the theorem.

{(ii) There is an orthogonal matrix with diagonal 15, with other elements
+1, and of order 178. It is obtained by using t =4, m =13, p=11, x =3,
y = {} in the theorem.

Lemma 8.2, Let p=23 {mod 4) be e prime power. Suppose n = 2°p and
m, nonnegative integers, are given. Then whenever (2 +2m +2)/(p +1) or
(2°+2m —2)/(p —3) are integers, there is an orthogonal matrix of order n
with constant didggonal m and off diegonal elements = 1.

Progf. Use the theorem with y = @ and x = 0 respectively. ]

TazoreM 6.3.  Suppose every orthogonal design of type (1,a, b, £(2' —1
—a—h), i@ —~1—a— b)) exists in every order 2'. Further suppose the
equation a(p+ 1)+ b(p —3y=2'— p +1+2m has solutions for p =1 {mod
4), a prime power, and a, b, i, m nonnegative integers. Then there is an
orthogonal mairix of order 2'p with constant diagonal m and off diagonal
elements =1.

Proof. Let X be the symmetric (0,1, —1) matrix defined by the quadratic
character for order p. Then

Xi=0, XX¥'=pl—].

Let D=x I+ 2, A, t x4, +x, A, +x5A, be an orthogonal design of
the required type in order 2°. Define

E=[ml,~(],~1,)[®I+ L&A, +(],—21,)®4,

HX+1,)@A, +(X—1,)®4,.
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Then E has diagonal m and other elements =1 and satisfies

EET={(m+1)’, = [2(m + 1)~ p]J,} @1 + pf,Bal
+[41,+(p —4)],| ®BI+[(2p +2)1, -24,|@4(2' —~1—a—b)I
=[(m+1)® +ab+{p+1)(2 ~1—a—b)|1,@I
+[ap+bp—4b—2+1+a+hb—2(m+1)+p| B

= (mz +2rp - I}IZJp’

using a(p + 1)+ b(p —3)=2'— p +1+2m. Hence E is the required matrix.
|

Exampre. Whenp =29, t =35, m =17, a = 4, b = 3, we have a matrix of
order 288 with diagonal 17. Unfortunately this matrix is not symmetric.

Remamk. The orthogonal designs required in the theorem are not always
known, but if @ = 0 or b =0 they are known. So we have

ConroLLsry 6.4. Let p=1 {mod 4) be a prime power. Suppose the
nonnegative integers t, m, and p are given. Then if one of (2' +2m +6)/(p
+1), @ +2m+2)/(p+1), (2 +2m —2p—3), or (2 +2m —6)/(p—3)
is an integer, there is an orthogonal matrix of order 2'p with constant
diggonal and off diagonal elements =1.

Proof.  We use the equation a(p + 1)+ b(p —3=2"~p +1+2m. Now
all orthogonal designs of type (1,1, x, ¢, 3), 2+ x+y + 2 =2', exist in every
order 2°. So a =0 or b=10 requires only that a design of type (1, x, ¢, y),
1+ x +2y = 2%, should exist in 2‘, and a = 1 or b =1 requires that a design of
type (L1, x4, 4), 2+x+2¢=2° should exist. We put the appropriate
values for @ and b in the equation and solve to find the stated result. |

7. NUMERICAL RESULTS

In Table 1 we give a list of values of n <2000, m >1 which satisfy the
necessary conditions for the existence of symmetric C satisfying C2 ={m®+n
— 1)1, with off diagonal entries +1. Those known to exist are marked *. The



n m mi+n—1 5 n m mrt+n—1 5
28 3 36 g* 876 5 4900 30
64 9 144 12 924 oG 1764 42
76 3 100 10 4936 19 1296 38
96 7 144 12 946 12 1089 33

120 3 144 12+ 978 25 1600 40*
126 10 235 15 990 14 1089 33
136 3 144 12 1000 3l 3600 &0
145 Fi 196 14 1008 17 1266 36
178 15 400 20 1030 14 12325 35
190 ] 225 15 1036 27 1764 42
210 4 225 13 1084 19 1444 38
244 g 324 18 1090 44 3025 33
246 14 443 21 1128 rirl 7056 84
276 25 X0 30 1154 39 2704 32
280 11 40 20 1190 3] 1225 35
288 17 576 24 1200 49 3600 G0
320 9 400} 20 1216 o 1296 36
344 a1 784 35 1216 43 2304 48
352 15 576 24 1218 63 3154 T2
364 11 454 a3 1324 21 1754 42
376 3 400 20 1326 14 1521 39
378 8 441 21 1332 53 4356 66
406 6 441 21 1344 31 2304 48
46 21 00 30 1350 26 30as 45
496 g9 576 24* 1376 I3 1800 40
508 13 676 28 1378 12 1521 39
228 7 5768 24 1408 23 1936 44
540 19 900 30* 1446 34 2601 al

540 35 1764 42 1456 41 3138 56+
360 13 T84 28 1498 21 1936 44
2368 27 1236 36 1320 9 1600 40

5376 55 3600 60 15340 15 1764 42*
606 22 10589 33 1340 51 810G o0
616 13 T84 28 1376 45 3600 a0
840 31 1600 40 15588 23 2118 46
878 15 00 30 1596 13 1764 42
T30 36 2025 43 1716 7 1764 42
736 T 784 jrt. ] 1306 ) 3249 a7
736 49 3136 56 1516 i1 1936 44
T} 11 200 30 % 1860 85 6084 78
820 9 00 30 1870 34 3025 35
R26 20 1225 35 187G 25 250K 50
546 26 1521 39 1876 55 4900 70
848 33 1936 44 1920 41 3600 60
568 17 1156 34 1926 10 2025 45
1976 27 2704 52
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necessary conditions are:

{1) niseven, m>1,

(2) 2m+2=n (maod 4),

{3) m?+ n—1= square =2, and
{4) nm /25 is an integer.

Note added in proof. The authors recently learned that the symmetric

orthogonal matrices with constant diagonal as studied in part of this paper are
special cases of regular two-graphs. Much more is known abont these graphs,
as is evident in the survey paper “Two-graphs, a second survey,” by J. I
Seidel and D. E. Taylor, which appeared in Proceedings of the International
Colloquivm on Algebraic Methods in Graph Theory, Szeged, 1978.
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